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We provide calculational details for the results reported in the main text.

I. RECAPITULATION OF CHIRAL AND POLAR ACTIVE MODEL H

A chiral and polar active model H consists of the coupled equations describing a bulk, three-dimensional suspension
of polar and chiral elements whose density is denoted by ψ(r, t), velocity v(r, t) and the degree of polar orientation
is accounted for by the polar order parameter P(r, t), where r = (x, y, z). The dynamical equation for a conserved
scalar field ψ is given by

∂tψ = −∇ · (ψv) +M∇2 δF

δψ
+∇ · (ψVa) + ξψ, (1)

where

Va = κ1(∇ψ)∇2ψ + κ2∇(ψ∇2ψ) + vpP, (2)

accounts for the active current ignored in the main text (because they turn out to not affect the hydrodynamics of the
columnar phase) and 〈ξψ(r, t)ξψ(r′, t′)〉 = −2D∇2δ(r− r′)δ(t− t′) is a conserving noise also ignored in the main text,
which only discussed the deterministic dynamics. The free energy F will be discussed in the next sections. In principle,
the mobility M is a tensor that depends on P; Mij = m1δij +m2PiPj + .... Such an anisotropic mobility implies that
the dissipative passive term in the ψ equation generally has the form Mij∇i∇j(δF/δψ). Similarly, the noise covariance
should be −2Dij∇i∇jδ(r− r′)δ(t− t′), with Dij = d1δij + d2PiPj + .... However, we ignore the tensorial character of
the mobility or the noise covariance here. The mobility only affects the permeation of the displacement fields in the
columnar phase we are interested in, and its dependence on P makes the permeation coefficient anisotropic. However,
in momentum-conserved systems that we will consider, permeation yields a sub-leading correction to the leading order
in wavenumber behaviour. In fact, we will have no occasion to consider permeation at all. The velocity field, in the
limit of a small Reynolds number relevant for most biological and soft matter systems, has an overdamped, Stokesian
dynamics:

ηijkl∂j∂kvl = ψ∂i
δF [ψ]

δψ
+ ∂iΠ− ∂jσ

a
ij + ξvi , (3)

where Π is the pressure that enforces the incompressibility constraint ∇·v = 0, we will consider only one even viscosity
in ηijkl and 〈ξvi(r, t)ξvj (r′, t′)〉 = −2δijDv∇2δ(r− r′)δ(t− t′). The active stress σa and the viscosity tensor η will be
discussed in the next sections. In equilibrium, the noise strengths are related via D/M = Dv/η, where η is the even
viscous coefficient. Finally, the equation of motion for the polar order parameter is

∂tPi + (λPPj + vj)∂jPi − (Ωij − λAij)Pj = −ΓP
δF

δPi
+ ξPi

, (4)

where advective and self-advective terms which will turn out to be irrelevant for the dynamics of the columnar phase
have been explicitly retained. Here, Ωij = (1/2)(∂jvi − ∂ivj) and Aij = (1/2)(∂jvi + ∂ivj). ξPi

is a Gaussian white
noise with a variance DP . Again, here ΓP can, in principle, be anisotropic and depend on P itself. However, this
anisotropy has no influence on the hydrodynamic behaviour we are interested in, and we therefore do not display it.
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II. COLUMNAR DENSITY WAVE AND ACTIVE STRESSES

We describe the columnar order by the spatially modulated part ψ1 of a number density field coupled to a polar
order parameter P that orients the columns with an equilibrium free energy

F =

∫ {
α

2
ψ2
1 +

β

4
ψ4
1 +

C‖

2

(
P̂ · ∇ψ1

)2
+
C⊥

2

[
(I− P̂P̂) : ∇∇ψ1 + q2sψ1

]2
+
αP
2

|P|2 + βP
4
|P|4 + KP

2

∣∣∇P
∣∣2} dV.

(5)
The couplings between P and gradients of ψ suppress gradients parallel to P and produce Brazovskii-like ordering at
wavenumber qs in directions orthogonal to P; the operator I − P̂P̂ is the projector onto the plane orthogonal to P.
A free energy of the same structure also describes an apolar columnar phase with the liquid crystal director replacing
the polar order parameter P. Polar columnar ground states are obtained when both αP < 0 and α < 0 with a uniform
polar order parameter P̂ = ẑ and a spatially-modulated density field

ψ̄1 =
∑

G∈Λ∗

ψ1,G eiG·x, (6)

where Λ∗ is a reciprocal lattice in the xy-plane orthogonal to P. We consider only hexagonal lattices and limit the
Fourier series to the fundamental star, explicitly

G ∈
{
±qsx̂,±qs

−x̂+
√
3 ŷ

2
,±qs

x̂+
√
3 ŷ

2

}
. (7)

By symmetry, the amplitudes ψ1,G all have the same magnitude and we take them to be real, ψ1,G = ψ0
1 for all G.

