Supplements to “Targeting Underrepresented Populations in

Precision Medicine: A Federated Transfer Learning Approach”

This supplementary file contains alternative algorithms (Sections A and B), conditions,
proofs to theorems, corollaries and additional lemmas (Sections C and D), additional sim-

ulation results (Section E) and data processing details (Section F).

A Federated learning algorithm to obtain the target-only

estimator

In this section, we present the federated algorithm we use to obtain population-specific

estimator.

Algorithm A.1l: Federated algorithm for population-specific learning

Input : Data from the k-th population{ X ("F) 4(mk1M_

Initial value wS" . Note that if k = 0, @ = B,.

Output: ’lﬁgf)
fort=1,...,T do

- (k) - (k)
Threshold wt_l = H\/W(wt—l)'

form=1,...,M do

Transmit V L™+ ('Lb&)l) and VQL(m’k)(wﬁ)l) to the leading site.

end

Compute the combined first-order information VL (8;_;), VL®*) (wgﬁ)l)
according to (2.4).

W, = arg min {ﬁ(k)(b; Bi1) + )\BHle} .
beRP

end

The algorithm is used to obtain the target-only, source-only estimators. To obtain the

combined estimator which is fitted using all data, we also apply this algorithm treating data



from the source and target population indistinctly.

B Leveraging local Hessian under design homogeneity

When the distribution of « in the k-th population is the same across sites, we introduce a
modified version of Algorithm 1 in the main paper which only requires each participating
site sharing only the gradients. This method generalizes the surrogate likelihood approach
proposed by Wang et al. (2017); Jordan et al. (2018) to the transfer learning framework
and it enjoys communication efficiency. The idea of this algorithm is to use the local data
to approximate the Hessian matrices across multiple sites. We require that the leading
site (the m*-th site) has data from all the (K + 1) populations. We will use the empirical
Hessian matrix obtained at the leading site to the approximate of the global Hessian in

each population. For £k =0,..., K, denote

Rlocal k) (b; i)) _ %(b _ E)Tﬁ(m*,k)(lo))(b _ b) + (b — 87 VL(k)(i)», where
where 1
ﬁ(m*,k)(i)) _ fsz(m*,k)(i,)
n(m k)

is the empirical Hessian for the k-th population at b’ based on the samples in the leading

site.

Algorithm B.1: Federated transfer learning leveraging local Hessian

Input : Target population{X ("0 y(mOM_ and source populations
{{X(m’k)»y(m’k)}%:l}kl(zl-

Initial values 3o, {wék)}kkzl.

Output: ,éT

fort=1,...,T do

Threshold w\") = ., (")) and B;_1 = He, (Bi_1).

form=1,...,M do

Transmit VL9 (8,_;) and {VL(m’k)(u’)b@l)}fz1 to the leading site.

end

Compute the combined first-order information VL (8;_;), VL®*) (wt@l)
according to (2.4).

In (2.5), (2.6), and (2.7) of Algorithm 1, we replace R (b; b') with
ﬁ(loc‘ll’k)(b; b’) and replace AR X, Ag with )\gk), )\((5{?, Ag.t, respectively.

end

Without sharing the Hessian matrices, Algorithm B.1 largely reduces the communication

cost. However, one limitation is that it requires the distribution f(a;) in the k-th population



are homogeneous across sites for any fixed k. Second, its reliable performance requires the
existence of a single site that has relatively large samples from all K 4+ 1 populations.
Otherwise, the local Hessian approximation can be inaccurate and lead to large estimation
errors. In practice, however, such a desirable local site may not always exist. We provide
a theoretical comparison in Section 3 showing that larger 7' might be needed in Algorithm

B.1 to achieve the same estimation accuracy compared to 1.

B.1 Convergence rate of Algorithm B.1

In this section, we provide theoretical guarantees for Algorithm B.1, which leverages local
Hessian and only transmits first-order information across sites. As we discussed before, it
relies on the homogeneity assumption on the distribution of (") for m = 1,..., M at
each given k. In the next theorem, we analyze the error contraction behavior of Algorithm
B.1.

Theorem B.1 (Error contraction of Algorithm B.1). Assume Conditions 1, 2, Condition
D.1 and true parameters are in O(s,h). Assume that h < s, minj<p<x n(m™ k) > p(m*0)
maxo<p<r 82 log p/n(™" k) = o(1). Suppose that event E in (D.1) holds and tuning param-
eters satisfy (D.2). Then with probability at least 1 — exp(—cylogp), it holds that

slogp hlogp (0 slogp
18r = BIE S =5+ o + (ma sO0) + 186 = BIB) g™

Theorem B.1 provides the error contraction analysis of Algorithm B.1. The event E
in (D.1) assumes the consistency of initial estimators and specifies the tuning parameters.
In fact, the tuning parameters of Algorithm B.1 depend on the convergence rates of initial
estimators and hence depend on the unknown s and h. In the single-task first-order method
with ¢;-regularization (Section 3.2 in Jordan et al. (2018)), the tuning parameters also
depend on unknown parameters. In practice, specifying these tuning parameters can be
challenging and the practical performance can be less accurate without proper tuning.

