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Short Branch Attraction in Phylogenomic Inference Under the 
Multispecies Coalescent 

 

Appendix  

Consider a bifurcating 4-taxon tree with branch lengths 𝑡!, 𝑡", 𝑡#, 𝑡$, 𝑡% where 𝑡! is the length of 

the internal branch and 𝑡&′𝑠 for 𝑖 > 0 are the lengths of four terminal branches. Let 𝑥'! and 𝑥'" 

be the nucleotides at two internal nodes. Under the Jukes-Cantor model, the probability 𝑃()(𝑡) =

-
"
%
+ $

%
𝑒*

#$
% 	𝑖𝑓	𝑋 = 𝑌

"
%
− "

%
𝑒*

#$
% 	𝑖𝑓	𝑋 ≠ 𝑌

. To simply the notation, we use 𝑝"&  to denote the probability 𝑃()(𝑡&) for 

𝑋 = 𝑌 and we use 𝑝#&  to denote the probability 𝑃()(𝑡&) for 𝑋 ≠ 𝑌. Here, we assume 0 ≤ 𝑡" ≤

𝑡# ≤ 𝑡$ ≤ 𝑡% < ∞. Furthermore, it can be shown that  

1. 𝑝"& > 𝑝#&  for 𝑖 = 1, 2, 3, 4 

2. If 𝑖 < 𝑗, then 𝑝"& > 𝑝"
+ 

3. If 𝑖 < 𝑗, then 𝑝#& < 𝑝#
+ 

A1: Consider a 4-taxon star tree with branch length 𝟎 < 𝒕𝟏 ≤ 𝒕𝟐 ≤ 𝒕𝟑 ≤ 𝒕𝟒 < ∞. The 

probability of the site pattern 𝒙𝒙𝒙𝒚 is greater than the probability of the site pattern 𝒙𝒙𝒚𝒚, 

i.e., 𝑷(𝒙𝒙𝒙𝒚) + 𝑷(𝒙𝒙𝒚𝒙) + 𝑷(𝒙𝒚𝒙𝒙) + 𝑷(𝒚𝒙𝒙𝒙) > 𝑷(𝒙𝒙𝒚𝒚) + 𝑷(𝒙𝒚𝒚𝒙) + 𝑷(𝒙𝒚𝒙𝒚). 

Proof: There are 12 combinations of 4 nucleotides that fit the site patterns 𝑥𝑥𝑥𝑦, 𝑥𝑥𝑦𝑥, 𝑥𝑦𝑥𝑥, 

𝑦𝑥𝑥𝑥, 𝑥𝑥𝑦𝑦, 𝑥𝑦𝑦𝑥, 𝑥𝑦𝑥𝑦 respectively. Also, the 12 combinations for the site pattern 𝑥𝑥𝑥𝑦 (or 

the other site patterns) have the same probability. Thus, it is sufficient to show that 𝑃(𝐴𝐴𝐴𝐶) +

𝑃(𝐴𝐴𝐴𝐶) + 𝑃(𝐴𝐴𝐶𝐴) + 𝑃(𝐴𝐶𝐴𝐴) + 𝑃(𝐶𝐴𝐴𝐴) > G𝑃(𝐴𝐴𝐶𝐶) + 𝑃(𝐴𝐶𝐴𝐶) + 𝑃(𝐴𝐶𝐶𝐴)H. We 

first find the probability of the site patterns with three identical characters,   
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𝑃(𝐴𝐴𝐴𝐶) + 𝑃(𝐴𝐴𝐶𝐴) + 𝑃(𝐴𝐶𝐴𝐴) + 𝑃(𝐶𝐴𝐴𝐴)

=
1
4 G𝑃00

(𝑡")𝑃00(𝑡#)𝑃00(𝑡$)𝑃01(𝑡%) + 𝑃10(𝑡")𝑃10(𝑡#)𝑃10(𝑡$)𝑃11(𝑡%)

+ 𝑃20(𝑡")𝑃20(𝑡#)𝑃20(𝑡$)𝑃21(𝑡%) + 𝑃30(𝑡")𝑃30(𝑡#)𝑃30(𝑡$)𝑃31(𝑡%)

