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of system (19) for parameter values listed in the Supplementary Table 2 are shown for the advanced-
stage tumor case. The red and blue dashed line in the oxygen plot refers to normoxia-hypoxia (5%
O2) and hypoxia-severe hypoxia (1% O2) thresholds, respectively. Simulations are run for 180 days to
show how cyclic hypoxia is sustained over time. All the y-axis refer to non-dimensionalized densities or
concentrations of the indicated agents. The figure is embedded in Supplementary Note 4.

Supplementary Figure 6: Early-stage tumor evolution. Qualitative results of the evolution of the
system (19) for parameter values listed in the Supplementary Table 2 in the early-stage tumor scenario
for t ∈ [0, T0] and T0 = 0.27 days. (A) shows the qualitative relationship between Y and the equilibrium
state of the dimerized form of VEGFR (x∗), i.e., x∗ as a function of Y := kon

koff
V , where kon and koff are the

binding and unbinding rates between V and u, respectively [3]. The blue marker indicates the value of x∗

for V (0), while the green marker indicates the value of x∗ at Vmax, which represents a numerically observed
upper bound for the ligand concentration. Red dashed lines in (A) and (B) refer to the threshold thx,
above which EC proliferation is stimulated, the one in (E) plot to the threshold thpTie2, below which vessel
destabilization might happen, the red and blue in (F) refers to normoxia-hypoxia (5% O2) and hypoxia-
severe hypoxia (1% O2) thresholds, respectively. All the y-axis refer to non-dimensionalized density or
concentrations. The figure is embedded in Supplementary Note 4.

Supplementary Figure 7: Advanced-stage tumor evolution. Qualitative results of the evolution
of the system (19) for parameter values listed in the Supplementary Table 2 in the advance-stage tumor
scenario for t ∈ [0, T0] and T0 = 0.27 days. (A) shows the qualitative relationship between Y and the
equilibrium state of the dimerized form of VEGFR (x∗), i.e., x∗ as a function of Y := kon

koff
V , where kon

and koff are the binding and unbinding rates between V and u, respectively [3]. The blue marker indicates
the value of x∗ for V (0), while the green marker indicates the value of x∗ at Vmax, which represents a
numerically observed upper bound for the ligand concentration. Red dashed lines in (A) and (B) refer
to the threshold thx, above which EC proliferation is stimulated, the one in (E) plot to the threshold
thpTie2, below which vessel destabilization might happen, the red and blue in (F) refers to normoxia-
hypoxia (5% O2) and hypoxia-severe hypoxia (1% O2) thresholds, respectively. All the y-axis refer to
non-dimensionalized density or concentrations. The figure is embedded in Supplementary Note 4.

Supplementary Table 1. Independent variables of system (19), their meaning, and their corresponding
units of measure. The table is embedded in Supplementary Note S.4.
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Supplementary Table 2. Estimation of the model parameters involved in system (19). (∗) indicates that
the corresponding parameter value has been estimated from the data provided in this work or adapted from
ranges reported in the literature, as detailed explained in Supplementary Note 2. The table is embedded
in Supplementary Note 2.

Supplementary Table 3. Maximum percentage variations in the evolution of tumor cells C and oxygen
O2 in the early-stage tumor scenario are reported when varying the value of θ ∈ {m, b, dC , kCyt, dCyt}.
Precisely, θ := θB − θB/2 and θ̂ := θB + θB/2 represent the minimum and maximum parameter values
used in the analysis. The table is embedded in Supplementary Note 2.

Supplementary Table 4. Maximum percentage variations obtained in the evolution of tumor cells C
and oxygen O2 in the advanced-stage tumor scenario when varying the value of θ ∈ {m, b}. Precisely,

θ := θB − θB/2 and θ̂ := θB + θB/2 represent the minimum and maximum parameter values used in the
analysis. The table is embedded in Supplementary Note 2.

Supplementary Table 5. Reference values for the different agents involved in system (19). (∗) indicates
that the corresponding parameter value has been estimated from the data provided in this work or adapted
from ranges reported in the literature, as detailed explained in Supplementary Note 2. The table is
embedded in Supplementary Note 3.
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Supplementary Note 1: Mathematical model

We propose a novel mathematical model that characterizes the interactions between cellular and molecular
components involved in the tumor angiogenic process. In particular, we examine three compartments (or
modules), with a specific focus on the cellular module that comprises two distinct cell populations - tumor cells
and endothelial cells (ECs) - interacting in response to variations in oxygen and cytokine concentrations. We
further include two modules that account for the Tie-Ang and the VEGF-VEGFR signaling pathways. Figure
(1) in the main text illustrates the model, its compartments, and the interactions between them.

S.1 Angiopoietin module

The Tie-Ang signaling system involves two types of angiopoietin ligands: Ang1 and Ang2. Both ligands bind
to the Tie2 receptor. This receptor has two states: an inactive one and its phosphorylated form, pTie2, which
is responsible for activating the signaling downstream of the active Tie receptor. In the Ang1/Tie2 system,
the ligand is tetravalent and the receptor is monovalent, meaning that one Ang1 molecule binds to four Tie2
receptors, while each Tie2 can bind to a single Ang1 molecule. Four Tie2 receptors and one Ang1 molecule
form the complex (Ang1(Tie2)4). Conversely, in the Ang2/Tie2 system, the ligand is bivalent (see Assumption
1 for further details), meaning that one Ang2 molecule binds to two Tie2 receptors, while each Tie2 can bind
to a single Ang2 molecule. Two Tie2 receptors and one Ang2 molecule form the complex (Ang2(Tie2)2). The
formation of these complexes, in a dose-dependent manner, allows for the phosphorylation of the receptor.
Precisely, the angiopoietin module takes the following variables into account.

• The Ang1 ligand exists in oligomeric form and interacts with the Tie2 receptor. Specifically, the tetrameric
configuration of Ang1 binds to Tie2, leading to the clustering of the receptor into a tetrameric structure
and to its activation [4, 5, 6].

• (Ang1(Tie2)4) is the tetrameric form of the Ang1-Tie2 complex.