In the following two corollaries, we provide convergence rate analysis of Algorithm B.1

under two initializations proposed in Section 2.3.

Corollary B.1 (Convergence rate of Algorithm B.1 with single-site initialization). Assume
Conditions 1, 2, and Condition D.1. Assume that h < s, minj<p<g n(mk) > p(m*.0)
maxo<p<i 5 logp/nt™ k) = o(1). Suppose that tuning parameters satisfy (D.2). Then
with probability at least 1 — exp(—cy logp), it holds that for any finite T > 1,

lo hlo slo hlo s21o
_pp<? gp gp gp gp gp\7
187 — B3 tNo T it g g n0TH (0 (n(m*,O)) :



For Br obtained from Algorithm B.1, we see that it requires O(In N/ Inn(™"9)) itera-
tions to achieve the minimax optimal rate. We now compare the theoretical performance
of Algorithm 1 and Algorithm B.1 with single-site initialization. In comparison to the
upper bound derived in Corollary 1, we see that the convergence rate of Algorithm 1 is
always no worse than the rate of Algorithm B.1 for any given 7. Hence, to reach com-
parable performance, the local Hessian algorithm requires more iterations and hence more
rounds of communication. This implies that transmitting Hessian matrices not only allows

heterogeneous covariates but can accelerate the convergence of federated estimators.

Corollary B.2 (Convergence rate of Algorithm B.1 with multi-site initialization). Assume
Conditions 1, 2, and Condition D.1. Assume that h < s, minj<p<g n(m k) > p(m*.0)
maxo<p<i S log p/n(™" %) = o(1). Suppose that tuning parameters satisfy (D.2). Then
with probability at least 1 — exp(—cy logp), it holds that

2
a2 < slogp hlogp slogp s“logp.p
157~ 811 T NO ming<p< g nisH) n<m*70))

In Corollary B.2, we provide the convergence rate of Algorithm B.1 with multi-site
initialization. In comparison to Corollary 2, the local Hessian algorithm has slower conver-
gence rate at any given 7. It requires O(In N/ In n(m*’o)) iterations to achieve the minimax

optimal rate.

C Proofs of theorems and lemmas in Section 3

We then prove the theorems and lemmas in the main paper.
Notations. Let w® = 3 and wt = B;. Let @ ( ) = wﬁ’” —w®), 'ﬁék) Sg ) _ sk,
For a,b € RP, define

AMmE) (g b) = LK) (@) — LR (b) — (a — b, VLI™F) (b)).
We say that the restricted strong convexity (RSC) holds for A®) at b if
A" (a,b) = nyeilla — b3 —logplla—bH% (C.1)
For simplicity, let f{\t(k) = f{\(k)('u?(f) ) and H(O) ©(B,_1).
C.1 Proof of Lemma 1
Proof of Lemma 1. Step (i). Under the conditions of Lemma 1, it is easy to show that

log p
N(&)’

(&) _ apll2
Hw w”2 = N(k) )

—w|y < (s+h) k=1,...,K  (C.2)



with probability at least 1 — exp(—c; logp).
Step (ii). Next, we show that for k =1,..., K,

. hlogp
59 — 6093 5 P, (C3)
The oracle inequality for o) is
= 1O (p®) L 5k = 1O (pR) N~ _1(p® (0)
N(O)L () + W) — — o LO@®H + W) — oM, TLO (B))
< |0, VLO@))] + 2|68 1 — As6®. (C.4)
Notice that
LHS of (C.4) = WNO)( w® + 6% 8) + Q™) — Qw®),
where )
Q(b) = WL(O)(bJr 6ty — N(O)L(O)(b+ ok,
By Taylor’s expansion and the boundedness of 1/1(), for some constant p; € [0, 1],
Q™) — Q(w™))| = (@™, VQ(w™ + pra))|
. 1 . 2 1 .
= ](u(k), WVL(O)( w® 4+ plu(k) + 5(k)) _ WVL(O) (w(k) + plu(k) + 5(k))>|
~@ 2 lela®alo®] < O™ 11X o 00y 0) > fa]a®).
ZGN(O) ieN(0)

As @) is independent of X (), conditioning on @), miT'&(k) are independent sub-Gaussian
with sub-Gaussian norm no larger than ||4*)||y. Hence, with probability at least 1 —
exp(—c1N@),

A oy PR
Q™) — Q)] < o 1y L = o(1) 60 1,
given that max;<gp<f ||a¥|2 = O(1).

We arrive at the following oracle inequality

1

. s .
WA(O)(’w(’“) +6™.B) < fll’v(k)lll + Aol 6Bl = AglloP]1.

Standard analysis gives that with probability at least 1 — exp(—cy logp),

hlogp

sk _ k)12 < 2558
Ha o H2N N(©) -



By Lemma 17 in Yuan et al. (2018) and the condition h < /N /log p, the proof for (C.3)
is complete.

