Supplementary Information for: Learning Properties of
Quantum States Without the IID Assumption

Omar Fawzi!, Richard Kueng?, Damian Markham?, and Aadil Oufkir®*

L Univ Lyon, Inria, ENS Lyon, UCBL, LIP, Lyon, France
2 Institute for Integrated Circuits, Johannes Kepler University Linz, Altenberger Strafle 69, Austria
3Sorbonne Université, CNRS, LIP6, F-75005 Paris, France
4 Institute for Quantum Information, RWTH Aachen University, Aachen, Germany

Supplementary Note 1 — Conditioning on the permutation ren-
ders basic learning tasks impossible

Consider the following classical problem SUCCESS, = {(p,o) € [0,1]xD({0,1}) : [p—o(1)| < ¢}. Here,
D({0, 1}) refers to the set of probability distributions over {0,1}. A strategy in this case is described

by a possibly random function F : {0,1}~1 — [0,1]. Recall the definition of error probability in
Equation (2) of the main text

Sa(N, pM1 AN ) = Er [Prepyanor) [(0: (07)0) ) ¢ SUCCESS.]] .

Assume we have for any distribution PA41-A~
E, [6%(N, P™,¢)] <. (1)
Consider the distribution putting mass on a single string x1, .. ., zy. Then Supplementary Equation (1)
can be written as
Ex [P[|zr(n) = F(Tr(1), Tn(2)s - - - Trn—1))| > €]] < 6. (2)

Now, assume N is even and let z; = 0 for i < N/2 and z; = 1 for ¢ > N/2. We write

62 P[lar(n) — F(Tr(1), Tn(2) - - Tr(n—1))| > €]
= ]P)[W(N) < N/Q]]P) HO _F('rﬂ'(l)?xﬂ'(2)7"' axTr(Nfl))‘ > €|7T(N) < N/Q]
+Pr(N) > N/2JP[|1 = F(2r1), Zr2)s-- - Tr(n—1))| > lm(N) > N/2]

1
> i]P [|1 —F(l‘w(l),fljﬂ(g),...,.’L‘W(N,l))| > g|m(N) > N/Z] . (3)

Note that conditioned on 7(N) > N/2, the string (2,(1), Zr(2),---,Tx(n—1)) is uniformly distributed
on all bitstrings that have N/2 zeros and N/2 — 1 ones. We can also apply the success criterion in
Supplementary Equation (2) for the bitstring x; = 0 for i < N/2+1 and a; = 1 for ¢ > N/2+ 1 which
gives
N/2+1
N P
Note that we also have that conditioned on m(N) < N/2 + 1, the string (zr(1), Tr(2),-- -, Tr(n—1)) 18
uniformly distributed on all bitstrings that have N/2 zeros and N/2 — 1 ones. Let Yi,...,Yn_1
be a random variable chosen according to this distribution. Then, Supplementary Equation (3)
and Supplementary Equation (4) can be expressed as P[|1 — F(Y7,Ys,...,Yn_1)| >¢] < 2§ and
P[|F(Y1,Ys,...,YN_1)| > ] < ﬁé < 20 respectively. For ¢ < 1/2, the events |1 —
FY1,Ys,...,Yn_1)| <eand |F(Y1,Ys,...,YN_1)| < € are disjoint, this implies that 6 > 1/4.

0> ['F(xﬂ(lﬁl‘w@)a---7x7r(N71))| >5|7T(N) SN/2+1] . (4)



Supplementary Note 2 —Illustration of the randomized local de
Finetti Theorem 4

In this section, we illustrate Theorem 4 of the main text for a specific permutation invariant state and
a specific distribution of measurements. Recall Theorem 4 of the main text:

Theorem (Randomized local de Finetti). Let N > 1 be a positive integer and A; = Ay = --- = Ay be
N isomorphic quantum systems of dimension d. Let 1 < k < ,/ %. Let pA1"4N be a state and let

q" be a permutation-invariant measure on RY. Let {A,},cr be a set of measurement channels with
input system A and output system X. Let j = (j1,...,jn) be a random permutation of {1,..., N},
I~ Unif{k+1,....k+ %}, r=(ry,...,rn) ~ ¢¥ and w = (wi41,..., Wy ny/2) be the outcomes of
measuring the systems A;_ ,,..., A using the measurements A A The following

Ji+10 Jk+N/2 Tig1y s Ay Nyt
inequality holds:

— N b

k+1 A A k41 A
Zpr(w) id® <®AW> (pl,;,lw - ®pl7lj'jw>
i=2 =1

where pr(w) = Tr [(w|(Ay, ® - ® ATk+N/2)(pAJ’1“'AJ'N)|W>] and we defined the conditional state

1 _ . [4k?log(d)
1

= TrAjk+2'“AjN [<W|(An+1 - ATk+N/2)<ij1...AjN>|W>:| .