Hydrodynamic fluctuations of the columnar state are obtained by introducing an Eulerian displacement field u⊥,
having components only in the xy-plane orthogonal to ẑ, into the density modulation

ψ1 =
∑
G

ψ0 e
iG·(x−u⊥), (8)

coupled with variations in the direction of polar alignment, P̂ = ẑ + δP⊥. The free energy (5) then reproduces the
usual elasticity of columnar phases [1] which reads

Fu⊥,δP⊥ =

∫
1

2

[
λTr[E]2 + 2µE : E +K∇2uk∇2uk + C(δP⊥ − ∂zu⊥)

2
]
dV (9)

where C = 3C‖ψ
0
1
2
q2s , λ = 3C⊥ψ

0
1
2
q4s , µ = 3C⊥ψ

0
1
2
q4s , K = 3C⊥ψ

0
1
2
q2s and we have defined a rotation-invariant strain

tensor

Eij =
1

2
[∂iuj + ∂jui − ∂iuk∂juk − ∂zui∂zuj ]

=
1

2

(
2∂xux − (∂xux)

2 − (∂xuy)
2 − (∂zux)

2 ∂xuy + ∂yux − ∂xux∂yux − ∂xuy∂yuy − ∂zux∂zuy
∂xuy + ∂yux − ∂xux∂yux − ∂xuy∂yuy − ∂zux∂zuy 2∂yuy − (∂yux)

2 − (∂yuy)
2 − (∂zuy)

2

)
. (10)

The suppression of ψ gradients parallel to P leads to a coupling ∝ |δP⊥ − ∂zu⊥|2, which expresses that pure tilts
of the columns do not elicit elastic stresses at linear order. This implies that polarisation fluctuations relax to those
determined by the displacement field in a microscopic time (at least for small activities). Since the polarisation
fluctuations are not hydrodynamic and relax fast to values determined by displacement fluctuations, the advective
and self-advective terms in (4) yield terms at higher order in gradients than we retain and are irrelevant for the
hydrodynamics of the polar columnar phase.

The dynamics of the Eulerian displacement field is obtained from (1)

∂tu⊥ = v⊥ − v · ∇u⊥ − Γ
δFu

δu⊥
+Va⊥ + ξu, (11)

where ξu is a white, Gaussian noise, Γ ∝Mq2s and Va⊥ is the active permeation which, for simplicity, we only write
to linear order:

Va⊥ = µ1∇2u⊥ + µ2∇⊥(∇⊥ · u⊥), (12)
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where µ1 and µ2 depend on κ1,2 and vp. However, these terms at O(∇2) are subdominant to the terms that appear
through v⊥ due to Stokesian dynamics, and therefore, we do not consider them further.

We focus now on the hydrodynamic form of the active contributions to the stress. We consider four distinct active
stresses: an apolar achiral stress proportional to ∇ψ∇ψ; a similar term proportional to PP; a polar chiral stress
proportional to the symmetric part of (P×∇ψ)∇ψ; and an apolar chiral stress proportional to the symmetric part
of ∇× (∇ψ∇ψ) (which we discuss later). We treat the term proportional to PP first: its linearisation is

PP = P 2
0

(
ẑẑ+ ẑ δP⊥ + δP⊥ ẑ

)
= P 2

0

(
ẑẑ+ ẑ ∂zu⊥ + ∂zu⊥ ẑ

)
, (13)

where P0 =
√

−αp/βP is the preferred magnitude of P. The analysis of the stresses involving ψ all follow from the
hydrodynamic part of ∇ψ∇ψ, which is

∇ψ∇ψ =
∑

G1,G2

ψ2
0

[
(I−∇u⊥) · iG1

][
(I−∇u⊥) · iG2

]
ei(G1+G2)·(x−u⊥), (14)

=
∑
G

ψ2
0

(
I−∇u⊥

)
·GG ·

(
I− (∇u⊥)

T
)
+ · · · , (15)

where we retain explicitly only the terms with G1 +G2 = 0. For the fundamental star of the hexagonal lattice∑
G

GG = 3q2s
(
x̂x̂+ ŷŷ

)
, (16)

so that to linear order (and retaining only the hydrodynamic part)