+ 𝑃00(𝑡")𝑃00(𝑡#)𝑃01(𝑡$)𝑃00(𝑡%) + 𝑃10(𝑡")𝑃10(𝑡#)𝑃11(𝑡$)𝑃10(𝑡%)

+ 𝑃20(𝑡")𝑃20(𝑡#)𝑃21(𝑡$)𝑃20(𝑡%) + 𝑃30(𝑡")𝑃30(𝑡#)𝑃31(𝑡$)𝑃30(𝑡%)H

=
1
4
(𝑝""𝑝"#𝑝"$𝑝#% + 𝑝""𝑝"#𝑝#$𝑝"% + 𝑝""𝑝##𝑝"$𝑝"% + 𝑝#"𝑝"#𝑝"$𝑝"% + 𝑝""𝑝##𝑝#$𝑝#% + 𝑝#"𝑝"#𝑝#$𝑝#%

+ 𝑝#"𝑝##𝑝"$𝑝#% + 𝑝#"𝑝##𝑝#$𝑝"% + 8𝑝#"𝑝##𝑝#$𝑝#%H	(1) 

and 

𝑃(𝐴𝐴𝐶𝐶) + 𝑃(𝐴𝐶𝐴𝐶) + 𝑃(𝐴𝐶𝐶𝐴)

=
1
4 G𝑃00

(𝑡")𝑃00(𝑡#)𝑃01(𝑡$)𝑃01(𝑡%) + 𝑃10(𝑡")𝑃10(𝑡#)𝑃11(𝑡$)𝑃11(𝑡%)

+ 𝑃20(𝑡")𝑃20(𝑡#)𝑃21(𝑡$)𝑃21(𝑡%) + 𝑃30(𝑡")𝑃30(𝑡#)𝑃31(𝑡$)𝑃31(𝑡%)H

=
1
4
(𝑝""𝑝"#𝑝#$𝑝#% + 𝑝""𝑝##𝑝"$𝑝#% + 𝑝""𝑝##𝑝#$𝑝"% + 𝑝#"𝑝"#𝑝"$𝑝#% + 𝑝#"𝑝"#𝑝#$𝑝"% + 𝑝#"𝑝##𝑝"$𝑝"%

+ 6𝑝#"𝑝##𝑝#$𝑝#%)	(2) 

Note that we have 

𝑝""𝑝"#𝑝"$𝑝#% + 𝑝""𝑝##𝑝#$𝑝#% − (𝑝""𝑝"#𝑝#$𝑝#% + 𝑝""𝑝##𝑝"$𝑝#%) = 𝑝""𝑝#%(𝑝"# − 𝑝##)(𝑝"$ − 𝑝#$) > 0 

𝑝""𝑝"#𝑝#$𝑝"% + 𝑝#"𝑝##𝑝#$𝑝"% − (𝑝#"𝑝"#𝑝#$𝑝"% + 𝑝""𝑝##𝑝#$𝑝"%) = 𝑝#$𝑝"%(𝑝"" − 𝑝#")(𝑝"# − 𝑝##) > 0 

𝑝#"𝑝"#𝑝"$𝑝"% + 𝑝#"𝑝##𝑝"$𝑝#% − (𝑝#"𝑝"#𝑝"$𝑝#% + 𝑝#"𝑝##𝑝"$𝑝"%) = 𝑝#"𝑝"$(𝑝"# − 𝑝##)(𝑝"% − 𝑝#%) > 0 

Thus, 
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𝑃(𝐴𝐴𝐴𝐶) + 𝑃(𝐴𝐴𝐶𝐴) + 𝑃(𝐴𝐶𝐴𝐴) + 𝑃(𝐶𝐴𝐴𝐴) − G𝑃(𝐴𝐴𝐶𝐶) + 𝑃(𝐴𝐶𝐴𝐶) + 𝑃(𝐴𝐶𝐶𝐴)H

=
1
4
(𝑝""𝑝"#𝑝"$𝑝#% + 𝑝""𝑝"#𝑝#$𝑝"% + 𝑝""𝑝##𝑝"$𝑝"% + 𝑝#"𝑝"#𝑝"$𝑝"% + 𝑝""𝑝##𝑝#$𝑝#% + 𝑝#"𝑝"#𝑝#$𝑝#%