Note that if pA1A~ is permutation invariant, the random permutation j is not needed and we can
, . Aj, ®@k+1 .
replace j; by ¢ and ®f:+11 Pl Py (pfﬁ’w) in the above expressions.

Supplementary Fxample 1. Let the dimension be d = 2. The quantum state we consider is

p= / dHaar(i2) o) |V

The law of measurement devices is the Dirac delta distribution on the simple POVM M =
{]0X0[, |1X1|}. Observe that any Dirac delta distribution of measurement devices can be reduced to this
example because of the invariance of Haar measure by unitary conjugation. Let I ~ Unif{1,..., %
be the number of systems to be measured. For w € {0, 1}!, define My, = ®i=1 |weXwe|. We can write
the post-measurement state as follows:

A _ J dHaar(p) (¢|*' My [0)*'|)0| "

o J dHaar(9) (9] Muw]9)*!
The measurement channel related to the POVM M = {|0X0], |1X1|} is :
A(p) = (0]p[0)|OXO[ + (L]p[1)[1)(L].

If we apply the channel id ® Ay ® --- ® Ay =id® A ® --- ® A to the post-measurement state pat4s




we obtain by writing |¢) = <go) and p = |aq|*:
1

d@A® - @ A(parAr)
_ J dHaar(0) (| Muw|0)® )| ® AN =* !
[ Faar(6) (1T M| 9"

[ dHaar () (Jao[2)! =W (Ja |2) W] <|040_|2 a0a1> . <a8|2 0 >®k1

a1dg o ]?
[ dHaar(p)(|ao]?) =Wl (Jay [2) W]

i _ @k—1
Jo dp [T £ d0(1 — p)l=Iwlphvl <\/1% , vpl=pe 9) ® (1 -7 0)

p
Jo dp fQ” oL dg(1 — p)i-Iwlplwl

1 _yi=lwlw| (1 =P 0
Jo dp(1 = p)="Ip ( 0 p)
Jo dp(1 = p)=Iwiplwi

- /01 dp (I+1) <|vlv|>(1 )l Iwlphwl <1 Bp 2) ok

By tracing out all but the first system, we obtain an expression of the reduced post-measurement state:

1 |w|+1
l _ 1-p O 1- 0
Aq _ d l 1 1— I—|wl, |w]| p _ I+2 )
Pw /0 p I+ )(|W|>( p)~Mp 0 0 it

Hence if we denote by p, = “;1—51

we have:

lid@A® o Ape ™) —ide Ao oA ((pa) )|,

/01 dp (1 +1) <|vlv> (1= p)=Mwlpiw l(1 N, 2) o

By Stirling’s approximation we have:

()0 = < e (1 (1)),

where KL is the Kullback-Leibler divergence defined as KL(a[|b) = alog($) + (1 — a)log(1=%) for
a,b € (0,1) [1]. Hence if S. = {p €10,1]: KL (@Hp) > 5} we have by the triangle inequality:

] el (R N G

(+1) il 21+ 1)ete
d exp (=l KL [ 5= .
<2 @ e o ) < e

1—pe O ok
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On the other hand, we have by the triangle and Pinsker’s inequalities [1]:

’ [oavaan(, Ja-mp l(lap 2)@/@_(1_0;)* i)@k]
Lol 7 2]
< g,dp<z+1>( )= (10 g)®’“<1— I |w0/l>®k1
¥ Sgdp<l+1>(vlv|>(1—p)l—W'p'W (1'0W|/l " /l>®k_(10p* ;)@“
<[ o (l+1)<‘fv|)(1—p)l_|wlplw$2D<(1_l)w|/l &)
()T )

[0 )= () + e ()

< v + ok () < vk 4 [

I+2

c
€

1

1

)