∇ψ∇ψ = 3q2sψ
2
0

(
x̂x̂+ ŷŷ −∇u⊥ − (∇u⊥)

T
)
. (17)

The full, nonlinear expression for ∇ψ∇ψ is

∇ψ∇ψ = 3ψ0
1
2
q2s

 (∂xux − 1)2 + (∂xuy)
2 ∂yux(∂xux − 1) + (∂yuy − 1)∂xuy ∂zux(∂xux − 1) + ∂zuy∂xuy

∂yux(∂xux − 1) + ∂xuy(∂yuy − 1) (∂yux)
2 + (∂yuy − 1)2 ∂zux∂yux + ∂zuy(∂yuy − 1)

∂zux(∂xux − 1) + ∂zuy∂xuy ∂zux∂yux + ∂zuy(∂yuy − 1) (∂zux)
2 + (∂zuy)

2

 .

(18)
For the polar chiral contribution a direct calculation gives(

P×∇ψ
)
∇ψ = 3q2sP0ψ

2
0

[
ŷx̂− x̂ŷ +

(
∂xuy + ∂yux

)(
x̂x̂− ŷŷ

)
+
(
∂yuy − ∂xux

)(
x̂ŷ + ŷx̂

)
+

(
∂xux + ∂yuy

)(
x̂ŷ − ŷx̂

)
+ ∂zux

(
ẑŷ − ŷẑ

)
+ ∂zuy

(
x̂ẑ− ẑx̂

)]
,

(19)

retaining only the linear hydrodynamic terms.
Combining these results we see that the active stress

σa = −ζH∇ψ∇ψ + ζpaPP+ ζ̄pc
[
(P×∇ψ)∇ψ

]S
, (20)

where MS denotes the symmetrisation of the tensor M, implies a hydrodynamic active force density

∇ · σa = 3q2sψ
2
0ζH

(
∇2u+∇(∇⊥ · u⊥)

)
+ ζpaP

2
0

(
∂2zu⊥ + ẑ ∂z(∇⊥ · u⊥)

)
+ 3q2sP0ψ

2
0 ζ̄pc∇2

⊥
(
uy x̂− ux ŷ

)
. (21)

This can be rewritten as

∇ · σa = (3q2sψ
2
0ζH + ζpaP

2
0 )∇2u− ζpaP

2
0

[
∇2

⊥u⊥ +∇⊥(∇⊥ · u⊥)
]
+ 3q2sP0ψ

2
0 ζ̄pc∇2

⊥
(
uy x̂− ux ŷ

)
. (22)

upon absorbing total gradients arising from ζH and ζpa into a redefinition of the pressure. After combining with the
passive elasticity, this gives the elastic force density Fe of Eq. (8) in the main text with the definitions µ̄ = µ − ζ1
and λ̄ = λ − ζ2 and ζ1 = ζpaP

2
0 , ζ2 = 0, ζ = (3q2sψ

2
0ζH + ζpaP

2
0 ) and ζpc = 3q2sP0ψ

2
0 ζ̄pc. We retain ζ2 (which is 0 in

our description) to remind the reader that, in general, the bulk modulus is renormalised by activity (for instance, if
one retains an anisotropic version of the ∇ψ∇ψ stress).

While in this article, we confine ourselves to a discussion of the linear physics of active columnar materials, note
that our description that starts from an active model H automatically yields the fully covariant nonlinear equations
of motion for the active columnar phase (as we show here) which should serve as the starting point for a numerical
simulation of such materials.
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III. ODD VISCOSITY IN POLAR AND CHIRAL FLUIDS

In equilibrium polar fluids, with at least six-fold symmetry transverse to the polar direction, the viscosity tensor
has the following form:

ηijkl = η1PiPjPkPl+η(δikδjl+δilδjk)+
η3
4
(PiPkδjl+PjPkδil+PiPlδjk+PjPlδik)+η4δijδkl+η5(δijPkPl+PiPjδkl). (23)

The last two vanish in incompressible systems leaving a viscous stress tensor

σij
v
u = η1PiPjPkPlAkl + 2ηAij +

η3
2
(PiPkAjk + PjPkAik). (24)

Of these, we only retain η in our discussion in the main text and will do so here as well. In chiral and polar materials,
one has additional velocity-dependent active stresses at the same order in gradients

σij
v
o = 2 [εilkPk {2ηo1PjPmAlm + ηo2 (Alj − PjPmAlm)}]S . (25)

The divergence of the viscous stresses ∂j(σijvo + σij
v
u) = ηijkl∂j∂kvl gives the L.H.S. of (3) (with η1 = η3 = 0). In

particular, the linearised version of (25)

Fv
o = ηo1

(
∂zzε · v⊥ + ε · ∇⊥∂zvz + ∂z(∂xvy − ∂yvx) ẑ

)
+ ηo2∇2

⊥ε · v⊥, (26)

is the odd viscous force density (Eq. (10) of the main text).