Step (iii). To ease our notation, define 0 =50 = 0. Finally, the oracle inequality for
B is

1 K
T A®G

k=0

Qu

1
N.B+6") < (@ ZVL(k ® 1 00)) + AsllBllL — Asl Bl

(C.5)
Under the RSC of A® (3 +6®), 3+ %)), we have

Klogp

LHS of (C.5) > 1|8 — B3 — «2llB - Bl

For RHS of (C.5),

K K
L g B (w® 4 50| < L((g© (k) (4(9)
@O, 3 VIW @ + 5| < )@@, 3 L0 @)
k=0 k=0
K
Lo k k)
+N(u(),ZVL( ) (w' Zvﬂ
k=0
K K
1 . -
O 1 D2 VIO @) o + 1@, 3 T2 (w)a®)|
k=0 k=0
K
O S dalw®)ale Pl al)
N 7 K3 3 ?
k=1 ;e N (k)
where the last step is due to max;<j<x max; ) |0 ®)| = O(h+/logp/N©®) = o(1) and

Condition 2.

For the second term, using the sub-exponential property of H® (w(k)), we have

1 o 1 O NG®)
5y“ﬁﬂn’§:‘7sznuﬁ No®y| < ‘@ﬂm,E:ATV,f{%MUA)) QN
k=1 k=1
L@ 5~ 50 ) _ 0 (0150
+ @037 S H O @) - HOw))o)

K K
X 1 N®&) . VN® logp
§61Hu(°)\|§+*§ illv(k)H%JrHu(O)HlE Y=L
C1 N — N

X log p
< (a5 + - quv 3+ ealla® 0y =5




where the last step is due to max;<g<x ||[#¥[|; = o(1) and K is finite.

For the last term, using the upper restricted eigenvalue condition on ) ;. y) x;x] /N (k)

and max;<p<f [0 |0 < C/N© /logp, we have for \/N(© logp = o(min;<p<x N*)),

fz Y dafw®) s Plz]a) < @) Zill W3

k=1 ieN (k)

To summarize, for

K
1 N&)
A = Oy =+ Co Y ——[s W3,
i=1

we have

A B Ag (k
clHﬁ—ﬁII§< la$ | - H SCH1+Z o2,

As|o®]| = <\/N<°>/logp>,wehave||f:<’“>||ologp/N<k>=o(l)and%2£10||x<’“>ﬁ<k>\|

C’ZK N(k) |9 ||2. Standard analysis lead to

2 2 2 = N(k) k)2
18— BII3 < sX3+C Y =13
k=1

with probability at least 1 — exp(—c; logp). Notice that it suffices to take

logp hlogp

e U R O

We arrive at

. 59 _slogp hlogp shlogp
— <
18 =52 < = vo U No )

As we assume shlogp = O(N (0)), the upper bound is established.
We are left to prove the RSC of A(k)(,é +6®), B+6W), k=1,..., K. Notice that

DB +6®.5+8W) -~ aAB (B + 6™, w®)

1
0

As maxi<j<x max;e o |2]9*)| = op(1), it is easy to show that
AB(B+6F B+ 50y > AR (B 1+ 6F) wk)) —op(1)

and the RSC for the RHS follows from standard arguments.

2
5 <



C.2 Proof of Theorem 3.1

Lemma C.1. Assume that x; € RP, ¢ = 1,..., N are independent sub-Gaussian random

vectors with mean zero. Given that ||ul|o < sy, for some (s, Vlogp)? < ¢N,

i=1

N
P (Z(%TU)4 < CNHHH%) > 1— exp{—clogp}.

Proof of Lemma C.1. We use the concentration inequalities in Kuchibhotla and Chakrabortty
(2018). By the sub-Gaussian property of @;, (z]u)? is sub-Weibull(a) with 1/2. Let 7 be

a fixed set with cardinality s,. There are at most (p < Cexp{v/splogp} possible sets.
Sn

Hence,
N

N
P ( sup Z(miu)‘l > t) < exp{+/sn logp} m7@XIF’ < sup Z(:{: u)t > t) .

l[wlla=1,[[ullo<sn ;— l[wll2=1,supp(w)=T ;=1

(C.6)

For a fixed T, we consider an e-net of {|ul2 = 1,supp(u) = T} such that for any
u € {|lul]l2 = 1, supp(u) = T}, there is a vector v € N(T,€) with |[u — v||2 < € for some

constant € > 0. Hence,

i=1 1=1

N
=< \Z{wi( v }4!+4!Z{m, u—v)} {wzv}|+ﬁlz{wz u—v)}{zw)?|

+4IZ{% u — )z}’

Notice that (u —v)/e € {b: ||bl|]2 = 1, supp(b) = T} and hence,

N N N
\ Z:(a:;u)4 — Z(w}v)ﬂ < (de+ 662 4 4e3 + ) sup Z(wZTu)4
i=1 i=1 lullo=1,supp(u)=T ;

For small enough constant €, we have

N N N

1
4 T T,,\4
sup g (x]u)* < max (xTv)* + = sup g (x]u)*.
lulla=tsupp(w=T = veN(T:9) ' 2 Jullo=tsupp(w)=T =

1=



Hence,

N N
max P sup (zjw)* >t ] <maxP| max (xTv)t >t
T (uunz:l,supp(u):TZ Z T \veN(Ta

N

As (z]v)* are sub-Weibull () with a = 1/2,

N
P (Z((ar:;’v)4 > N+ VNt + t2> < exp{—t}.

i=1
Using the fact that [N (T, ¢€)| < exp{s,} and (C.6), we have

N
P sup D (@]u)t > N+ VNt + 12 | < exp{\/splogp+s,—t}. (C.7)
ull2=1,|[ullo<y/ NV / log p i=1

Taking t = s, V logp, we arrive at desired results.