• The Ang2 ligand is considered an antagonist to Ang1, as both Ang1 and Ang2 compete for the same
binding site on the Tie2 receptor [7, 8, 1]. Native Ang2 is primarily found in a dimeric form (75%, with
16% in trimeric form and 9% in tetrameric form). Consequently, the prevalence of low oligomeric forms
of Ang2, in comparison to Ang1, restricts the ability of Ang2 to activate Tie2 [9].

• (Ang2(Tie2)2) is the dimeric form of the Ang2-Tie2 complex.

• The Tie2 receptor is expressed on the membrane of endothelial cells, and it can bind to both Ang1 and
Ang2.

• pTie2 refers to the phosphorylated form of Tie2, and it plays a crucial role in Tie2 signaling.

Their evolution is governed by the following system of ordinary differential equations (ODEs):

dAng1

dt
= −F1

d (Ang1(Tie2)4)

dt
= F1

dAng2

dt
= −F2 + hAng2(V )E − dAng2 Ang2

d (Ang2(Tie2)2)

dt
= F2

dTie2

dt
= −4F1 − 2F2 .

(1)

The rates F1 and F2 are given by:

F1 = k1 Ang1Tie24 − k−1 (Ang1(Tie2)4) (2)

F2 = k2 Ang2Tie22 − k−2 (Ang2(Tie2)2) (3)

where k1 and k2 are the association constants of Ang1-Tie2 and Ang2-Tie2, and k−1 and k−2 are the dissociation
constants. Ang2 is assumed to decay at a rate dAng2. The function hAng2(V )E describes the production of Ang2
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by ECs (E) under VEGF (V ) stimulation. For this function, we consider a model that allows for a saturation
effect at high concentrations of VEGF:

hAng2(V ) := kAng2V tanh(V )

where the constant kAng2 is the Ang2 production rate. Various studies have investigated the impact of VEGF
and endothelial cells on the expression of Ang2. In [10], the authors observed that VEGF alone induces an
increase in both Ang2 mRNA expression and transcription in a time- and concentration-dependent manner,
without affecting its half-life. Additionally, [11, 12] have demonstrated cell type-specific regulation of Ang2 in
response to hypoxia and HIF activation. In both bovine [11] and human [13] microvascular endothelial cells,
both hypoxia and VEGF induced Ang2 expression. However, note that, while VEGF is necessary, it is not
sufficient for angiogenesis to occur.

The system (1) is coupled with the model for pTie2 dynamics. For its formulation, we consider some
experimental results described in [7, 1]. Specifically, in [7], endothelial cells (HUVECs) were stimulated with
Ang1 both in the absence and presence of Ang2. Phosphorylated (P) and total (T) Tie2 levels were measured,
and the P/T ratio values (means ± standard deviations) were reported in Figure 6B of [7]. These results
demonstrated a certain degree of antagonism between the two ligands, Ang1 and Ang2, in their effect on
Tie2 activation. Independently, both ligands induce Tie2 activation in a dose-dependent manner. However,
when combined, a non-linear relationship between their concentrations and Tie2 phosphorylation is observed.
Specifically, at low concentrations, Ang2 cooperates with Ang1 to promote Tie2 phosphorylation, whereas, at
high concentrations, Ang2 and Ang1 antagonize each other, thereby inhibiting pTie2. In [1], phosphorylation
of Tie2 was analyzed by stimulating HUVECs with Ang1 and Ang2 separately. The results, provided in Figure
1A and 1B of [1], showed how Ang1 and Ang2 activate Tie2 in a concentration-dependent manner, however
Tie2 phosphorylation induced by Ang1 is considerably higher compared with Ang2. Similar results on the
stimulation of Tie2 phosphorylation by Ang1 have also been reported in [14, 15]. To capture these behaviors of
pTie2 upon stimulation with Ang1 and Ang2, we consider the data derived from Figures 6B in [7] and 1A-B in
[1]. We start from [1], where the percentage of pTie2 is plotted against the initial concentrations of Ang1 and
Ang2. Let A1,0 and A2,0 denote the initial concentration of Ang1 (Ang1 at t = 0) and Ang2 (Ang2 at t = 0),
respectively. From Figures 1A and 1B, we can reconstruct the functions as follows:

f1 : (A1,0, 0) → pTie2

f2 : (0, A2,0) → pTie2 .

These functions describe the levels of pTie2 in relation to the initial concentrations of Ang1 and Ang2. We
directly take the pTie2 values from [1] for the different ligand concentrations that were experimentally tested.
Using these values, we interpolate to define the curves, as shown in the Supplementary Figure 1. As we have

Supplementary Figure 1: Ang1 and Ang2 activation of Tie2 in a concentration-dependent manner. Recon-
struction of the curve f1 and f2 from the data shown in Figs 1A and 1B in [1].

found no available experimental data concerning quantitative studies on the combined effect of Ang1 and Ang2
on pTie2, we define the following function f̃ based on the previously constructed functions f1 and f2:

f̃ : (A1,0, A2,0) → pTie2 .

It estimates pTie2 levels for mixed combinations of Ang1 and Ang2 initial concentrations. AssumingA1,0, A2,0 ̸= 0

and defining the weights d1 = 1/A2,0 and d2 = 1/A1,0, f̃ can be described as a weighted sum of f1 and f2:

f̃ =
1

d1 + d2
(d1f1 + d2f2) .
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By defining the quantities

r1 =
d1

d1 + d2
=

A1,0

A1,0 +A2,0
and r2 =

d2
d1 + d2

=
A2,0

A1,0 +A2,0
,

f̃ can be rewritten as
f̃ = r1f1 + r2f2 , (4)

Thus, for A1,0 = 0 (respectively A2,0 = 0), f̃ is identical to f2 (respectively f1). Conversely, the higher the value

of Aj,0, the smaller the impact of fi on f̃ , for i ̸= j. This relationship ensures that the contribution of each
ligand’s initial concentration is appropriately weighted, reflecting the observed antagonistic and cooperative
interactions between Ang1 and Ang2 on pTie2 activation. To describe the equation for the evolution of the P/T
ratio R = pTie2/Tie2, we consider the data provided in Figure 6B in [7], where the P/T ratio is analyzed for
a fixed initial concentration of Ang1 and increasing initial concentrations of Ang2. Thus, we start by deriving
the equation for the evolution of R with respect to A1,0 and A2,0. Specifically, given f = f̃/Tie2, we set