IV. LINEAR HYDRODYNAMICS OF ACTIVE COLUMNAR PHASES

The hydrodynamic variables in the columnar phase are the Eulerian displacement field u⊥ of the columns and the
fluid velocity v. Neglecting permeation, the linear hydrodynamics of the displacement field is

∂tu⊥ = v⊥, (27)

while that for the fluid velocity is the Stokes equation (Eq. (11) of the main text)

0 = −∇Π+ η∇2v +Fv
o +Fe, (28)

together with incompressibility ∇ · v = 0. Here, Π is the pressure and Fe is the elastic force density (Eq. (8) of the
main text)

Fe = µ̄∇2
⊥u⊥ + (µ̄+ λ̄)∇⊥∇⊥ · u⊥ + ζ∇2u⊥ + ζpc∇2

⊥ε · u⊥. (29)

We solve the Stokes equation for the velocity in terms of the displacement field by Fourier transform

0 = −iq Π̃− ηq2 ṽ − ηo1

(
q2z ε+ qz

[
(ε · q⊥)ẑ− ẑ(ε · q⊥)

])
· ṽ − ηo2q

2
⊥ ε · ṽ⊥ + Fq (30)

In developing the solution we make use of the natural decomposition of the vector space R3 as R2 ⊕ R. There are
two such splittings: One comes from the columnar structure, where the (polar) orientation of the columns defines the
R factor, which we take to be ẑ, and the vector ũ⊥ lies entirely in the two-dimensional subspace orthogonal to this
(xy-plane). The other comes from the wavevector q, whose direction also provides a splitting R3 ∼= R2 ⊕ R, and as
the flow is incompressible, q · ṽ = 0, the velocity ṽ lies entirely in the orthogonal two-dimensional subspace. Since
our objective here is to solve for ṽ as a function of ũ, we make use of the latter splitting.

Let {e1, e2, e3} be an orthonormal frame with q = q e3 and ẑ lying in the e1, e3-plane (i.e. e2 directs the intersection
of the plane orthogonal to q with the xy-plane). This amounts to

ẑ =
qz
q
e3 −

q⊥
q

e1, q⊥ =
q2⊥
q

e3 +
qzq⊥
q

e1, ε · q⊥ = −q⊥ e2. (31)

In this basis the Stokes equation reads

0 = −
[
ηq2

(
e1e1 + e2e2

)
−

[
ηo1(q

2
z − q2⊥) + ηo2q

2
⊥
]qz
q

(
e2e1 − e1e2

)]
· ṽ +

(
e1e1 + e2e2

)
· Fq

+ e3

[
−iq Π̃− (2ηo1q

2
z + ηo2q

2
⊥)q⊥

q
e2 · ṽ + e3 · Fq

]
,

(32)
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The component parallel to q gives an expression for the pressure

iΠ̃ = − (2ηo1q
2
z + ηo2q

2
⊥)q⊥

q2
e2 · ṽ +

1

q
e3 · Fq, (33)

while the orthogonal components give the fluid velocity as

ṽ =

[
η

∆q2
(
e1e1 + e2e2

)
+
νoqz
∆q3

(
e2e1 − e1e2

)]
· Fq, (34)

where

νo =
ηo1(q

2
z − q2⊥) + ηo2q

2
⊥

q2
, (35)

∆ = η2 +
ν2oq

2
z

q2
. (36)

The two terms in the inverse viscosity operator are the even and odd parts of the mobility Mq. It can be seen directly
that the odd mobility vanishes if qz = 0. It also vanishes along the cone νo = 0, or

q2z
q2

=
ηo1 − ηo2
2ηo1 − ηo2

, (37)

and changes sign between the inside and outside of this cone. The consequence of this is that the sense of rotation in
the column oscillations can switch as a function of the direction of the wave relative to the column axis.