+ 𝑝#"𝑝##𝑝"$𝑝#% + 𝑝#"𝑝##𝑝#$𝑝"% + 8𝑝#"𝑝##𝑝#$𝑝#%H

−
1
4
(𝑝""𝑝"#𝑝#$𝑝#% + 𝑝""𝑝##𝑝"$𝑝#% + 𝑝""𝑝##𝑝#$𝑝"% + 𝑝#"𝑝"#𝑝"$𝑝#% + 𝑝#"𝑝"#𝑝#$𝑝"% + 𝑝#"𝑝##𝑝"$𝑝"%

+ 6𝑝#"𝑝##𝑝#$𝑝#%) > 0 

∎ 

A2: Consider a 4-taxon star tree with branch length 𝒕𝟏, 𝒕𝟐 < 𝒕𝟑, 𝒕𝟒. Then, 𝑷(𝒙𝒙𝒚𝒚) >

𝑷(𝒙𝒚𝒚𝒙) and 𝑷(𝒙𝒙𝒚𝒚) > 𝑷(𝒙𝒚𝒙𝒚). 

Proof: There are 12 combinations of 4 nucleotides that fit the site patterns 𝑥𝑥𝑦𝑦, 𝑥𝑦𝑦𝑥, 𝑥𝑦𝑥𝑦. 

The 12 combinations have the same probability under the Jukes-Cantor substitution model. 

Hence, it suffices to show that 𝑃(𝐴𝐴𝐶𝐶) > 𝑃(𝐴𝐶𝐴𝐶) and 𝑃(𝐴𝐴𝐶𝐶) > 𝑃(𝐴𝐶𝐶𝐴). 

𝑃(𝐴𝐴𝐶𝐶) = 𝑃00(𝑡")𝑃00(𝑡#)𝑃01(𝑡$)𝑃01(𝑡%) + 𝑃10(𝑡")𝑃10(𝑡#)𝑃11(𝑡$)𝑃11(𝑡%)

+ 𝑃20(𝑡")𝑃20(𝑡#)𝑃21(𝑡$)𝑃21(𝑡%) + 𝑃30(𝑡")𝑃30(𝑡#)𝑃31(𝑡$)𝑃31(𝑡%)

= 𝑃""𝑃"#𝑃#$𝑃#% + 𝑃#"𝑃##𝑃"$𝑃"% + 2𝑃#"𝑃##𝑃#$𝑃#% 

𝑃(𝐴𝐶𝐴𝐶) = 𝑃00(𝑡")𝑃01(𝑡#)𝑃00(𝑡$)𝑃01(𝑡%) + 𝑃10(𝑡")𝑃11(𝑡#)𝑃10(𝑡$)𝑃11(𝑡%)

+ 𝑃20(𝑡")𝑃21(𝑡#)𝑃20(𝑡$)𝑃21(𝑡%) + 𝑃30(𝑡")𝑃31(𝑡#)𝑃30(𝑡$)𝑃31(𝑡%)

= 𝑃""𝑃##𝑃"$𝑃#% + 𝑃#"𝑃"#𝑃#$𝑃"% + 2𝑃#"𝑃##𝑃#$𝑃#% 

𝑃(𝐴𝐶𝐶𝐴) = 𝑃00(𝑡")𝑃01(𝑡#)𝑃01(𝑡$)𝑃00(𝑡%) + 𝑃10(𝑡")𝑃11(𝑡#)𝑃11(𝑡$)𝑃10(𝑡%)

+ 𝑃20(𝑡")𝑃21(𝑡#)𝑃21(𝑡$)𝑃20(𝑡%) + 𝑃30(𝑡")𝑃31(𝑡#)𝑃31(𝑡$)𝑃30(𝑡%)