O
Fort=1,...,T, define
2
_ _ ) > () (%) _
E, {13}%]( 1a® |11 = o(1), A®) > IV @)ook =1, K,
RSC holds for ﬁt(’“)} A {events in Lemma C.1 hold}, (C.8)

Lemma C.2 (Convergence rate of ’li]t(k) ). Assume Conditions 1 and 2 holds and slogp/N®*) =

o(1) fork=1,...,K. We take \¥) = c\/logp/N®). Then (i) in event E,
2718 < (s + WA + a2 3.
(ii) In event Ey defined in (C.16), then with probability at least 1 — exp(—c1logp) that
a3 < (s + WA + lag |, k=1, K.

Proof of Lemma C.2. The oracle inequality for w,gk) is

~ k . (k
R®@": ™)) + 20 [ |, < B (w®); ™)) + A8 |aw®) ||,

It implies that

L (k) £y(k) - (k Lok - (k Z5(k) - (k (k
Slad HYal) < i@ VL)) — B a2+ a® w® [ - a® |,

A(F)

~(k ~(k . (k =7
< Sl I+ A9 o™y = A o+ (T (VE@E) - VL@®) - H

(C.9)

" N(k)

Da)y),

t—



where the last step is due to the second statement in E}.
For the RHS of (C.9), note that supp(w®)) C S U Hj.

3AK) AR)
RHS of (C.9) < = I{a }sum, | — =5 1{a}sumyeln
(k
+ (@ {H® (w <>+mu§ %) -~ Hw®)pa)
3AK) A) 1 .o
< e som = S Y somaelh + gy Do dalw)lela {alu ),

ieN (k)

where the last line is due to Condition 2 and || X *)||. OoHut 1||1 =o(1) in E;.
Using the Cauchy-Schwartz on the last term and combining with the LHS of (C.9), we

have for some small enough positive constant cy,

(k) =5(k) ~(k 3R A(R)
er (@, BV a) < 22 ol Yo~ 2 1) somgel + ks S ST felal )
ieN (k)
(i) If 3)‘2(k) H{ﬁﬁk)}LqquHl > CQ/N(k) D ieN® 1/1( ,gk) Hxla }4 then we arrive at

(k) T3(k) - (k - (k AR
er () Ha) < AP |{a ) som )y - 7!1{u§ Y sumell.

Under the RSC condition of I/LI\t(k) in Fy, we arrive at for (s + h)(A*)2 = o(1),

@™ B oy v a2 < (s + h)(Ak)2, (C.10)

(ii) If 3)‘(k) I{ A(k)}gquHl < CQ/N(k) D oieN® 1/1( k) D{x] ut 1}4 we leverage Lemma

Y ) . Specifically,

@™ 1o < en + (s + h) < VN®),

C.1 and the sparsity of a1,

Hence, we arrive at

1 . . (k (k
<5 2 d@lwh)alal ) < a3
ieN (k)

As @™, |4 = o(1), we have
~ (k) 77k (k
(o a) v eI S e (C.11)
Combining the arguments in (i) and (ii), we have in F,

~(k . (k
1412 < (s + B)A®)2 + a4,

10



Since ¢, > s + h, by Lemma 17 in Yuan et al. (2018), we have
- (k ~ (K
g 115 < 1 1.
Hence the result in (i) is proved.

It is left to verify that P(N]_; E;) > P(Ey) — exp(—cplogp) for any finite 7" with Ey de-
fined in (C.16). By our assumptions, it is easy to verify that P(E;) > P(Ey)—exp(—co log p).

P(E1 N Ey) > P(E)) — P(|alP |, > e1|Ey)
> P(E1) — exp(—cq log p)

given that

AW 41 [s2A0)2 4 sllagll} < en.
As sAF) = O(1), it is easy to show that P(Ey N Ey) > P(Ey) — exp(—cglogp). The rest of
proofs follow by induction. O

Fort=1,...,T, define

_ 2 2
G m (k) ~ 2 _ (0)
t {O<ka<xK||ut 1l =o(1), A N ||VL N oo k=1,...,K,As > ~© VLO(8)]|oo,

K

Ao 2 2 IVEOB) + 30 VLW (@),
k=1

RSC holds for H® and ﬁt(o)} N {events in Lemma C.1 hold}, (C.12)

Lemma C.3 (Convergence rate of Sék)) Assume Conditions 1 and 2 holds. We take

s = c\/1ogp/N©). Then in event Gy,

158113 < hAF + [l 3.

