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This supplementary information contains the derivation and stability analysis of the equilibrium points:

* * * * :
HF’I'CC’ HEndemic’ QFT'ee and QEndemic’ respectlvely.

S1. Derivation and stability of H7, .

The equilibrium H7,, .. is obtained from the equations:

%:MN—$—MS+aE:0 (1a)
W1 (uta)E=0 (1b)
%7$_ I=0 (1c)
From eq. (1c), we obtain:
(551 .

Eq. (2) has two solutions:
e Case 1: I =0.
e Case 2: If [ #0, then S = yN/nf = N/Ry, where Ry = n83/~.

Here we analyze only case 1. Case 2 is analyzed in S2. Using I = 0 in eq. (1b), we obtain F = 0. Using
I'=0and £ =0in eq. (1a), we obtain:



a1 Therefore, the non-endemic equilibrium is: Hy,.., = (N, 0,0).

22 The Jacobian matrix from system 1 is:

_%I_ L o _ns
M=l o i) %
2o gy
= At Hj, ., the Jacobian is:
—p ol —1)
Mp,.=| 0 —(uta) 7
0 0 B =

2a  The characteristic equation of the Jacobian is:

—p—A o -1
0 —(p+a)—2A n =0
0 0 Bn—v—A

= (—p=N(=(p+a)=N(Bn—7=2) =0

= A= —p, —(p+a), (Bn—")

= Hj,... is asymptotically stable if all the eigenvalues () are negative real numbers. Therefore, if fn —~v <0
26 or Ry <1 (where Ry = fn/7), then H}, .. is a stable node. In contrast, if 8n —~ > 0 or Ry > 1, then one of
2z the eigenvalues is positive. Thus, HF, ... becomes a saddle point, which is unstable.
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S2. Derivation and stability of H7,
The equilibrium H,

ndemic

ndemic

Here, we analyze the case 2 mentioned in S1, where S = N/Ry. Using this value of S in egs. (1b) and (1a),

we get:
1S
nT_( +a)E=0=FE=
ds nlS
— = uN — — —uS E =
dt N T
nl uN anl

arfn n
.
(RO(AH-&) Ro)
an — pn — an
Ny A
< Ro(p+ ) >

- ((MTQJ h=

=1 =
Using this value of I at £ =nl/Ro(u + «), we get:
B N(Ry—1)
Ry

Hence, the endemic equilibrium is:

is also obtained from the differential equations given in S1.

_pN(Ro—1)

pN(Ro — 1)

N(p+a)(Ro—1)

N N(Ry—1) N(u+a)(Ry— 1)>

* —
HEndemic - (&)7 RO 5

The Jacobian matrix from system 1 is:

N M @
M=| % —(u+a)
Bnl 0
N

At the endemic equilibrium H7, the Jacobian is:

ndemic’

—(p+a)(Ro—1) —p
My, = (n+a)(Ro — 1)
B(u+ a)(Ro — 1)

The characteristic equation of the Jacobian is:

3

_ns
nd

Sl
© &

—(p+a) BR%
0 R
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—(p+ta)(Ro—1)—p—2A o -%

(Wta)Ro—1)  —(u+a)—A A |=0
Bp+ a)(Ro — 1) 0 F—y—2
= (-t @) (Ro — 1) 4 N)((p+0) + A (L — 5= X) () (Ro — 1)) (2
0 0

—y =) = Bl @) (Ro — 1) = T (s + a4 (B + ) (o — 1)) =0
f)\()\+u+oz)()\+u+(u+oz)(Rof1))+a()\+%i)(u+oz)(Rofl)

gﬂo(/\+u+oz)(u+a)(Ro—1)—0 where%zzv

A+ WA @) = A+ @) o+ @)(Ro = 1) + (1 0) (Ro — 1)0A = O+ ) 20) =0

A RO+ R+ ) = (4 @) (Ro — DA+ R+ 20) =0

X0 ) = A+ )+ ) = -+ @) (Ro ~ DA+ R+ 2) =0

-+ 102 + (1+ @) RoA -+ 3 +a)(1 = 7)) =0

(p+ )R \/(N +a)2Rg —4nB(p+ o) (1 - 4-)