2∑
i=1

1

ri

dR

dAi,0
= F (R) . (5)

This can be rewritten as

2∑
i=1

1

ri

dR

dAi,0
= F (R) ⇐⇒

2∑
i=1

1

ri

dR

df

df

dAi,0
= F (R)

⇐⇒
2∑

i=1

1

ri

dR

dt

dt

df

df

dAi,0
= F (R)

⇐⇒ dR

dt
= F (R)

1
2∑

i=1

1

ri

df

dAi,0

df

dt
,

(6)

where
df

dt
=

d

dt

(
f̃

Tie2

)
= − f̃

Tie22
dTie2

dt
. (7)

The derived equation for the temporal evolution of R allows to take into account both the evolution of the
levels of R with respect to A1,0 and A2,0 and the evolution of the receptor Tie2, thus the evolution of the entire

signaling route connected to it. To derive the expression of
df

dAi,0
, from system (1), we first obtain



d(Ang1(Tie2)4)

dAi,0
= k1

t∫
0

ek−1(s−t)

(
4Tie23Ang1

dTie2

dAi,0
+ Tie24

dAng1

dAi,0

)
ds

d(Ang2(Tie2)2)

dAi,0
= k2

t∫
0

ek−2(s−t)

(
2Tie2Ang2

dTie2

dAi,0
+ Tie22

dAng2

dAi,0

)
ds

for i = 1, 2. Then, we calculate the expressions for yi,j =
dAngi

dAj,0
and zi =

dTie2

dAi,0
, for i, j = 1, 2:



dy1,j
dt

= −k1y1,j Tie2
4 − 4k1 Tie2

3 Ang1 zj + k1k−1

t∫
0

ek−1(s−t)
(
4Tie23 Ang1 zj + Tie24y1,j

)
ds

dy2,j
dt

= −k2y2,j Tie2
2 − 2k2 Tie2Ang2 zj + k2k−2

t∫
0

ek−2(s−t)
(
2Tie2Ang2 zj + Tie22y2,j

)
ds

dzi
dt

=
dy1,i
dt

+
dy2,i
dt

.

Recalling the expression of f̃ given in (4) and f = f̃/Tie2, and defining r̃j := rj/(A1,0 +A2,0), we derive

df

dAi,0
=

1

Tie2

(
(−1)i+1r̃j(f1 − f2) + ri

dfi
dAi,0

− zif

)

5



for i, j = 1, 2, j ̸= i. This allows us to derive the following expression

2∑
i=1

1

ri

df

d[Ai,0]
=

1

Tie2

2∑
i=1

(
diri(−1)i+1(f2 − f1)−

1

ri
zi f +

d fi
dAi,0

)
. (8)

Thus, plugging (8) and (7) into (6), we get

dR

dt
= − F (R)

2∑
i=1

(
diri(−1)i+1(f2 − f1)−

1

ri
zi f +

d fi
dAi,0

)f
dTie2

dt
. (9)

From (9), using the definition of R, we derive

dpTie2

dt
=

dTie2

dt

R− F (R)
2∑

i=1

(
diri(−1)i+1(f2 − f1)−

1

ri
zi f +

d fi
dAi,0

) f̃

 :=
dTie2

dt
P (R) . (10)

We define the function F to account for two main mechanisms. Precisely, F can be described as

F = G(Ang1,Ang2,Tie2)RN(R)− dRR (11)

where the last term models a natural decay at rate dR, while G(Ang1,Ang2,Tie2) and N(R) are the BEWARE
operator [16] and the growth rate function for R, respectively. BEWARE is a method used to determine the
expression rates of a gene controlled by two opposing general transcription factors [17, 18]. In this case, we use
this operator to obtain the expression rate of pTie2 in response to the two opposing factors Ang1 and Ang2.
These factors compete to bind one of n common Tie2 sites with two separate binding affinities. Considering
a group of n = 4 Tie2 receptors, activation is possible only if a tetramer of Ang1 binds to 4 Tie2 or when a
tetramer of Ang2 binds to 4 Tie2.

Assumption 1. Since Ang2 exists in both dimeric (75%), trimeric (16%), and tetrameric (9%) forms, to avoid
inflating the model with three different forms of Ang2, we assume that only the dimeric form of Ang2 is present
and that 9% of its concentration leads to Tie2 activation, while the remaining concentration does not.

Thus, we define the operators

Z(n)(j1, j2) :=
n!

j1!j2!j0!
Ang1Ang2

(
Tie2

K1

)j1 ( Tie2

K2

)j2

with j0 = n − j1 − j2, j1 = 0, 1, 2, 3, 4, j2 = 0, 1, 2, and K1 and K2 being Ang1-Tie2 and Ang2-Tie2 affinity
constants, respectively, such that Ki = k−i/ki. Moreover, defining

M4 :=
9

100

2∑
l=0

Z(4)(j1 = l, j2 = 2) , M3 :=
16

100

2∑
l=0

Z(4)(j1 = l, j2 = 2) , M2 :=
75

100

2∑
l=0

Z(4)(j1 = l, j2 = 2)

the fractions of the operator for Ang2 that account for the effects of its tetramer, trimer, and dimer forms (in
their corresponding percentages), we get

G(Ang1,Ang2,Tie2) =
Z(4)(j1 = 4, j2 = 0) +M4∑

j1+j2≤4

Z(4)(j1, j2)
. (12)

In modeling the growth rate function N(R), we incorporate a density-dependent effect: the growth rate increases
for low values of R, indicating a higher availability of free receptors for ligand binding. Conversely, the growth
rate decreases as R increases, reflecting a reduction in the availability of free receptors. This phenomenon is
analogous to well-known ecological models, such as the Allee effect [19]. Specifically, at low R densities, there
is a high level of free receptors available for ligand binding, which enhances the growth rate. In contrast, higher
R densities indicate a lower level of free receptors, reducing the likelihood of tetrameric Ang1 binding and thus
activating phosphorylation, leading to a decrease in the growth rate. Taking this into account, we approximate
N(R) with the following function