Proof of Lemma C.3. By the optimality of Sgk),

1, - (k)seas(0) ) 1 . s ) .
~@MTHO® < 16, = _vLOB,_1) — HOB_1)(w® — 6® — §,_1))]

2 - "N
+ 2sl18M 11 = 2511811
L, (k) 500 . N .
:»5<v§’“%H£°’v<’“>>sw<v§’“ < VOB + A58l — Asl1671
+ @) VLOBiy) - VLO(B) - H (" — 6% — B} (C.13)

Fy

In event Gy,

AS . o
RHS of (C.13) < Fi + 79" |1 + 2518l = A6

11



where for some p € [0, 1],

F, < |<@§”>T{A<°> (081 + (1= p)B)(Br1 — B) — HO (B 1) (") — 6@ — 3, 1)}
< 1@ THO (B, )@ |+ |68 T{HO (081 + (1 — p)B) — HO(Bi_1)}(Bi—1 — B)|-

Fl,t F2,t

For F1 4, we use the independence of ﬁgk) and X to arrive at

[ ||
Fiy < ||of" Hl Z wla®| < C 2 = o(D)||o" 115
16/\/(0>

with probability at least 1 — exp(—c1Np) as long as ||11£k) ll2 = o(1).
For F,;, we use the Lipschitz property of ¥ and max; ¢ \r(0) |:1:ZT'11§2)1| < C'in Gy such that

(k 0
Fyy < N(O) Z Tﬁt 1)|z] o )‘{‘BT f‘)l}z
1eN(0)

(k) 77(0) - (k 1 y
< (o0, BPsf)2 | i x 0w

Notice that
1@ lo < cn+ 5 < Cs < VNO,

Using Young’s inequality and Lemma C.1, we have
oy < el Hw)) + ool |1
Using the RSC condition of ﬁt(o) in G¢, we have the following oracle inequality
w13 < eallay 13 4 189125 — 118 [1As. (C.14)
Using the sparsity of (%), hlogp = o(VN©), it is easy to show that
o3 < h23 + erflay 3
As Bi_1 = Hcs(,ét_l), we arrive at

o ~(0) 14
|5:l13 < hAZ + 1@, |13

12



Proof of Theorem 3.1. Oracle inequality:

K
RO By 1) + D RB (B, + 870", + As|Billn

k=1

K
< ROB; 1) + Y RM(B + 85 ™)) + Asl|B1-

k=1
Reorganizing the terms, we arrive at

K Nk .
o %Hﬁ“}(ﬁt -9

ZVL 9w Z D18+ 80 — ™ | +2s]1811 — AsllBils.

Uy

For U,, we have
K
3 1 k) (1, (K) N (& (k ) &
<‘<'6t_/87NkZ_OVL()(wt—) OH®M {w® — w1+ (8 - ﬂz N — My

3 Lo (6 () 3 SNB i )
é\<ﬂt—ﬁ,ﬁzw (w®)]+ (8~ 8. ) - HH8Y 60y
k=1

ZVL(k — VL® (™) — N(k)ﬁt(k){w(k) _ wt@l}ﬂ
R A . N&) 8
< Hﬂt—ﬁulgﬂwt—ﬁ,z —HVo Z N b))l (B - B)llzlu P ¢
k=1 k=0 je N ()

where we use the Lipschitz condition and the first statement of Gy in the last step. Using

Cauchy-Schwartz on the last two terms, we have

. K Nk ), 5 . As .
a(B -8 — Hi }Be = B) < 1B = Blli— + AsllBllr = Asl|Bella
k=0
K k)

+ad - @Hs Z PORAC LRV DRI

k=1 k: 04eN (k)

By Lemma C.1 and the RSC condition on f{\t(k), we have

K
. . A 5 N\ o (k
eillBe = BIE < 18— Bl -2 + 25181 = AsllBill + Y <L 19713
k=1
K
N o (k
+ckZ_ON||u£_%||3.

13



By Lemma C.3, we have for N > KN©),

K
. (0
> a3 <Z E{hAG + [l 13}
k=1
hlogp
e A
Since K is finite, we arrive at
hlogp
B — BI3 < 33 + =22l + 1181 - Bl (C.15)

By Lemma 17 in Yuan et al. (2018), since ¢, > s,

18¢ = BII3 < (L +o(1))]18; - Bl3.

This shows that in event Gy, the results of Theorem 3.1 holds.

Finally, we show that P(N]_,G;) > P(Ey) — exp(—ci logp) for any fixed 7. First notice
that RSC conditions in each G; is guaranteed by the first statement in G; with probability
at least 1 — exp(—cylogp). Specifically, for T' =1,

P(G1) = 1 - exp(—ei logp) — P( max_[[uf’ |1 > e1) > P(Eq) - exp(—cylog p)

by assumption. For T = 2,

> - >
P(G1N Ga) 2 P(G1) — P( max a1 > e1]Gh).

By the thresholding step, we have

k 1/2 k 1/2 k
a1 < a5 2 1ad e < a1 1a ).
Fort =1,
1/2 k
max a7 < mas a4
(s+ h)logp (k)
< P —— p—
pax \/{S+h+cn}{ N + gy I3} = o(1)

given that ¢, > s+ h and

(s +h)ylogp/N®) = o(1) and max {s -+ ca}lig” |3 = o(1).

Fort=1 and k =0,

S0 slogp log p
[y ||1_\/{8+cn}{ N +hN(0) +Og;3<XK||uO 13} = o(1)

14



given that
shlogp = o(N®) and {s + c, }|a” |3 = o(1).

