Short Branch Attraction in Phylogenomic Inference Under the
Multispecies Coalescent

Appendix

Consider a bifurcating 4-taxon tree with branch lengths t,, t4, t,, t3, t, where ¢, is the length of
the internal branch and ¢;'s for i > 0 are the lengths of four terminal branches. Let x,,, and x,,,

be the nucleotides at two internal nodes. Under the Jukes-Cantor model, the probability Pyy (t) =

tiemifx=vY |
‘1* at . To simply the notation, we use p; to denote the probability Pyy (t;) for
Z_leTmifX+Y

X =Y and we use p} to denote the probability Pyy (t;) for X # Y. Here, we assume 0 < t; <
t, < t3 < t, < oo. Furthermore, it can be shown that

1. pt>pifori=1,2734

2. Ifi < j,then pi > p]

3. Ifi < j, then pi < pJ

Al: Consider a 4-taxon star tree with branch length 0 < t; < t, < t3 < t,; < oo. The
probability of the site pattern xxxy is greater than the probability of the site pattern xxyy,
i.e., P(xxxy) + P(xxyx) + P(xyxx) + P(yxxx) > P(xxyy) + P(xyyx) + P(xyxy).
Proof: There are 12 combinations of 4 nucleotides that fit the site patterns xxxy, xxyx, xyxx,
VXXX, XXYy, Xyyx, xyxy respectively. Also, the 12 combinations for the site pattern xxxy (or
the other site patterns) have the same probability. Thus, it is sufficient to show that P(AAAC) +
P(AAAC) + P(AACA) + P(ACAA) + P(CAAA) > (P(AACC) + P(ACAC) + P(ACCA)). We

first find the probability of the site patterns with three identical characters,



P(AAAC) + P(AACA) + P(ACAA) + P(CAAA)

1
=12 (PAA(tl)PAA(tZ)PAA(t3)PAC(t4) + Pca(t1)Pca(tz)Pea(ts)Pec(ts)
+ Poa(t1)Pea(t2)Poa(ts)Psc(ts) + Pra(t1)Pra(ty)Pra(ts)Prc(ts)
+ Pya(t1)Paa(t2) Py (t3)Pya(ts) + Pea(t1)Pea(t2)Pec(t3)Pea(ts)

+ Poa(t1)Pea(t2)Pgc(t3)Pea(ty) + PTA(tl)PTA(tZ)PTC(t3)PTA(t4))

1
=2 (pipipips + pipivspt + Pipipipt + Papivipt + PiP5P3Ps + PIPIP3PS

+ pipipips + pipipipt + 8pivipips) (1)
and

P(AACC) + P(ACAC) + P(ACCA)
1
=12 (PAA(tl)PAA(tZ)PAC(t3)PAC(t4) + Pea(t1)Pca(tz)Pec(t3)Pec(ts)
+ Pa(t1)Psa(t2)Pgc(t3)Pc(ty) + PTA(tl)PTA(tZ)PTC(t3)PTC(t4))
1
= 7 (P1PIP3Pz + P1P2PiPz + PIPZP2PY + P2PIPIP: + P2PIPIPI + P2P2PIPY

+ 6p;p3p3p7) (2)
Note that we have
p1pipipz + pipiprip: — (Pipipips + Pipipivs) = Pip: (P —pH) (P —p3) >0
pipipspt + p2p3pipt — (P2pipipt + Pivipapt) = P3pi(pt —P2) (P —p7) >0
p2pipipt + p2piprip: — (Pzpipivs + P2pipipvt) = p2pi(Pf — v (P —p2) >0

Thus,



P(AAAC) + P(AACA) + P(ACAA) + P(CAAA) — (P(AACC) + P(ACAC) + P(ACCA))
= %(p%pfpfpé‘ + pipipipt + PipIpipt + P2Pipipt + PiPIPIP: + P2PIP3P:
+ p3p3pips + pip3pipt + 8pipiviDns)
- %(p%pfpépé‘ + pipipivs + PipIPap1 + P2Pipipz + P2pip3IPT + P2P3Pipt