N(R) =

(
kR

(
1− R

KR

)
− m

R+ b

)
(13)
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where kR refers to the phosphorylation rate, KR to the carrying capacity, b is the semi-saturation constant,
and m is the maximum consumption rate. In order to ensure the existence of two real roots for the equation
N(R) = 0, we have to impose that kR ≥ 4KR/(b+KR)

2. Moreover, if b ≥ max{KR,m/kR} or m/kR ≤ b ≤ KR

(when KR ≥ m/kR), then a weak Allee effect is recovered, while if b ≤ min{KR,m/kR} we obtain a strong
Allee effect. No positive roots can be obtained when KR ≤ b ≤ m/kR and KR ≤ m/kR [19]. Using (12) and
(13) in (11), and the latter in (9) and (10), we obtain the equation describing the dynamical evolution of R and
pTie2, respectively.

S.2 VEGF module

In the VEGF module, we describe the activation of VEGF receptors upon binding/dimerization by VEGF.
Specifically, we model the interaction between VEGF ligands and VEGFR that leads to receptor dimerization
and its activation. In the VEGF/VEGFR system, the ligand is bivalent, indicating that one VEGF molecule
binds to two VEGFR receptors. Conversely, each VEGFR receptor can bind to a single VEGF molecule.
The complex (VEGF(VEGFR)2) is formed by two VEGFR receptors and one VEGF molecule. This complex
formation is essential for the phosphorylation of the receptor and subsequent activation of downstream pathways.
Precisely, the VEGF module takes the following variables into account.

• VEGF (V ) ligand is present in a dimeric form, and it binds to the VEGFR receptor. The dimerization of
the receptor is the fundamental mechanism that activates the underlying pathway. VEGF molecules are
produced by tumor cells in hypoxic conditions to attract endothelial cells, thereby directing nutrients and
oxygen toward the hypoxic sites.

• VEGFR (u) receptor is expressed on the membrane of endothelial cells, and it binds to VEGF to activate
the underlying signaling pathway through receptor dimerization.

• (VEGF(VEGFR)2) (b) is the dimer complex VEGF-VEGFR formed by the dimeric form of VEGF and a
cluster of two VEGFR receptors.

• The variable x represents dVEGFR, which is the dimerized form of VEGFR responsible for VEGF sig-
naling.

Observation 1. We assume that the total number of Tie2 and VEGF receptors remains constant at any given
location and time. This assumption is supported in part by observations from [20] regarding Tie2 expression in
tumors over time. However, in reality, the concentrations of VEGFR and Tie2 can vary significantly in many
cases. Following the approach in [21], we adopt this model assumption to make the model more tractable and
manageable in complexity.

Following the framework proposed in [3] for this intracellular signaling cascade, we describe the evolution of the
dynamics with the following ODE system:

d V

dt
= kV h1,V (O2)h2,V (PI)C − konV u− dV V

du

dt
= koff b− konV u+ kxoff x− kxonπ∆2ρub

d b

dt
= −koff b+ konV u+ kxoff x− kxonπ∆

2ρub

d x

dt
= −kxoff x+ kxonπ∆

2ρub .

(14)

Here, the parameters are defined as follows: kV and dV represent the constant hypoxic cell-induced production
and natural decay rate of VEGF, respectively; kon and koff are the binding and unbinding rates between V and
u; kxon and kxoff are the cross-link formation (dimerization) and dissociation constants. Moreover, ∆ represents
a characteristic distance of the ligand–receptor heterodimer, while ρ is the receptor surface density.

System (14) is supplemented by an equation that describes the evolution of the concentration of VEGF.
To this end, we propose a model that incorporates the effects of (lack of) oxygen and PARP inhibitors on
VEGF production. Experimental evidence, such as the one in Figure 3 of [2], suggests that VEGF secretion is
oxygen-dependent, since it increases as the oxygen concentration decreases. This effect is included in the model
using the function h1,V (O2), represented in the Supplementary Figure 2. In addition to the oxygen-dependent
modulation of VEGF production, the model includes the function h2,V (PI) to account for the effects of PARP
inhibitors on VEGF production. This is based on the observed reduction in VEGF expression over time when
cells were treated with the PARP inhibitor PJ-34, as demonstrated in Figure 2H in [22]. The function h2,V (PI)
is directly estimated from the results presented in [22].
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Supplementary Figure 2: Oxygen-dependent VEGF expression. Plot of the h1,V (O2) function modeling the effect
of oxygen concentration on VEGF expression. Red circles represent the experimental values taken from in [2].

S.3 Cellular module

The cellular module accounts for the evolution of the cellular populations (tumor and endothelial cells) and its
regulation by changes in oxygen levels and cytokines released by the tumor.

• Tumor cells (C) experience proliferation regulated by oxygen levels and PARP inhibitors. Additionally,
under highly hypoxic conditions, tumor cells release cytokines into the environment, which, paradoxically,
become toxic to the tumor cells, resulting in cell death.

• Endothelial cells (ECs) proliferate in response to stimuli from VEGF and pTie2. Specifically, pTie2 plays
a crucial role in regulating vessel wall stability: high levels of pTie2 stabilize the vessel wall, whereas
low levels allow ECs to escape, initiating angiogenesis. Therefore, low levels of pTie2 are necessary to
initiate angiogenesis. Additionally, angiogenesis requires high levels of dimerized VEGFR (x). If pTie2
levels permit angiogenesis but the VEGF stimulus is insufficient to promote EC proliferation, the newly
formed vessels collapse under tumor pressure [23, 24]. Conversely, high levels of dimerized VEGFR allow
for angiogenesis to occur. This creates a dual feedback loop between the VEGF-VEGFR and Tie-Ang
signaling pathways. Furthermore, we assume that vessel collapse mechanisms may be common in newly
formed vessels where EC density is not close to its carrying capacity (KE). For EC densities approximately
equal to KE , vessels are considered sufficiently stable to suppress collapse.