Therefore by the triangle inequality we deduce that:

lid@A®- - ©Apg ™) —ide Ao @A ((pa) )|,

R (CR AR

2(1+1)e~ 4k
< o=y Vet \ﬁ

2 2klog ((1+1)?) 4k 9klog (I +1)
S EWe SR [ +ﬁ§v l

where the last inequalities are achieved for ¢ = %1og (I+1). Now if we take the average under
lNUnif{l,...,% :

N/2

. _ . . 2 2 9klog (I +1)
Qk—1; Aj---Apg ®Rk—1 A1 \®k g
o e NP

- 18klog2(N).
- N
Finally by Cauchy Schwarz’s inequality
18k log®(N)

e oo () < 22
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Supplementary Figure 1: A general algorithm for learning properties of quantum states in the non-i.i.d.
setting. Left (resp. Right) the algorithm B is not (resp. is) allowed to output calibration information
c. Success occurs if prediction p is (approximately) compatible with the remaining post-measurement
test copies pAN or pcm
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Supplementary Note 3 — Generalizing the i.i.d. setting without
calibration information

A potential objection to Algorithm 1 of the main text might be that it produces more information
than strictly required. Indeed, in addition to the prediction provided by A (p{,?,l'”Ak), Algorithm 1 of
the main text also furnishes the observations w that lead to the given prediction. These observations
hold calibration-related data, intended for future utilization. Notably, they are not essential for the
immediate prediction task at hand. In this section, we introduce a framework for extending non-
adaptive algorithms to the non-i.i.d. setting without returning calibration information. This extension
is achievable for a broad range of problems that can be defined by a function under reasonable
assumptions. Instead of Definition 6 of the main text for the error probability with calibration, we will
use the following definition of the error probability without calibration (See Supplementary Figure 1
for an illustration of algorithms without and with calibration information.):

Supplementary Definition 1 (Error probability in the non-i.i.d. setting (no calibration data)). Let
N > 1 be a positive integer, A; = Ay = --- =2 Ay be N isomorphic quantum systems. Let
pAAN € D(A;--- Ay). A learning algorithm B : L(A;...Ax_1) — C% has error probability on
p given by:

5B(N, p AN &) = Ppup(p [(p p5Y) ¢ SUCCESS. ],

where p follows the probability measure B(p414~-1) and we recall that p]’fN is defined by conditioning
on the outcome p of the measurement B on the systems A; ... Ay_1 of p.

Note that, if p is i.i.d., the conditioning on p does not have any effect on the post-measurement
state and Supplementary Definition 1 coincides with the usual definition of the error probability. The
following example illustrates the possible difference that conditioning on calibration data has.

Supplementary Ezample 2. We denote the weight of an element x € {0,1}" by |x| = > i ;. Let
pArAN = D oxe{0,1}n 5 [x)(x|®N be a permutation invariant state. We want to predict the (average)
weight of the state. A possible algorithm B is to measure the first system A; with the canonical basis



{Ix)x[}xe{o,13», observe x € {0,1}" and return the prediction p = |x| and possibly the calibration
¢ = x. The post-measurement state conditioned on the prediction-related information p is:

1
ppN = @] > vyl
P/ ye{0,1}:|y|=p

On the other hand, the post-measurement state conditioned on the prediction and calibration
information is:
A
pep = |x)Nx.
The states p]’?N and pég are in general different. Infact, we have, with probability at least 1 —1/2"~1,
g = oyl =2 (1-1/()) 22— 2/m.

The learning problems we consider in this section are defined by a function under reasonable
assumptions.

Supplementary Definition 2. Consider a function d designed to determine a particular property
concerning quantum states. The problem of learning the property of quantum states can be formulated
using the following SUCCESS set:

SUCCESS; = {(p,0) : d(p,c) < e} C P x D(A)
where P is a set. The function d should satisfy the following properties:
(a) Non-negativity: for all (p,0), d(p,o) > 0.
(b) Boundedness: there is a constant C' > 0 such that for all (p, o), d(p,o) < C.
(c) Robustness: for all (p,0) and (p, p), |[d(p, o) — d(p, p)| < 3llo — pll1-
)

(d) Convexity in the second entry: for all « € (0,1), (p,o) and (p, p),
ad(p,0) + (1 — a)d(p,p) > d(p,ac + (1 — a)p).