V. DISPLACEMENT DYNAMICS

The dynamics of the displacement field, ∂tũ⊥ = ṽ⊥, takes place in the xy-plane orthogonal to the (polar) column
axis and it is convenient to express it using a basis adapted to this splitting. Let {el, et, ẑ} be an orthonormal frame
with q = qz ẑ+ q⊥ el. One finds

e1 =
qz
q
el −

q⊥
q

ẑ, e2 = et, (38)

and then the displacement dynamics reads

∂tũ⊥ =

[
η

∆q2

(
q2z
q2

elel + etet

)
− νoq

2
z

∆q4
ε

]
· Fq (39)

In the same basis the elastic force density is

Fq = −
[(
µ̄q2⊥ + ζq2

)(
elel + etet

)
+ (µ̄+ λ̄)q2⊥ elel + ζpcq

2
⊥ε

]
· ũ⊥. (40)

The structure of the linear dynamics is ∂tũ⊥ = D · ũ⊥, where the ‘dynamical matrix’ D can be written (in the
el, et basis) in the form

D = D0

[
1 0
0 1

]
+Dr

[
0 −1
1 0

]
+D+

[
1 0
0 −1

]
+D×

[
0 1
1 0

]
, (41)

and the coefficients are

D0 = − η

2∆q4

[(
µ̄q2⊥ + ζq2

)(
2q2z + q2⊥

)
+ (µ̄+ λ̄)q2zq

2
⊥

]
− νoζpcq

2
zq

2
⊥

∆q4
, (42)

Dr =
ηζpc(2q

2
z + q2⊥)q

2
⊥

2∆q4
− νoq

2
z

2∆q4
[
2
(
µ̄q2⊥ + ζq2

)
+ (µ̄+ λ̄)q2⊥

]
, (43)

D+ =
ηq2⊥
2∆q4

[
µ̄q2⊥ + ζq2 − (µ̄+ λ̄)q2z

]
, (44)

D× =
ηζpcq

4
⊥

2∆q4
− νo(µ̄+ λ̄)q2zq

2
⊥

2∆q4
. (45)
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The character of the dynamics depends on the sign of D2
r −D2

+ −D2
×; when it is positive the dynamics is oscillatory,

which is the regime we focus on. The eigenmodes in the oscillatory regime are given by

ũ = u0
[
(Dr −D×) el + (D+ ± iω) et

]
eD0t∓iωt, (46)

where ω =
√
D2

r −D2
+ −D2

× is the oscillation frequency. Growth or decay of these modes is determined by the sign
of D0 and the transition between them marks a Hopf bifurcation.

VI. APOLAR AND CHIRAL FORCE DENSITY

We now discuss the effect of a chiral (but apolar) stress z̄c[∇× (∇ψ∇ψ)]S . In terms of the displacement field, the
force density associated with this stress is ζc∇2∇× u⊥, with ζc = 3z̄cψ

0
1
2
q2s . Upon including the effect of this stress,

the displacement dynamics in Fourier space becomes

∂tũ⊥ =

[
η

∆q2

(
q2z
q2

elel + etet

)
− νoq

2
z

∆q4
ε

]
· F̃e −

[
ηqzq⊥
∆q4

el +
νoqzq⊥
∆q4

et

](
ẑ · F̃e)

. (47)

where

F̃e
= −

[(
µ̄q2⊥ + ζq2

)(
elel + etet

)
+ (µ̄+ λ̄)q2⊥ elel +

(
ζpcq

2
⊥ − iζcq

2qz
)
ε+ iζcq

2q⊥ ẑet

]
· ũ⊥. (48)

The dynamical matrix can still be written as in (41), but now with the following definitions:

D0 = − η

2∆q4

[(
µ̄q2⊥ + ζq2

)(
2q2z + q2⊥

)
+ (µ̄+ λ̄)q2zq

2
⊥

]
− νo[ζpcq

2
zq

2
⊥ − iζcqzq

2(q2z + q2)]

∆q4
, (49)

Dr =
η[ζpc(2q

2
z + q2⊥)q

2
⊥ − 2iζcq

4qz]

2∆q4
− νoq

2
z

2∆q4
[
2
(
µ̄q2⊥ + ζq2

)
+ (µ̄+ λ̄)q2⊥

]
, (50)

D+ =
ηq2⊥
2∆q4

[
µ̄q2⊥ + ζq2 − (µ̄+ λ̄)q2z

]
− iζcνoqzq

2
⊥

2∆q2
, (51)

D× =
ηζpcq

4
⊥

2∆q4
− νo(µ̄+ λ̄)q2zq

2
⊥

2∆q4
. (52)

∗ sjk202@cam.ac.uk
† G.P.Alexander@warwick.ac.uk
‡ nyomaitra07@gmail.com
§ sriram@iisc.ac.in

[1] P. G. de Gennes and J. Prost, The Physics of Liquid Crystals (Clarendon, Oxford, 1993).