= 𝑃""𝑃##𝑃#$𝑃"% + 𝑃#"𝑃"#𝑃"$𝑃#% + 2𝑃#"𝑃##𝑃#$𝑃#% 

Thus, 𝑃(𝐴𝐴𝐶𝐶) − 𝑃(𝐴𝐶𝐴𝐶) = 𝑃""𝑃"#𝑃#$𝑃#% + 𝑃#"𝑃##𝑃"$𝑃"% + 2𝑃#"𝑃##𝑃#$𝑃#% − 𝑃""𝑃##𝑃"$𝑃#% −

𝑃#"𝑃"#𝑃#$𝑃"% − 2𝑃#"𝑃##𝑃#$𝑃#% > 𝑃#"𝑃"#𝑃#$𝑃"% + 𝑃#"𝑃##𝑃"$𝑃"% − 𝑃#"𝑃##𝑃"$𝑃"% − 𝑃#"𝑃"#𝑃#$𝑃"% = 0, and 
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𝑃(𝐴𝐴𝐶𝐶) − 𝑃(𝐴𝐶𝐶𝐴) = 𝑃""𝑃"#𝑃#$𝑃#% + 𝑃#"𝑃##𝑃"$𝑃"% + 2𝑃#"𝑃##𝑃#$𝑃#% − 𝑃""𝑃##𝑃#$𝑃"% − 𝑃#"𝑃"#𝑃"$𝑃#% −

2𝑃#"𝑃##𝑃#$𝑃#% > 𝑃#"𝑃"#𝑃"$𝑃#% + 𝑃#"𝑃##𝑃"$𝑃"% − 𝑃#"𝑃##𝑃"$𝑃"% − 𝑃#"𝑃"#𝑃"$𝑃#% = 0 

∎ 

A3: If the nucleotides at two internal nodes of a bifurcating 4-taxon tree are distinct, the 

probability of the site pattern 𝒙𝒙𝒚𝒚 is greater than the probability of the site pattern 𝒙𝒚𝒙𝒚, 

i.e., 𝑷(𝒙𝒙𝒚𝒚) > 𝑷(𝒙𝒚𝒙𝒚). Similarly, 𝑷(𝒙𝒙𝒚𝒚) > 𝑷(𝒙𝒚𝒚𝒙). 

Proof: There are 12 combinations of 4 nucleotides that fit the site pattern 𝑥𝑥𝑦𝑦. Similarly, there 

are 12 combinations for the site pattern 𝑥𝑦𝑥𝑦. The 12 combinations have the same probability 

under the Jukes-Cantor substitution model. Hence, it suffices to show that the probability of 

𝐴𝐴𝐶𝐶 is greater than the probability of 𝐴𝐶𝐴𝐶. If two nucleotides at the internal nodes are 

distinct, the probability of AACC is given by 

𝑃(𝐴𝐴𝐶𝐶) = 𝑃00(𝑡")𝑃00(𝑡#)𝑃11(𝑡$)𝑃11(𝑡%) + 𝑃00(𝑡")𝑃00(𝑡#)𝑃21(𝑡$)𝑃21(𝑡%)

+ 𝑃00(𝑡")𝑃00(𝑡#)𝑃31(𝑡$)𝑃31(𝑡%) + 𝑃10(𝑡")𝑃10(𝑡#)𝑃01(𝑡$)𝑃01(𝑡%)

+ 𝑃10(𝑡")𝑃10(𝑡#)𝑃21(𝑡$)𝑃21(𝑡%) + 𝑃10(𝑡")𝑃10(𝑡#)𝑃31(𝑡$)𝑃31(𝑡%)

+ 𝑃20(𝑡")𝑃20(𝑡#)𝑃01(𝑡$)𝑃01(𝑡%) + 𝑃20(𝑡")𝑃20(𝑡#)𝑃11(𝑡$)𝑃11(𝑡%)

+ 𝑃20(𝑡")𝑃20(𝑡#)𝑃31(𝑡$)𝑃31(𝑡%) + 𝑃30(𝑡")𝑃30(𝑡#)𝑃01(𝑡$)𝑃01(𝑡%)

+ 𝑃30(𝑡")𝑃30(𝑡#)𝑃11(𝑡$)𝑃11(𝑡%) + 𝑃30(𝑡")𝑃30(𝑡#)𝑃21(𝑡$)𝑃21(𝑡%)

= 𝑃""𝑃"#𝑃"$𝑃"% + 2𝑃""𝑃"#𝑃#$𝑃#% + 7𝑃#"𝑃##𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃"$𝑃"% 