Many problems about learning properties of quantum states can be formulated using Supplementary
Definition 2.

Supplementary Example 3 (State tomography). The problem of state tomography corresponds to the
trace distance function d = dr, where the trace distance is defined by dr(p,0) = 3|lp — o[l1. The
trace distance satisfies all the conditions in Supplementary Definition 2 for C' = %
Supplementary Ezample 4 (Shadow tomography). Here we consider M observables 0 < O1,...,0p
I. The shadow tomography problem corresponds to the function d between the tuple p
(g1, par) € [0,1]M and the state o defined as follows:

A

d(p,0) = max |p; —Tr[0;0]].

Clearly, 0 < d(p, o) < 2. Now, let o, p be two states and p = (u1, ..., ) be a tuple, we have:

[a(p, #) = d(p, p)| = | max |p; —Tr[O;0] — max |ui —Tr[Oip]

< max [l —Tr[Oio] — |ui — Tr[Oip]|

1
< . — . < — — .
< 122)§4|Tr[010] Tr [O;p]] < QHO' plh



Moreover for « € [0,1]:

ad(p,0) + (1 - a)d(p.p) = o max [ = Tr (O] | + (1 - @) max |; — Tr Oyl

1<i<
2 max (o] —Tr[Oi0]| + (1 — a) [ — Tr[Oipl])
2 max |p — aTr[O0] = (1 —)Tr[Oip]]

d(p,ac+ (1 —a)p).
Finally d satisfies the conditions in Supplementary Definition 2.

Supplementary Example 5 (Verification of a pure state). Given an ideal pure state |¥) and a binary
prediction p € {0, 1} representing whether the algorithm accepts or rejects, we define d as follows:

d(p,o) =p+ (1= p)(1 = (Y]o|¥)).
If we can prove that:

Py [d(P> P;‘N) > 5] <9
Then we have both completeness and soundness:

e Completeness. If the verifier receives the state p = [UXW¥|®N  then (U|piN|U) =
(P||TYP||T) = 1. On the other hand, with probability 1 — ¢, we have p = p + (1 — p)(1 —
<\Il|p§N |¥)) < e hence p = 0 and the verifier accepts.

e Soundness. If the verifier accepts, i.e., p = 0, then we have with a probability at least 1 — 4,
1= (UlpV W) = p+ (1 —p)(1 — (¥[ps~|¥)) < e therefore the post-measurement state p/t~
satisfies Tr [|\I/><\Il|pz’,4N] > 1 — ¢ with a probability at least 1 — §.

Let us show that d satisfies the conditions in Supplementary Definition 2. First, d is clearly non
negative and at most 1. For two states o and 7, we have:

ld(p, 7) —d(p,0)| = (1 —p)

1
(Tlo = 7]¥)| < Sllo =7l

so d satisfies the robustness condition. For the convexity, let a € [0, 1], we have:

ad(p,0) + (1 —a)d(p,7) = p+ (1l = p)(1 = (¥]o|¥)) + (1 — a)(1 = p)(1 = (¥[7|¥))
=p+ (1 —-p) (1= (lao+ (1 - a)r|¥))
=d(p,ac+ (1 —a)7).

Supplementary Example 6 (Testing mixednebs of states). In the problem of testing mixedness of states,

we would like to test whether o = % or 3 ||or dHl > e. We can define d for a binary prediction

p € {0,1} and a quantum state o:

1
d(p,0) =p+5(1-p)[lo - 3,

where p € {0,1} represents the outcome of the algorithm, 0 for the null hypothesis and 1 for the
alternate hypothesis. Similar to the previous example, d satisfies the conditions in Supplementary
Definition 2.

Moreover, we can show that d(p, o) < e implies that algorithm B is correct. Indeed, if o = g then
d(p,o) = p thus p = d(p,o) < ¢ 1mply1ng p = 0. On the other hand, if 1 ||O’ — EHl > ¢ then we have

(1-pe< %(1 — HO’ — 7|| ) < e implying (1 — p) < 1 and ﬁnally p=1.



wopuey
e
(_

éf\/l;f‘i % %3
@Y A 3.
p L>l SUCCESS |<J ’O;XN

Supplementary Figure 2: Illustration of Supplementary Algorithm 1. Supplementary Algorithm 1
measures a large number of the state’s subsystems using M that represents measurement devices
uniformly chosen from the ii.d. algorithm’s set of POVMs {M;}; (red and green parts). Then,
Supplementary Algorithm 1 applies the data processing of Algorithm A to the outcomes of a part
of these subsystems (green part) leading to a prediction p. Success occurs if p is (approximately)
compatible with the remaining post-measurement test copy p;f‘N .