+ 6p3pip5p3) >0

A2: Consider a 4-taxon star tree with branch length ¢4, t, < t3, t4. Then, P(xxyy) >
P(xyyx) and P(xxyy) > P(xyxy).
Proof: There are 12 combinations of 4 nucleotides that fit the site patterns xxyy, xyyx, xyxy.
The 12 combinations have the same probability under the Jukes-Cantor substitution model.
Hence, it suffices to show that P(AACC) > P(ACAC) and P(AACC) > P(ACCA).
P(AACC) = Pyu(t1)Paa(tz)Pac(t3) Pac(ts) + Pca(ty)Pea(tz)Pec(t3)Pec(ts)
+ Poa(t1) Poa(t2) Poc (t3) Poc (t4) + Pra(ty) Pra(tz) Pre(t3)Pre(ts)
= P}PZP}P; + P} P?P3P} + 2P} PZ P3P}
P(ACAC) = Pyu(t1)Pyc(t2)Paa(t3)Pac(ts) + Pea(t1)Pec(t2) Pea(ts)Pec(ts)
+ Pea(t1)Poc(62) Poa(t3) Pec (ta) + Pra(t1)Prc(t2) Pra(ts)Prc(ts)
= P}P}P3P; + P} P?P; P} + 2P} P; P3P}
P(ACCA) = Pya(t1)Pac(t2)Pac(t3)Paa(ts) + Pca(ty)Pec(t2)Pec(ts)Pealts)
+ Pea(t1)Pec(€2) Poc(t3) Pea(ts) + Pra(t1)Prc(t2) Pre(t3) Pra(ts)
= P}P}P}P} + P} P?P3P} + 2P} Pi P3P}
Thus, P(AACC) — P(ACAC) = P1P?P3P} + P}P2P3P# + 2P}P2P3P} — P1P2P3p) —

PLP2ZP3P} — 2PIPZP3Pt > PLP2P3PH 4 PLPZP3Pt — PIP2P3PS — PLPZP3PE = 0, and



P(AACC) — P(ACCA) = PLP2P3P} + PLP2P3P} + 2P1P2P3P} — PLP2P3P} — PIP2P3Ps —

2P1PZP3P} > PIPZP3PS + PIPZP3PY — PIPZP3PY — PIPZP3PS = 0

A3: If the nucleotides at two internal nodes of a bifurcating 4-taxon tree are distinct, the
probability of the site pattern xxyy is greater than the probability of the site pattern xyxy,
i.e., P(xxyy) > P(xyxy). Similarly, P(xxyy) > P(xyyx).
Proof: There are 12 combinations of 4 nucleotides that fit the site pattern xxyy. Similarly, there
are 12 combinations for the site pattern xyxy. The 12 combinations have the same probability
under the Jukes-Cantor substitution model. Hence, it suffices to show that the probability of
AACC is greater than the probability of ACAC. If two nucleotides at the internal nodes are
distinct, the probability of AACC is given by
P(AACC) = Pyp(t1)Pya(t2) Pec(t3)Pec(ts) + Paa(t1)Paa(t2)Pec(t3)Poc(ts)

+ Paa(t1) Paa(t2) Pre (€3) Prc(ts) + Pea(t1)Pea(t2) Pac (€3)Pac(ts)

+ Pea(t1)Pea(t2)Pec(t3)Poc(ts) + Pea(t1)Pea(t2) Pre(t3)Pre(ts)

+ Pea(t1)Pea(t2) Pac (t3) Pac(ts) + Poa(t1) Poa(tz)Pec (t3)Pec(ts)

+ Pea(t1)Pea(t2) Prc(83) Pre(ts) + Pra(t1)Pra(ta) Pac (t3)Pac(ts)

+ Pra(t1)Pra(t2) Poc (t3)Pec (84) + Pra(ty) Pra(t2) Pec(ts)Poc (ts)