The probability of 𝐴𝐶𝐴𝐶 is given by  
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𝑃(𝐴𝐶𝐴𝐶) = 𝑃00(𝑡")𝑃01(𝑡#)𝑃10(𝑡$)𝑃11(𝑡%) + 𝑃00(𝑡")𝑃01(𝑡#)𝑃20(𝑡$)𝑃21(𝑡%)

+ 𝑃00(𝑡")𝑃01(𝑡#)𝑃30(𝑡$)𝑃31(𝑡%) + 𝑃10(𝑡")𝑃11(𝑡#)𝑃00(𝑡$)𝑃01(𝑡%)

+ 𝑃10(𝑡")𝑃11(𝑡#)𝑃20(𝑡$)𝑃21(𝑡%) + 𝑃10(𝑡")𝑃11(𝑡#)𝑃30(𝑡$)𝑃31(𝑡%)

+ 𝑃20(𝑡")𝑃21(𝑡#)𝑃00(𝑡$)𝑃01(𝑡%) + 𝑃20(𝑡")𝑃21(𝑡#)𝑃10(𝑡$)𝑃11(𝑡%)

+ 𝑃20(𝑡")𝑃21(𝑡#)𝑃30(𝑡$)𝑃31(𝑡%) + 𝑃30(𝑡")𝑃31(𝑡#)𝑃00(𝑡$)𝑃01(𝑡%)

+ 𝑃30(𝑡")𝑃31(𝑡#)𝑃10(𝑡$)𝑃11(𝑡%) + 𝑃30(𝑡")𝑃31(𝑡#)𝑃20(𝑡$)𝑃21(𝑡%)

= 𝑃""𝑃##𝑃#$𝑃"% + 2𝑃""𝑃##𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃#$𝑃#% + 3𝑃#"𝑃##𝑃"$𝑃#% + 2𝑃#"𝑃"#𝑃#$𝑃#%

+ 2𝑃#"𝑃##𝑃#$𝑃"% 

The probability of 𝐴𝐶𝐶𝐴 is given by  

𝑃(𝐴𝐶𝐶𝐴) = 𝑃00(𝑡")𝑃01(𝑡#)𝑃11(𝑡$)𝑃10(𝑡%) + 𝑃00(𝑡")𝑃01(𝑡#)𝑃21(𝑡$)𝑃20(𝑡%)

+ 𝑃00(𝑡")𝑃01(𝑡#)𝑃31(𝑡$)𝑃30(𝑡%) + 𝑃10(𝑡")𝑃11(𝑡#)𝑃01(𝑡$)𝑃00(𝑡%)

+ 𝑃10(𝑡")𝑃11(𝑡#)𝑃21(𝑡$)𝑃20(𝑡%) + 𝑃10(𝑡")𝑃11(𝑡#)𝑃31(𝑡$)𝑃30(𝑡%)

+ 𝑃20(𝑡")𝑃21(𝑡#)𝑃01(𝑡$)𝑃00(𝑡%) + 𝑃20(𝑡")𝑃21(𝑡#)𝑃11(𝑡$)𝑃10(𝑡%)

+ 𝑃20(𝑡")𝑃21(𝑡#)𝑃31(𝑡$)𝑃30(𝑡%) + 𝑃30(𝑡")𝑃31(𝑡#)𝑃01(𝑡$)𝑃00(𝑡%)

+ 𝑃30(𝑡")𝑃31(𝑡#)𝑃11(𝑡$)𝑃10(𝑡%) + 𝑃30(𝑡")𝑃31(𝑡#)𝑃21(𝑡$)𝑃20(𝑡%)

= 𝑃""𝑃##𝑃"$𝑃#% + 𝑃#"𝑃"#𝑃#$𝑃"% + 2𝑃""𝑃##𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃"$𝑃#%