Supplementary Algorithm 1 Predicting properties of quantum states in the non-i.i.d. setting
without calibration information - Non-adaptive algorithms

Require: The measurements {M'};<;<x, of algorithm A.
A permutation invariant state pAt AN,

Ensure: Adapt the algorithm A to non-i.i.d. inputs p*
Sample [ ~ Unif{k+1,...,k+ %} and (ry,...,7) i Unif{1,...,k4}
For t =k+1,...,1, apply M7 to system A, and obtain outcome w + ®i:k+1 MA(p)
Fort=1,...,k, apply M;‘t to system A; and obtain outcome v « ®f:1 M;‘}(pw)
Fort=1,...,ka, let s(t) € [k] be the first integer such that ryy) =1
Run the prediction of algorithm A to the measurement outcomes vy(1), ..., vs(x,) and obtain p
return p.

AN

For problems defined with a function d satisfying the conditions in Supplementary Definition 2,
we propose Supplementary Algorithm 1 in the non-i.i.d. setting (See Supplementary Figure 2 for an
illustration).

Recall the definition of the error probability for algorithms without calibration information:

5(N, ph AN &) =P, [(p, pi™) ¢ SUCCESS.] .

The main result of this section is to control the error probability of Supplementary Algorithm 1.

Recall that we consider problems defined by a function d upper bounded by a constant C' > 0 (see

Supplementary Definition 2) and A Tr_ay, [Pﬂ;u‘AN]

l,r,w
Supplementary Theorem 1.Let ¢ > 0 and k4 < k < N/2. Let A be a non-adaptive algorithm
performing incoherent measurements with {M;}1<i<k . There is an algorithm (without calibration
information) B suitable for arbitrary input states, performing i.i.d. measurements drawn from



Unif{M;}1<¢<k, and possessing an error probability satisfying for all n > 0:
5B(Na pAlmAN ) 5)

ok ac k21 d L2 k21
liryw

Proof Here, we show how to relate the approxunatlon of the post-measurement state pAN with the
approximation of the post-measurement state Pz oW

Supplementary Lemma 1. We have for all n > 0:
C
P, [(p,pj™) # SUCCESS.] < L+ = Piyaup |(prp,,) ¢ SUCCESS,

Once we have this lemma, we obtain the theorem by applying Theorem 5 of the main text.

Proof We use the notation ®t 1 My = {Mx}x. Since d is convex in the second entry, we have:

]El,r,w,p {d (pv Pfgw,pﬂ = El,r Z Tr [Mxp] d <p7 pfgm,p)‘|
“5 |5 X Blongla (net,)]

L v xip=y
ZEl,r Zq( ( Z TI‘ xpP plr:c,y)]
Ly xp y
=Eie | qly)d (y pf,‘r’fy) =E, [d (p, pp™)]
L v

where we use the notation ¢(y) = Zx:p:y Tr [Mxp]. Finally, we apply a simple Markov’s inequality
then the last inequality to obtain for all n > 0:

P, [(p.py~) ¢ SUCCESS.] =Py [d (p,p,~) > €]

1
< 2B, [a(p. ™))
1
< g]El,r,w,p [d (p, pfgwm)}

1 ¢ A
= g/ P rw,p [d (p, pl’;pr) > x} dx
0

c
L+ = Presws |(prp{,) # SUCCESS, |

IN

Similarly, using Supplementary Lemma 1 we can generalize Theorem 8 of the main text to control
the error probability without calibration information of Supplementary Algorithm 2:

Supplementary Theorem 2. Let ¢ > 0 and 1 < k < N/2. Let A be a general algorithm. Supplementary
Algorithm 2 (without calibration information) has an error probability satisfying for all n > 0:

A c . o 120 [2k3d2log(d) 20 [2k*d2log(d
65 (N7pA A ’5) stllg)afl (k’(pf,‘w)(@k’n)—’—?—i_ c an ( “F? T)




Supplementary Algorithm 2 Predicting properties of quantum states in the non-i.i.d. setting
without calibration information - General algorithms

Require: Measurement A : L(A; ... A;) — CP. A permutation invariant state pA1 A4~

Ensure: Adapt the algorithm A to non-i.i.d. inputs pA1-4~.
Run algorithm A on systems A; ... Ay and obtain outcome p < A(p)
Sample [ ~ Unif{k+1,..., k+ %}
Apply Mgist to each system Apy1 to A; and obtain outcome w < M?}Sj’“)(p)
return p.