• Oxygen (O2) is generated by endothelial cells (ECs) and serves as a nutrient source for tumor cells, which,
in turn, consume it.

• Cytokines (Cyt) play various roles in the tumor microenvironment, and their functions depend on their
structure and type. They are classified into different superfamilies, including interferons (IFNs), inter-
leukins (ILs), tumor necrosis factors (TNFs), and transforming growth factors (TGFs) [25]. Here, we
focus on specific types of cytokines that are produced by tumor cells in response to low levels of oxygen
[26]. These cytokines contribute to tumor cell necrosis, as they induce an inflammatory response.

The evolution of their dynamics is described by the following system of ordinary differential (ODE) equations:

dC

dt
= h1,C(O2)h2,C(PI)C

(
1− C

KC

)
− dCC Cyt

dE

dt
= h1,E (pTie2, x)h2,E(PI)E

(
1− E

KE

)
dO2

dt
= kO2,pE − kO2,cC O2 − dO2

O2

dCyt

dt
= kCyt

C

O2
− dCytCyt .

(15)

Here, dC , dO2
, and dCyt represent the constant decay/death rates for tumor, oxygen, and cytokines, respectively.

kO2,c denotes the oxygen consumption rate due to tumor cells, while kO2,p and kCyt stand for the constant
production rate of oxygen (by ECs) and cytokines (by tumor cells), respectively. Specifically, kCyt has the
non-zero value reported in the Supplementary Table 2 only when O2 falls below 5%, while its value is set
to 0 above this threshold. Logistic growth is considered for both tumor and endothelial cells, reaching their
respective carrying capacities KC and KE . The growth rates depend on the dynamics of oxygen, Tie-Ang, and
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VEGF-VEGFR signaling pathways. The function h1,C(O2) models oxygen-dependent tumor cell proliferation,
with the proliferation rate being maximum and independent of O2 for high oxygen levels. However, for low
O2 levels (below 5%, denoted as thH), the tumor proliferation rate decreases with decreasing O2 concentration
[27, 28]. When the oxygen level drops below 1%=: thSH (severe hypoxia), tumor cells initiate a process of cell
death. This behavior is captured by assuming that is

h1,C(O2) =


kC O2 ≥ thH

kC tanh [α (O2 − thSH)] otherwise

(16)

where kC is the constant tumor proliferation rate in normoxic situations, and α is a constant coefficient that
ensures the continuity of h1,C(O2) at thH . On the other hand, h1,E (pTie2, x) accounts for the effect of both
pTie2 and dVEGFR signaling on EC proliferation. Specifically, we assume that

h1,E (pTie2, x) = kE(pTie2) tanh (x
∗(V )− thx) (17)

where x∗ is the quasi-equilibrium state for the dimerized (active) VEGFR, whose levels depend on the concen-
tration of VEGF, while thx is the threshold of VEGF stimuli on ECs determining vessel collapsing (x∗ < thx)
or vessel formation (x∗ ≥ thx). kE(pTie2), instead, accounts for pTie2 role on ECs proliferation: high levels of
pTie2 inhibit angiogenesis, while endothelial cell dynamics are allowed for low pTie2 levels. In particular

kE(pTie2) = kE
(thpTie2)

p

((thpTie2)p + (pTie2)p)

with kE constant endothelial cell growth rate and thpTie2 threshold of pTie2 levels allowing for vessel stabil-
ity. The exponent p can be used to make more or less sharp the transition between angiogenesis promotion
(pTie2 > thpTie2) or inhibition (pTie2 < thpTie2). For the simulations reported here, we consider a sharp tran-
sition by setting p = 100. Finally, when PARP inhibitors are included in the setting, then we account for their
effect on tumor and endothelial cell proliferation through the functions h2,C(PI) and h2,E(PI), which take the
simple form

h2,i(PI) =
1

(1 + [PI])ni
for i=C, E . (18)

S.4 Summary of the model

Here, we present a summary of the developed model describing the interactions among the three distinct
compartments outlined in Figure (1) of the main text: the angiopoietin compartment, the VEGF compartment,
and the cellular compartment. In Supplementary Table 1 we summarize the independent variables of the model,
their meaning, and units, while the definitions of the supplementary variables (R, yi,j , zi, ri, and fi for i, j = 1, 2)
used in the equations have been previously provided in the corresponding sections.

Variable Meaning Unit

Ang1 free Angiopoietin 1 concentration nM

(Ang1(Tie2)4) tetramer Ang1-Tie2 complex concentration nM

Ang2 free Angiopoietin 2 concentration nM

(Ang2(Tie2)2) dimer Ang2-Tie2 complex concentration nM

Tie2 free Tie2 concentration nM

pTie2 phosphorylated Tie2 concentration nM

V free VEGF concentration nM

u unbound VEGF receptor concentration nM

b bound VEGF receptor concentration nM

x dimerized VEGF receptor concentration nM

C tumor cell density nM

E endothelial cell density nM

O2 oxygen concentration nM

Cyt cytokines concentration nM

Supplementary Table 1: Independent variables of system (19), their meaning, and their corresponding units of measure.

9





dAng1

dt
= −F1

d (Ang1(Tie2)4)

dt
= F1

dAng2

dt
= −F2 + hAng2(V )E − dAng2 Ang2

d (Ang2(Tie2)2)

dt
= F2

dTie2

dt
= −4F1 − 2F2

dpTie2

dt
=

dTie2

dt

R− F (R)
2∑

i=1

(
diri(−1)i+1(f2 − f1)−

1

ri
zi f +

d fi
dAi,0

) f̃


d V

dt
= kV h1,V (O2)h2,V (PI)C − konV u− dV V

du

dt
= koffb− konV u+ kxoffx− kxonπ∆

2ρub

d b

dt
= −koffb+ konV u+ kxoffx− kxonπ∆

2ρub

d x

dt
= −kxoffx+ kxonπ∆

2ρub

dC

dt
= h1,C(O2)h2,C(PI)C

(
1− C

KC

)
− dCC Cyt

dE

dt
= h1,E (pTie2, x)h2,E(PI)E

(
1− E

KE

)
dO2

dt
= kO2,pE − kO2,cC O2 − dO2

O2

dCyt

dt
= kCyt

C

O2
− dCytCyt .