+ 2𝑃#"𝑃"#𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃#$𝑃"% 

We first show that 𝑃(𝐴𝐴𝐶𝐶) > 𝑃(𝐴𝐶𝐴𝐶). Observe that  

𝑃#"𝑃##𝑃"$𝑃"% + 𝑃#"𝑃##𝑃#$𝑃#% − 𝑃#"𝑃##𝑃#$𝑃"% − 𝑃#"𝑃##𝑃"$𝑃#% = 𝑃#"𝑃##(𝑃"$ − 𝑃#$)(𝑃"% − 𝑃#%) > 0 

and  

𝑃""𝑃"#𝑃#$𝑃#% + 𝑃#"𝑃##𝑃#$𝑃#% − 𝑃""𝑃##𝑃#$𝑃#% − 𝑃#"𝑃"#𝑃#$𝑃#% = 𝑃#$𝑃#%(𝑃"" − 𝑃#")(𝑃"# − 𝑃##) > 0 

and 
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𝑃""𝑃"#𝑃"$𝑃"% + 𝑃#"𝑃##𝑃#$𝑃#% − 𝑃""𝑃##𝑃#$𝑃"% − 𝑃#"𝑃##𝑃"$𝑃#%

> 𝑃#"𝑃"#𝑃"$𝑃#% + 𝑃#"𝑃##𝑃#$𝑃#% − 𝑃#"𝑃##𝑃#$𝑃#% − 𝑃#"𝑃##𝑃"$𝑃#% > 0 

and 

𝑃""𝑃"#𝑃"$𝑃"% + 𝑃#"𝑃##𝑃#$𝑃#% − 𝑃""𝑃##𝑃"$𝑃#% − 𝑃#"𝑃"#𝑃#$𝑃"% = (𝑃""𝑃"$ − 𝑃#"𝑃#$)(𝑃"#𝑃"% − 𝑃##𝑃#%) > 0 

Thus,  

𝑃(𝐴𝐴𝐶𝐶) = 𝑃""𝑃"#𝑃"$𝑃"% + 2𝑃""𝑃"#𝑃#$𝑃#% + 7𝑃#"𝑃##𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃"$𝑃"%

> 𝑃""𝑃##𝑃#$𝑃"% + 2𝑃""𝑃##𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃#$𝑃#% + 3𝑃#"𝑃##𝑃"$𝑃#% + 2𝑃#"𝑃"#𝑃#$𝑃#%

+ 2𝑃#"𝑃##𝑃#$𝑃"% = 𝑃(𝐴𝐶𝐴𝐶) 

and 

𝑃(𝐴𝐴𝐶𝐶) = 𝑃""𝑃"#𝑃"$𝑃"% + 2𝑃""𝑃"#𝑃#$𝑃#% + 7𝑃#"𝑃##𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃"$𝑃"%

> 𝑃""𝑃##𝑃"$𝑃#% + 𝑃#"𝑃"#𝑃#$𝑃"% + 2𝑃""𝑃##𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃"$𝑃#%

+ 2𝑃#"𝑃"#𝑃#$𝑃#% + 2𝑃#"𝑃##𝑃#$𝑃"% = 𝑃(𝐴𝐶𝐶𝐴) 

We have shown that 𝑃(𝐴𝐴𝐶𝐶) > 𝑃(𝐴𝐶𝐴𝐶) and (𝐴𝐴𝐶𝐶) > 𝑃(𝐴𝐶𝐶𝐴). It follows that 

𝑃(𝑥𝑥𝑦𝑦) = 12𝑃(𝐴𝐴𝐶𝐶) > 12𝑃(𝐴𝐶𝐴𝐶) = 𝑃(𝑥𝑦𝑥𝑦) and 𝑃(𝑥𝑥𝑦𝑦) = 12𝑃(𝐴𝐴𝐶𝐶) >

12𝑃(𝐴𝐶𝐶𝐴) = 𝑃(𝑥𝑦𝑦𝑥). Note that the inequalities 𝑃(𝑥𝑥𝑦𝑦) > 𝑃(𝑥𝑦𝑥𝑦) and 𝑃(𝑥𝑥𝑦𝑦) >

𝑃(𝑥𝑦𝑦𝑥) do not depend on the order of branch lengths 𝑡", 𝑡#, 𝑡$, 𝑡%. Thus, 𝑃(𝑥𝑥𝑦𝑦) > 𝑃(𝑥𝑦𝑥𝑦) 

and 𝑃(𝑥𝑥𝑦𝑦) > 𝑃(𝑥𝑦𝑦𝑥) for all bifurcating 4-taxon trees.  
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