To summarize, we define an event

Ey = 912 < a4 = o(1) b 1
o= { s sl B < cn, s sla13 = o) (.10
The proof is complete when event Ej holds. O

C.3 Proofs of Corollaries 1 and 2

Let w") = H,, (%)) for 1y defined via (3.2).

Proof of Corollary 1. Under the conditions of Corollary 1, it is easy to show that

- (0))2 < slogp hlogp
1
Ja{?)2 < max Z8P
~1<k<K nm*k)

Hence, Ey holds as long as

s’logp  hlogp _

= o(1).

max
1<k<K n(m*k) = p(m*0)

For prediction error, note that

Ex.[{21(B = 8)}?] < Amax(Elz.2I]) B¢ — Bl3-

As Apax(E[z.zl]) is upper bounded by a constant, the proof is complete now.

O]
Proof of Corollary 2. Under the conditions of Corollary 2, it is easy to show that
A lag? 113 S A Z?f,g-
Hence, Ej holds as long as )
omax W =o(1).
O]
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Proof of Remark 4.

P(sgn(z1B7) # sgn(x1B)) < P(l218] < €) + P([218] > ¢, sgn(alBr) # sgn(z18))
< P(|z1B8| <€) + P(|zI(Br — B)| > e).

Conditioning on Br, xI(BT— () is sub-Gaussian with sub-Gaussian norm C/|| Br— B||2- Taking

B slogp hlogp slogp  hlogp =
6_Cl\/ N N0 AN T e

for large enough constant C, we arrive at desired results.

D Proofs of convergence rate of algorithm B.1

Condition D.1 (Homogeneous covariates). Assume that {@;};c ey and {Zi};c o k)
are identically distributed for any 0 < k < K and 1 <m,m’' < M.
D.1 Convergence rate analysis
Define an event
By ={ max a1 = o(1), a7 < evsAF = 0(1),k =1,..., K, ||Bo — Bll2 = o(1) }.
0<k<K ' ° P = 0 ’ T
(D.1)

For the tuning parameters in Algorithm B.1, we take

® 5 10gp ¢ 10gp ENCING [logp (), [slogp

\ logp slogp H _ (k) H
Bt = 0<k<K p(m k) =112

Theorem D.1 (Convergence rate of Algorithm B.1). Assume Conditions 1, 2, and Condi-
tion D.1. Assume that n(m"D > p(m"0) gnd N > N©O) g2 logp/N(m*)—l-hs logp/n(m*’o) =
o(1). If event E} in (D.1) holds, then with probability at least 1 — exp(—cy logp), it holds
that

1.

()2 < Slogp | hlogp = opyy logp 1o ()2 slogp  hlogp
Hut ||2N N N(0) +s (N(m*)) (>‘ ) S(N(m*) n(m* 0))H

By induction, we have

lo hlo
gp + gp

slogp hlogp

+max{s(\y)?, || e

18r - BIE S 2
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D.2 Proof of Theorem B.1

Under the conditions of Theorem B.1, with probability at least 1 —exp(—c; log p), the initial

(k slogp  _(k log p
lag”13 < “ooege g I S sy/ oo, k=10 K

13 < SIEP | BOED 0, < oy BD SR lom

values satisfy

Nm*)  p(m*,0)’ N(m*) n(m*,0)
Fort=1,...,T, define

Lemma D.1. Assume Conditions 1, 2, and Condition D.1. We take

(k) o  [logp (ky | logp _
A= IO (s +h)\ ) k=1,...,K.
If s7/log p/n(m*k) = o(1), then with

(k) logp | 4, logp \y/a, (k)
)‘t 2 N(k) + (n(m*’k)) )‘0 )

it holds that
R (k k . . (k k
@93V a3 < (s + A2 1@ v el < s+ AP
with probability at least 1 — exp(—cy logp).

Proof of Lemma D.1. It follows from (C.9) in Lemma C.2 that

1, (k) =(m* k) - (k AR k k) o (k
5@ B ey < 2 la A w® = AP |

. (k . (k ==(m*,k) « (k
+ (@ vI® (@) - vI® (w®) — H™ P el (D.3)

The last term on the RHS of (D.3) can be upper bounded by Hﬁﬁ’“’”l)\g’“) for Agk) >

—

IVL® (*)) = VLE (w®) — H™ P al) ||. By (D.3), we have
) mme (B M (k) (k). (k) (&) (1, (k)
<ut H, U > < THut ”1 + A Hw Hl - N\ Hwt Hl

We now verify the RSC for I/-ft(m*’k) given that (s 4 h)logp = o(n(™"®), k=1,... K. For
any u € RP,

uTﬁt(m*’k)u > uTﬁ(m*’k)(w(k))u - |uT{j{\(m*’k) (wﬁﬁ)l) — ﬁ(m*’k)(w(k))}u].
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For dgli)l such that max;  m* s |@] ut 1\ < [l (k1”1 =o(1),

wWTH™ Py > uTH™ P (w®))u(1 - o(1)).