A= —p,—
1, 5 5

The last two eigenvalues determine the stability of H},, ;.mic: Decause the first eigenvalue (—pu) is always a
negative real number. Since Ry > 1 or 1 —1/Ry > 0, /(¢ + @)2RZ — 4nB(p+ a)(1 — 1/Ry) < (u+ )Ry if
the term inside the square root is a positive real number. If the term inside the square root is imaginary, the
eigenvalues are complex conjugate numbers.

H*

is a stable node if all the eigenvalues are negative real numbers. Hence:

Endemic
22 1
(n+a)’Ry = 4dnB(p+a)({l-— i
1 .
(n+a)Ry > 4vy|1- B >0, since fn =Ry

0
Hy, demic 15 a stable focus if two of the eigenvalues are complex conjugate numbers with a negative real part.
Hence:

1



= S3. Derivation and stability of Q)%,..

a3 The equilibrium Q7%,.. is obtained from the equations:

%:(M_G)N—ﬁ—umra}s:o (3a)
%:%—(;HQ)E:O (3b)
a_ s - (3¢)
2« From eq. (3c), we obtain:
(WNS _7> I=0 (4)

as  Similar to the eq. (2) in S1, eq. (4) also has exactly two solutions:
a6 e Case 1: 1 =0.
a7 e Case 2: The other solution is S = N/Ry, where Ry = n3/~.

sz We only analyze case 1 here. Case 2 is analyzed in S4. Using I =0 at eq. (3b), we get E =0. Using I =0
2 and F =0 in eq. (3a), we obtain:

S =

=5

[
—
-
!
S
N—
=

o
where — =p
1

so Therefore, the non-endemic equilibrium is Q%,.. = ((1 —p)N,0,0).

51 The Jacobian matrix from system 3 is:

Wy a _nS

M = ol —(p+ ) =
Bnl 0 BnS _
N N 7

s2 At the generalist free equilibrium @7%,.., the Jacobian is:

—H o —n(1—p)
Mgy =10 —(pt+a) n(l-p)
0 0 Bn(l—p)—~
53 The characteristic equation is:
—p=A o —n(1—p)
0 —(pt+a)=A n(l - p) =0
0 0 Bn(l—p)—v—A
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The eigenvalues are:
A=—p, =(p+a), Bn(l—p) =y

Q% ,ee 15 & stable node if all the eigenvalues are real and negative. Hence:

Bn(l—p)—~ < 0
. B
=Ry(l—-p) -1 < 0, smceRof7

The above inequality is obvious for Ry < 1. The specific condition for the stability of Q%,... at Ry > 1 is
discussed below:

Ro(l—p)—l < 0
1
=1- < =
p Ro
= > 1 L
p Ro

That is the stability condition of Q%,... for Ry > 1. In contrast, if p < 1 — 1/Ry, then one of the eigenvalues
(Bn(1 —p) — ) is positive. That makes Q%,.., a saddle point, which is unstable.



» S4. Derivation and stability of Q% .mi.
s We also obtain the equilibrium Q%,, o, from the differential equations given in S3.

o1 Using the value S = N/Ry, mentioned in case 2 of S3, in egs. (3b) and (3a), we obtain:

dE  nIS nl
— 2 _ E = P=_—"
@~ N Wt E=0=E=pr
%-( —oN -5 siarm = 0
nl  uN anl
Y Ry R/ )
(=0 Ry Ry Ro(p+a)
an n 1)
(T TV = —uN(1-—=—)+oN
(Ro(/iJra) Ro) : ( Ry
an — pn — an pN(Ro — 1)
=T AT N
( Ro(p+ a) ) Ry
:( adl )I — uN(Ro—1)— oNRy
n+
n
= I = N(Ry—1)—pNRy, wherep=
<M+04> (Ro ) —pNRy, wherep=oc/u
L (et a)N(Ry— 1 pRo)
n
St = (1o ) e
Ry U]

o2 Using this value of I at £ =nl/Ry(u + «), we get:

E—(l—p—];(J)N

ez Hence, the endemic equilibrium is:

N 1 1\ (u+a)NRg
* == (1-p—-—=— N, [1l—-p— — ) — 2~
QEndemw <R0 ’ < p RO > ’ < p RO ) n

ea The Jacobian matrix from system 3 is:

S
7 o _n8
M=| % —(p+ta) %
I B
s S e

es At the endemic equilibrium Q7%,, jemic, the Jacobian is:

—(u+a)(Ry—pRo—1) — o A
Qbndemic (1 + a)(Ro —pRo — 1) —(p+a)
B+ a)(Ro — pRo — 1) 0 by
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The characteristic equation of the Jacobian is:

—(u+a)(Ry—pRo—1) —p— A Q _Rlo
(b + a)(Ro — pRo — 1) (u+a) — A i
B(p+ a)(Ro — pRo — 1) 0 %_7_)\

Replacing %’z by 7 in the characteristic equation, we get:

—(u+ a)(Rp —pRol) —p— A ! —%
(1 + a)(Ro — pRol) —(pta)=X £ |=0
B(p+ a)(Ro — pRo — 1) 0 Y

= (V- a+ -+ @)(Ro = pRo = 1))(A-+ i+ ) (=) + a(=Alpu-+ @) (Ro — pRo — 1) = 2+ a) (Ro — pRo —
D) = SO+ -+ @)+ a)(Ro — pRo — 1) = 0

= - AA+p+ (p+a)(Ro—pRo — 1)) (A +p+a) —a(p+a)(Ro — pRo — 1) (A + %’i) —#BA+p+a)(p+
a)(Ry —pRy—1)) =0

= —AA+p+ (4 a)(Ro — pRo — 1))(A+ s+ a) + (1 + a)(Ro — pRo — 1)(ad — (A + p) ) =0

= MM+ ) A+ p+0) = AA+p+a)(p+a)(Ro— pRo — 1)) + (1 + a)(Ro — pRo — 1) (@A — (A + 1) 1) = 0
= MM+ A+ p+a) = (u+a)(Ro—pRo — (N + ph + A+ p) L) =0

= MM+ )M+ p+a) = (u+a)(Ro — pRo — A+ p)(A+ 8) =0

= A (A+p) — (A + p) (1 + @)((Ro — pRo — 1) F + A(Ro — pRo)) = 0

= (A+ 1)\ + A(p + @)(Ry — pRo) + (1 + a)(Ro — pRo — 1)) = 0

_(p+o)(1=p)Ro | V(p+a)?(1=p)*Rg — 4+ a)(Ro(1 —p) — 1)y

=>A=—
‘LL, 2 2 )

since fn = YRy

The first eigenvalue, —pu, is a negative real number. Now we analyze the other two eigenvalues. Since
QFndemic €Xists when p <1 —1/Ry, the term (Ry(1 — p) — 1) inside the square root is positive. Therefore,
V(i +a)2(1 — p)2R2 — 4(u + a)(Ro(1 — p) — 1)y is either a positive real number or an imaginary number.
Moreover, the square root is less than (u+ «)(1 — p)Rp when it is a positive real number. Therefore, either all
the eigenvalues are negative real numbers or two of them are complex numbers (one is the complex conjugate
of the other).

Q% ndemic 18 a stable node if all the eigenvalues are negative real numbers. Hence:
(p+a)*(1=p)°’Rg > 4(p+a)(Ro(1—p)— 1)y

QFndemic 15 @ stable focus if two of the eigenvalues are complex conjugate numbers with negative a real part.
Hence:

(14 @)(1—p)*RE < 4(Ro(1 —p) — 1)y