(19)
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Supplementary Note 2: Parameter estimation

In this section, we collect the parameter values used in system (19) and detailed in Supplementary Table
2, alongside with the reference values (listed in Supplementary Table 5) used for non-dimensionalization, as
described in Supplementary Note 3. The parameter estimates are derived from various literature sources.
Specifically, for the angiopoietin module, we primarily refer to [29], where estimations for binding/unbinding
rates (k1, k−1, k2, k−2) of Ang1 and Ang2, as well as production (kAng2) and decay (dAng2) rates of Ang2, are
provided based on previous experimental and mathematical studies [30, 31, 21] and considering their interactions
with the VEGF-VEGFR pathway. Estimations for VEGF-related parameters (production kV , decay dV rates)
are also provided in [29], calibrated to account for their interactions with the angiopoietin dynamics. The ratio R
assumes a carrying capacity KR = 1, implying phosphorylation of all Tie2 receptors. Phosphorylation (kR) and
decay (dR) rates are derived from [32], which extensively models this signaling pathway. Parameters m and b are
calibrated using the Ang-Tie2 module to align the in-silico results with the findings in [7]. For VEGF-VEGFR
parameters (koff, kon, k

x
off, k

x
on, ∆, ρ), we refer to [3], where the VEGF-VEGFR model was firstly introduced,

ensuring parameter estimations are consistent with those proposed in [29]. Estimations for endothelial cell
parameters (kE , thpTie2, thx) are adopted from [29] for internal consistency. Oxygen-related parameters (kO2,p

,
kO2,c

, dO2
) are sourced from [33, 34], which provide suitable estimations from experimental data. The tumor

proliferation rate is selected to reflect an approximate doubling time of ≈ 1 day, typical for various solid tumors,
while cell carrying capacities are set sufficiently high to prevent cells from reaching this limit during transient
phases characterized by cyclic hypoxia dynamics. Finally, cytokine-related parameters (dC , kCyto, dCyto) are
estimated based on an average of different values reported in [35], mainly focusing on Interleukin-27 (IL-27),
which is secreted by tumor cells, activates immune responses, and influences tumor outcomes.

In order to provide support to the robustness of our results, we have run a sensitivity analysis on some
of the parameters that were not available from experiments related to the specific setting under investigation.
Precisely, we analyze the model response to variation in b, m, dC , kCyt, and dCyt. Assuming θ to be the
parameter under investigation and given θB its baseline value, we consider equally distributed points in the
range [θB − θB/2, θB + θB/2]. The effects of the variation of the parameter θ ∈ {m, b} on the results shown in
Figure 2 of the manuscript are collected in the Supplementary Figure 3.

Supplementary Figure 3: Sensitivity analysis on P/T ratio. Percentage variations V in the P/T (phosphory-
lated/total Tie2) ratio are reported for different values of m and b within a range ±50% with respect to their baseline
estimations.

We indicate with V the percentage variation defined as

V :=
XB −XV

XB
· 100

where XB represent the value of the observable X when the baseline value for the parameters are used, while
XV the one obtained varying the parameter values. We notice that the biggest variations are observed for
the highest Ang2 initial concentration. However, the variations remain in a range of ±5% with respect to
the results obtained with the baseline parameter value. Considering, instead, the qualitative evolution of our
system shown in Figures 3 and 4 of the main manuscript, we analyze the effect of varying the parameters
θ ∈ {m, b, dC , kCyt, dCyt} on the dynamics. To be precise, for the results in Figure 3 we let vary all the five
parameters, while for the ones in Figure 4 we only reported the effects of variations in b andm, as we showed that
the feedback loop between tumor cells, oxygen, and cytokines (and, thus, the parameter involved in cytokine
dynamics) drive the emergence and evolution of the cyclic hypoxia. Therefore, in the advanced-stage scenario,
the dynamics would be clearly influenced by dC , kCyt, and dCyt variations. Results of these analyses are reported
in the Supplementary Tables 3 and 4. Precisely, here the maximum percentage variation is defined as

V% := max
t∈[0,T ]

V(t)

with T = 90 d the final temporal point of the numerical simulations and V(t) the vector with the percentage
variation at each time step. θ := θB−θB/2 represents the minimum parameter value used for the analysis, while
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Parameter Description Value [unit] Source

k1 Ang1-Tie2 binding rate 0.116 · 10−3 [(nM·s)−1] [29]

k−1 Ang1-Tie2 unbinding rate 0.16 · 10−3 [s−1] [29]

k2 Ang2-Tie2 binding rate 0.116 · 10−3 [(nM· s)−1] [29]

k−2 Ang2-Tie2 unbinding rate 0.35 · 10−3 [s−1] [29]

kAng2 Ang2 production rate by ECs 1.23 · 10−3 [s−1] [29]

dAng2 Ang2 degradation rate 0.12 · 10−4 [s−1] [29]

m R maximum consumption rate 8 (∗)

b R semi-saturation constant 0.01 (∗)

KR R carrying capacity 1 (∗)

kR R phosphorylation rate 0.096 [(nM · s)−1] [32] (∗)

dR R decay rate 0.000684 [s−1] [32] (∗)

kV VEGF production rate 3.09 · 10−4 [(nM·s)−1] [29]

dV VEGF degradation rate 1.81 · 10−4 [s−1] [29]

koff VEGF-VEGFR unbinding rate 0.42 · 10−3 [s−1] [3]

kon VEGF-VEGFR binding rate 0.69 · 10−3 [(nM · s)−1] [3]

kx
off cross-link dissociation rate 10−3 [s−1] [3]

kx
on cross-link association rate 4.16 · 103 [s−1] [3]

∆ distance of the ligand–receptor heterodimer 0.0025 [µm] [3]

ρ receptor surface density 50 [µm−2] [3]

KC tumor carrying capacity 10C0 [nM] (∗)

kC tumor growth rate 10−6 [s−1] [36]

dC cytokines-mediated tumor death rate 1.16 · 10−6 [(nM·s )−1] [35] (∗)