Using the sub-Gaussian property of &; and the positive definiteness of H*) (w(k)), it is easy
to show that with probability at least 1 — exp(—cy log p),

sup uTH ™ F) (w N > Clul)?

lesum, Il >3llwsum)ell
given that (s + h)logp = o(n(™"*)). Standard analysis lead to
12713 < C(s + R (A)? and [lag |1 < C(s + m)AL. (D.4)
It is left to find )\gk).
HE® (ewi) + (1= ejuw®) - B O @) i) |

1 » 1

k T5(F) T (k) 2 k Tp®) T (k) 2

< HX( )Hoo,oon(mﬁk) E , Y] w, 2y ){x]a,~ " + ”X( )HOO’OON("?) E ( @, w, ) {x]u, " }
ieN(m*,k) 16]\/'(’“)

+ {H® (®) — BB (w®)yal) |

logp

S a3+ ey o
k log p
S s+ + (s WA

where the last step is due to Hdgli)l llo < s+ h and the upper restricted eigenvalue condition
holds.

Hence, if (s + h)4/ bg*pk) = 0(1), then it suffices to take

(k) logp (k) log p
)‘t Z N(k) ( +h))‘t 1 (m* k)

Lemma D.2. Assume Conditions 1, 2, and D.1. We take

log p slogp Hu
Mot =\ oy + a2y e =

If slogp/n(™"F) 4 hlogp/n(m"0) = o(1), then with probability at least 1 — exp(—c; logp),

- (k k
1512 < RS2,

18



Proof of Lemma D.2. Oracle inequality: By the optimality of &Sk),

1

S@TH™ O < 167, (VL0 (Bi1) = HU O (Bl — 55 = Biy))

k k) sk
+ 257180 1 = 218
k) 77(m*,0) ~(k (k k) k
:»2<”H< o) < 18, VLOB) + A 18D 1 = 2671167 11

+ 1@ {VLOB, 1) - VIO (B) —H£m N —6®) — g, 1)} (D.5)

F

In event Gy,

(k)

RHS of (C.13) < F; o 11+ N[00 — AL 16811,

INTLHO (081 + (1= p)B)(Bes — B) — H™ V(3 1)(wF) — 6™ — B, 1)}
< |M)yTEH™ (B, )a® |+ |6 T{HO (08,1 + (1 — p)B) — H™ (B, 1)} (Br1 — B)|.

Fyq oy

Similar analysis of F; as in Lemma C.3,

U
Fi S eallof 1% I8,

For Fy 4, we have

Foy < |67 11| {HO (pBp—1 + (1 — p)ﬁ) — H™ O3, )1, e

. (k (0 log p m*
S|rv§>|h{uu§>1||1 B e I X OO B+ X 11\%}.

Using the sparsity of B,@l, we have for

k) log © log p Hu
N 2\ o+ Il oty + a3+
logp 0 slog p 2" 13
>\ o 1l s\
1

()7 35(m,0) A (k) _ Aot (K k sk _(k
5 @ TH 0 < S o |+ Nl 1 = daall o+ 5.

Standard analysis leads to

1912 < (hafE)2.
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For the thresholded fjgk), since Vn(m*.0) > h by Lemma 17 of Yuan et al. (2018) we have

- (k k
1513 < RS2,

O
Proof of Theorem B.1. Oracle inequality:
NO O local) k: (k,local) - (k) 2
-~ '(Br; Bia +Z (B + 8" 0(7)) + Al Bl
NO O (0,local) *) (k,local) - (k)
< RO (BB +Z B (B4 810 + N8l
Reorganizing the terms, we arrive at
K
1 NE) ey 4
5(,31& - f")T{Z THt( Y8, - B)
k=0
| XK
k k
3, NZVL( ) (w®
k=0
5 1« k ZF(m* k k k
180 = 8. 5 SAVE® (@) = VIO (@) - NWEY (8 + 81 — )|
Ji
+AgalBlh = Ag el Bellr,
where
R K K ik .
T < 1B - Z w® + pa)ay) - ZT Sy o))
k= k=
K
N k)
;; 1B B )l |y mae (a3

(0 NGk Z=(m* k) - (k
+ [l ZT<H“‘”) —H" )i |
k=0

Hence, for
A \/ Lt g |
Bt = 0<k;<K p(me k) 17 t=1112
K
lo
£ L) (4®) gp
> Nnk}_ojv () oo + K max /=5 a1+ max (a3,
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we have

A 1
18 — BI3 S s(Asy) +Z u”n%

K
N ()
24 (k)y2
s(Ag,t) kz N h(>‘§,t)
hlogp hslogp
2y 2
S(Aﬁ,t) N + ” 1” (m* (m 0) Z HQ
hlogp hslogp h S logp slogp
< 2 2 2
S(Aﬁ,t) + N0 +” 1” 1 (m*0) n(m*,O)( N +1£nka<XKH 1”2 n(m k)’
To summarize,
_(0),2 . Slogp s?logp hlogp zhslogp
a3 S “EP + max ZBR I3 + 28 + a5
h slogp 9 slogp
m( N +12}€§XKH 1” Tk,))
< slogp hlogp S long ” S long _ (k) H
=N T NO —l2 7 B e gy ez
By Lemma D.1, we arrive at
-~ (0) 12 < Slng hlogp 2t+1 logp try (k) 2 S logp
Hut H2 ~ N + N(O) + IIS%%XKS (n(m*7k})) ()\ ) m* 0) H H