= PLP?P3P} + 2P P?P;P; + 7Py PiP; P} + 2Py P3P P}

The probability of ACAC is given by



P(ACAC) = Pya(t1)Pac(tz)Pca(ts)Pec(ts) + Paa(t1)Pac(t2)Pea(ts)Poc(ts)
+ Pya(t1)Pac(t2)Pra(ts)Prc(ts) + Pea(ty) Poc(t2)Paa(ts)Pac(ts)
+ Pea(t1)Pec(t2) Pea(ts)Pec(ta) + Pea(ty) Poc (82) Pra(ts) Prc(ts)
+ Pea(t1)Poc(62)Paa(t3) Pac(ts) + Pga(t1)Poc(t2) Pea(ts) Pec(ts)
+ Pea(t1)Poc(62) Pra(ts)Pre(ts) + Pra(ty)Pre(t2) Paa(ts)Pac(ts)
+ Pra(t1) Prc(62) Pea(t3) Poc(ts) + Pra(t) Pre(t2) Pea(ts) Poc(ts)
= P}PZP}P} + 2P} PZP}P,; + 2P} P2P; P,y + 3PiP2P3P} + 2P} P?P3P)}
+ 2P; PP} P}
The probability of ACCA is given by
P(ACCA) = Pya(t1)Pac(t2) Pec(t3)Pea(ts) + Paa(t1)Pac(t2) Poc(ts)Pga(ts)
+ Pya(t1)Pac(2) Prc(t3)Pra(ts) + Pea(ty) Poc(t2)Pac(t3) Paa(ts)
+ Pea(t1)Pec(t2) Poc (t3)Poa(ts) + Pea(ty) Poc(82) Pre (t3) Pra(ts)
+ Pea(t1)Poc(62) Pac(t3) Paa(ts) + Pga(t)Poc (t2) Pec (t3) Poa(ts)
+ Pea(t1) P (62) Pre (63)Pra(ts) + Pra(t) Pre(t2) Pac(t3)Paa(ts)
+ Pra(t1) Pre(62) Poc (83) Pea(ts) + Pra(t) Pre(t2) Pec(ts)Pga(ts)
= P{P}P3P; + P}P?P; P} + 2Pl P?P3 P} + 2P} Pi P3P} + 2P} Pi P3P}
+ 2P; PZP}P,; + 2P PZP; P}
We first show that P(AACC) > P(ACAC). Observe that
Py PFPPP} + Py PFPIPy — Py PFP P} — Py PF PPy = P PZ (PP — P)(PY — P) > 0
and
P{PZP;P; + PyPyP;P; — P{P{P;P; — P,P{PP; = P;Py(P{ — P;)(P} —P7) >0

and



PlPZP2P} + P}P;P3P} — PlPZPjP} — P} P;P3P;}
> P;PZP2P,; + P}P?P3P} — PyPZPjP, — P}PiP3P} > 0
and
PIPEPSPY + PIPIPSPS — PLPEPIPS — PIPEPSPY = (PLPS — PPE)(PEPY — PEPS) > 0
Thus,
P(AACC) = PLP?P3P} + 2P1P2P3P} + 7PLP2P3P} + 2P} PZP3 P}
> PLPZPjP} + 2P} PZPjP,) + 2Py P2P; Py + 3PiP2P3P) + 2P} P?P3P)}
+ 2PLP2P3P} = P(ACAC)
and
P(AACC) = PLP?P3P} + 2P1P2P3P} + 7PLP2P3P} + 2P} P2P3p}
> PLPZP2P; + P}P?P; P} + 2Pl P?P3 P} + 2P} PiP3P} + 2P} Pi P3P}
+ 2P1P?P3P} + 2PLP2P3P} = P(ACCA)
We have shown that P(AACC) > P(ACAC) and (AACC) > P(ACCA). It follows that
P(xxyy) = 12P(AACC) > 12P(ACAC) = P(xyxy) and P(xxyy) = 12P(AACC) >
12P(ACCA) = P(xyyx). Note that the inequalities P(xxyy) > P(xyxy) and P(xxyy) >
P(xyyx) do not depend on the order of branch lengths t,, t,, t3, t,. Thus, P(xxyy) > P(xyxy)

and P(xxyy) > P(xyyx) for all bifurcating 4-taxon trees.