KE EC carrying capacity 10E0 [nM] (∗)

kE EC growth rate 1.74 · 10−5 [s−1] [29]

thpTie2 threshold for vessel stability 0.49 [nM] [29]

thx threshold for vessel remodelling 0.665 [nM] [29]

kO2,p oxygen supply rate 3.9 ·10−6 [s−1] [33]

kO2,c oxygen consumption rate 0.69 ·10−6 [(nM s)−1] [33]

dO2 oxygen decay rate 0.8 ·10−5 [s−1] [34]

thH normoxia/hypoxia threshold 5%O2 [27, 28]

thSH hypoxia/severe hypoxia threshold 1%O2 [27, 28]

kCyt cytokine production rate 0.123 ·10−7 [(nM·s)−1] [35] (∗)

dCyt cytokine decay rate 0.61 ·107 [s−1] [35] (∗)

Supplementary Table 2: Estimation of the model parameters involved in system (19). (∗) indicates that the corresponding
parameter value has been estimated from the data provided in this work or adapted from ranges reported in the literature,
as detailed explained in Supplementary Note 2.

θ̂ := θB + θB/2 represents the maximum value used for the analysis. We reported the results for tumor cells
and oxygen only, as these are the variables of greater interest for the qualitative system dynamics. However,
comparable results can be obtained also for the other involved agents. Finally, referring to the results collected
in Figures 6 and 7 of the main manuscript, only the one concerning the effects of PARP inhibitors on VEGF
production (Figure 6A) could be impacted by variation in the considered parameters, namely in dC , kCyt, and
dCyt. However, with a similar analysis of the percentage variation we did not notice any relevant difference.
The absolute value of the percentage variation never goes above 10−6. This is because the simulations that give
rise to the results in Figure 6A are run for no longer than 24h, a much shorter time window with respect to
the typical time of evolution of the cycles of hypoxia, on which the effect of the variation in these parameters is
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X
θ

m m̂ b b̂ dC d̂C kCyt k̂Cyt dCyt d̂Cyt

C −0.94% −0.98% −0.96% −0.96% −9.8% 5.6% −9.8% 5.6% 4.4% 2.7%

O2 0.95% 0.93% 0.94% 0.94% 8.5% −5.6% 8.5% −5.5% −4.4% −2.5%

Supplementary Table 3: Maximum percentage variations in the evolution of tumor cells C and oxygen O2 in the early-
stage tumor scenario are reported when varying the value of θ ∈ {m, b, dC , kCyt, dCyt}. Precisely, θ := θB − θB/2 and

θ̂ := θB + θB/2 represent the minimum and maximum parameter values used in the analysis.

X
θ

m m̂ b b̂

C −0.07% 0.07% 0.003% −0.003%

O2 −0.12% 0.13% 0.005% −0.005%

Supplementary Table 4: Maximum percentage variations obtained in the evolution of tumor cells C and oxygen O2 in
the advanced-stage tumor scenario when varying the value of θ ∈ {m, b}. Precisely, θ := θB − θB/2 and θ̂ := θB + θB/2
represent the minimum and maximum parameter values used in the analysis.

instead relevant. Overall with these analyses, we can ensure the robustness of our results for variations of the
parameters for which there were not available precise estimations from the literature or from the experiments.
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Supplementary Note 3: Model non-dimensionalization

System (19) integrates molecular-level processes (related to Ang-Tie2 and VEGF-VEGFR signaling pathways)
with population-level dynamics (related to oxygen, cytokines, and cell evolution), which operate on distinct
temporal scales. To accommodate these variations, we adopt a non-dimensionalized version of the model. Pre-
cisely, we rescale the model variables with respect to their initial conditions and the time variable. These initial
values correspond to physiological levels for the different components and are reported in the Supplementary
Table 5.

Parameter Value [unit] Source

A1,0 0.358 [nM] [7]

A2,0 [0-7.16] [nM] [7]

(Ang1(Tie2)4)0 0.0179 [nM] (*)

(Ang2(Tie2)2)0 0.0179 [nM] (*)

Tie20 1 [nM] [29]

pTie20 0.17 [nM] (*)

V0 3.33 [nM] [29]

u0 7.64 [nM] [29]

b0 2.67 [nM] (*)

x0 0.53 [nM] (*)

C0 1 [nM] (*)

E0 1 [nM] (*)

O2,0 210 [µM] [27]

Cyt0 0.36 ·10−3 [nM] [35]

Supplementary Table 5: Reference values for the different agents involved in system (19). (∗) indicates that the corre-
sponding parameter value has been estimated from the data provided in this work or adapted from ranges reported in
the literature, as detailed explained in the Supplementary Note 2.

To not overload the notation, we use the same name for rescaled variables, i.e.,

Ang1 :=
Ang1

A1,0
, (Ang1(Tie2)4) :=

(Ang1(Tie2)4)

(Ang1(Tie2)4)0
, (Ang2(Tie2)2 :=

(Ang2(Tie2)2)

(Ang2(Tie2)2)0
,

Ang2 :=
Ang2

A2,0
, Tie2 :=

Tie2

Tie20
, pTie2 :=

pTie2

pTie20
, V :=

V

V0
, u :=

u

u0
,

b :=
b

b0
, x :=

x

x0
, C :=

C

KC
, E :=

E

KE
, O2 :=

O2

O2,0
, Cyt :=

Cyt

Cyt0
.