Let b, = ;f#i%g;. Given the results of Theorem B.1, it is easy to show

N N(0) 1<I<:<K H2

slogp hlogp k _ (0)
N o+ max, sG]+ b |y |3

slogp hlogp (k) s logp
Nt v+ (max s + a3

1 hl T T 1
H,&é?)u% < (S ogp 4 ng)§ :bg t_|_ max )\( 2252t+1 ng bT t—|—bT”
t=1 t=1

N

N

D.3 Proofs of Corollary B.1 and Corollary B.2

Proof of Corollary B.1. Notice that /\0 = +/log p/n(m*k) for k =1,..., K. and ||'u,(0)||2 =
Op(slogp/N™) 4+ hlogp/nt™" ). Tt is easy to show

9 slogp hlogp slogp hlogp ., s?logp.
H T ||2 ~ N N(D) minlngK n(m*’k) n(m*,O))(n(mnO)) .

21



Proof of Corollary B.2. Notice that )\((]k) = +/log p/nk:k) and H'EL((]O)H% = Op(slogp/nTo:0).
Given the results of Theorem B.1, it is easy to show

||1l(0)|]2<510gp hlogp slogp SQlogp)T
riz~ N NO " mingcpe g nek) p(m*0)7

E Additional simulation results

To generate genotypes for data in the source population, we first generate p-dimensional
multivariate Gaussian vector z; with mean 0 and covariance matrix ;. We choose ¥ to
be a block-wise matrix with 20 blocks each has dimension 100 x 100. We set the all the 20
blocks to be the same, denoted by B, where By ;; = 0.5"=JI. We then randomly generate
minor allele frequencies for the p genetic variants from U(0,0.5). Then we obtain x; by
categorize each z; into 0,1 and 2 based on the corresponding minor allele frequencies. For
the target data, we follow the same procedure with 31 replaced by X, which has 100 blocks
each with dimension 50 x 50. We set the block to be By ;; = 0.3l

In this section, we include more simulation results. In addition to methods compared
in the main paper, we added three methods, which are (1) the proposed approach with
T = 1 without aggregation (FETA (T = 1, no agg)); (5) the proposed approach with 7' = 3
without aggregation (FETA (T = 3, no agg)); (6) the pooled transfer learning method
without aggregation (pooled (no.agg)).

Compared with the proposed methods considered in the main paper, these three meth-
ods are performed without the aggregation step. The methods are evaluated based on their
mean squared error (MSE) and the out-sample area under the receiver operating char-
acteristic curve (AUC) based on a randomly generated testing sample with sample size
n = 1000. In this simulation, we used 10% of the total sample size of the target population
in the leading site as a validation dataset to learn the weights introduced in equation (2.9)
in the main paper. From Figures (E.1) - (E.2), we observed that FETA with aggregation
perform no worse than the corresponding methods without aggregation. When the level
of heterogeneity is low, FETA without aggregation has comparable performance as FETA
with aggregation. However, as we expected, as the level of heterogeneity increases, the
robustness of the proposed methods is shown to be better than FETA without aggrega-
tion. When the heterogeneity is large, the proposed federated transfer learning algorithms
without aggregation have much poor performance and a large variation than the pooled
transfer learning methods without aggregation. The variability reduces when the number

of iteration increases.
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Figure E.1: Comparison of AUC over 200 replications.
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In sum, the additional simulation results demonstrated that the aggregation step is
necessary unless there is strong prior knowledge supporting that the level of heterogeneity

is low.

F Additional details in the eMERGE data application

F.1 Data processing

The data used in this application was applied is public available upon request from the
database of Genotypes and Phenotypes (dbGaP) with accession phs000888.v1.pl. Here we

introduce more details in selecting the genetic variations used in this paper:

1. We performed standard quality controls to remove SNPs with minor allele frequencies

less than 0.05, and missing rates higher than 0.05. Missing SNPs are imputed by O.

2. We then perform a GWAS study controlling for age, gender and top principal com-

ponents.

3. GWAS p-values are used to clump the SNPs with a p-value threshold 5 x 10~® and
R? threshold 0.5, and physical distance threshold for clumping to be 1000 kb. Af-
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Figure E.2: Comparison of MSE over 200 replications.
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ter clumping, we obtain 2048 selected SNPsm which can be found in attached files
“obesity _SNPs.txt”.

F.2 Sensitivity analysis

We conducted sensitivity analysis by only including patients who are White (source) and
Black or African Americans (target). The evaluation of performance of our method com-
pared with other benchmark methods can be found in the following Figure F.1, where the
definitions of training and testing datasets are the same as described in the main paper.
As we can see from Figure F.1, the proposed methods reach higher AUC than the target-
only, source-only, and combined approaches, and are comparable with the pooled transfer
learning method. However, by comparing with Figure 5 in the main paper, we see that the
source-only model has decreased performance, which might be due to that the Unknown
race group are more similar to the target population. So when excluding Unknown race

from source, the performance of the all the approaches that involve source data drops.

24



Figure F.1: Sensitivity Study excluding participants who are not White, Black or African

Americans.
Vanderbilt Mount Sinai Northwestern

method
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