We notice that R, whose evolution is given by (6), is already non-dimensionalized, as well as yi,j and zi, for
i, j = 1, 2. By rescaling the temporal variable as

τ = t k−1 ,

the dynamics of the angiopoietin module given by system (1) and equations (6) and (10) reads
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dAng1

dτ
= δ1(Ang1.Tie2)4− α1Ang1 · Tie24

d (Ang1(Tie2)4)

dτ
=

α1

δ1
Ang1 · Tie24 − (Ang1(Tie2)4)

dAng2

dτ
= δ2α−2(Ang2.Tie2)2− α2Ang2 · Tie22 + hAng2(V )E − d̄A2Ang2

d (Ang2(Tie2)2)

dτ
=

α2

δ2
Ang2 · Tie22 − α−2(Ang2(Tie2)2)

dTie2

dτ
= δ1γ1(Ang1(Tie2)4)− α1γ1Ang1 · Tie24 + α−2γ2δ2(Ang2(Tie2)2)− α2γ2Ang2 · Tie22

dR

dτ
= − F (R)

2∑
i=1

(
diri(−1)i+1(f2 − f1)−

1

ri
zi f +

d fi
dAi,0

)f
dTie2

dτ

dpTie2

dτ
= γ3

dTie2

dτ

R− F (R)
2∑

i=1

(
diri(−1)i+1(f2 − f1)−

1

ri
zi f +

d fi
dAi,0

) f̃

 .

(20)

The rescaled parameters are defined as follows:

α1 =
k1
k−1

(Tie20)
4 , α2 =

k2
k−1

(Tie20)
2 , α−2 =

k−2

k−1
, δ1 =

(Ang1(Tie2)4)0
A1,0

, d̄A2
:=

dAng2

k−1
,

γ1 = 4
A1,0

Tie20
, γ2 = 2

A2,0

Tie20
, γ3 =

Tie20
pTie20

, k̄Ang2 =
kAng2

k−1

KE

A2,0
, δ2 =

(Ang2(Tie2)2)0
A2,0

.

For the VEGF module described with system (14), the non-dimensionalized dynamics reads

d V

dτ
= k̄V h1,V (O2)h2,V (PI)C − k̄onV u− d̄V V

du

dτ
= k̄off γb b− k̄on γV V u+ k̄xoff γx x− k̄xon π∆2 γb ρ u b

d b

dτ
= −k̄off b+ k̄on

γV

γb
V u+ k̄off

γx
γb

x
x− k̄xon π∆2 ρ u b

d x

dτ
= −k̄xoff x+ k̄xon

γb
γx

π∆2 ρ u b .

(21)

Here, the rescaled parameters are defined as follows:

k̄on =
kon
k−1

u0 , k̄off =
koff
k−1

, k̄xon =
kxon
k−1

u0 , k̄xoff =
kxoff
k−1

,

k̄V =
kV
k−1

KC

V0
, d̄V =

dV
k−1

, γx =
x0

u0
, γV =

V0

u0
, γb =

b0
u0

.

Finally, the non-dimensionalized version of the cellular module described in system (15) reads

dC

dτ
= h1,C(O2)h2,C(PI)C (1− C)− d̄CC Cyt

dE

dτ
= h1,E (pTie2, x)h2,E(PI)E (1− E)

dO2

dτ
= k̄O2,pE − k̄O2,cC O2 − d̄O2

O2

dCyt

dτ
= k̄Cyt

C

O2
− d̄CytCyt

(22)
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with

d̄C =
dC
k−1

Cyt0 , k̄O2,p =
kO2,p

k−1

KE

O2,0
, k̄O2,c =

kO2,c

k−1
KM ,

d̄O2
=

dO,2

k−1
, k̄Cyt =

kCyt

k−1

KC

O2,0
, d̄Cyt =

dCyt

k−1
.

The functions h1,C(O2) and h1,E (pTie2, x) are defined as in (16) and (17), respectively, with rescaled constant
rates

k̄C =
kC
k−1

and k̄E =
kE
k−1

.

Moreover, the thresholds involved in these functions are also redefined as

thH̄ =
thH

O2,0
, th ¯SH =

thSH

O2,0
, and thx̄ =

thx

x0
.
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Supplementary Note 4: Additional figures

This section presents additional figures that complement the analysis discussed in the paper. In Supplementary
Figure 4, we present the phase diagrams related to oxygen and endothelial cells (left plot), tumor cells (middle
plot), and cytokines (right plot). These diagrams are derived numerically from the simulations depicted in Figure
4 of the main manuscript. Specifically, the three diagrams illustrate the emergence of a clear limit cycle in the
system, indicative of sustained cycles of hypoxia over time. Our future plans include conducting a comprehensive
analytical study of the proposed model. This study aims to explore the theoretical characterization of these
fluctuations, providing deeper insights into their possible characteristics. Moreover, to remark on the consistency
over time of the cyclic hypoxia, in Supplementary Figure 5 we include the corresponding time evolution for the
four populations over a period of 180 days.
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Supplementary Figure 4: Limit cycle. Phase diagrams of system (19) are presented for the parameter values specified
in Supplementary Table 2, focusing on the advanced-stage tumor scenario. These diagrams illustrate the emergence
of a limit cycle within the oxygen-cell-cytokines feedback loop, corresponding to sustained cyclic hypoxia. Left plot:
oxygen-endothelial cells diagram. Middle plot: oxygen-tumor cells diagram. Right plot: oxygen-cytokines diagram.

Additionally, the Supplementary Figures 6 and 7 depict the initial stages of evolution of system (19) in early-
stage and advanced-stage scenarios, respectively. The simulations span t ∈ [0, T0], where T0 = 0.27 days. Given
that we simulate the non-dimensionalized version of the model, the initial conditions for rescaled variables are
uniformly set to 1, except for the cytokine population, which begins at zero due to normoxic conditions. During
the initial stages of evolution, we observe a phenomenon of self-adaptation dynamics, whereby the different
components of the model rapidly adjust their levels from their initial physiological states to coordinate with
each other.
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x∗ as a function of Y := kon

koff
V , where kon and koff are the binding and unbinding rates between V and u, respectively

[3]. The blue marker indicates the value of x∗ for V (0), while the green marker indicates the value of x∗ at Vmax, which
represents a numerically observed upper bound for the ligand concentration. Red dashed lines in (A) and (B) refer to
the threshold thx, above which EC proliferation is stimulated, the one in (E) plot to the threshold thpTie2, below which
vessel destabilization might happen, the red and blue in (F) refers to normoxia-hypoxia (5% O2) and hypoxia-severe
hypoxia (1% O2) thresholds, respectively. All the y-axis refer to non-dimensionalized density or concentrations.
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