Supplementary Note 4 — Verification of pure states in expecta-
tion

In Section 4.4.2 of the main text, we mentioned that for the problems of verifying one pure state,
the soundness condition is often formulated in terms of expectation rather than probability. We used
the formulation with probability in Section 4.4.2 of the main text because we wanted to verify many
pure states simultaneously. Here, we show that a similar statement can be formulated in expectation
if we focus on verifying one pure state. The techniques are similar but do not follow directly from
Theorem 5 nor Theorem 8 of the main text.

Recall that in the context of verifying a pure state, we are given an ideal known state ¥ and copies
of an unknown state. The objective is to verify whether the received reduced state is exactly the
ideal state or far from it in fidelity. Formally, a verifier should satisfy the completeness and soundness
conditions:

1. Completeness. The verifier accepts upon receiving the pure i.i.d. states |¥)W¥|®V with high
probability, i.e., if IIpcceps Tepresents the observable in which the verification protocol accepts,
the completeness condition is met when the following inequality holds:

Tt [ aceept [ TN TPV ] > 1 —c.

2. Soundness. When the verifier accepts, the quantum state passing the verification protocol
(post-measurement state conditioned on a passing event) is close to the pure ideal state |¥) |
with high probability, i.e., if ITzccept Tepresents the observable in which the verification protocol
accepts, the soundness condition is met when the following inequality holds:

Tr [HAccept & (H - |\I]><\IID pA1"'AN] <e

In the latter scenario, the protocol can receive a possibly highly entangled state pAt 4~

We can show the following proposition:

Supplementary Proposition 1. A pure state can be verified using Clifford measurements and a number
of copies satisfying:
~ 800%¢*log(5/e)? log(d)

N =

Proof Let |¥) be the ideal state. We will use classical shadows with Clifford random measurements [2].
Let K = 2log(1/e), k = 1<5800e /o)y — 802 M0sd) 1 Unif{k 4 1,...,k + N/2} and Uy, ..., U ~
CI(2"). The state pA1 4t is measured with the corresponding basis of U; ® - - - ® U; and the outcomes

are denoted (v,w) = (v1,..., Uk, Wgt1,...,w;). Then K classical shadows are constructed as follows:
1 Jk/K
o) = VR S @+ D)Ufuu|U, ~T  for 1< <K
O/ G-k K

10



Next we use the median of means statistic for v = (vy,...,vx) [2]:

Iy _medlan{Tr [p(])|‘1’ \IIH}1<]<K

We define the observable corresponding to ‘Accept’:

o FEN/2
HAccept Z ]EUNCI(2” Z 1{,Uv >1- <C:/5}]\4v Q@ My &I
l k+1 v, W

where My = @;_, Ugvi)vi|Uf and My = ®'_, ; Ulw, Xow,|U; .-

Completeness. When the verifier receives the i.i.d. state pA1A~ = |UYT|®N it should accept
with probability at least 1 — . The probability of acceptance can be expressed using the notation

Ewvwynp [1= 20 o Tr [(My @ My)p] []:

k+N/2

Tr [Maceept [ ON|Y] = Evecaen) | D D M 21— ¢/5}Tr [My ® Mo |W)W|*]
l k+1 v,w

=Pru~ci@n),(vw)~joywle [ty > 1—€/5] > 1—¢

where we use the fact that here the input state [¥)¥|®V is i.i.d., the observable O = |¥)¥| satisfies
2r2
Tr [O]PX¥|] = 1 and the correctness of classical shadow protocol ([2], k = %).

Soundness. By the randomized local de Finetti Theorem 4 of the main text we have using the

Xjo 2y N [vam(M ® My) ]X}:

notation Ky, (v.w) N 2ul=k+1

~ |

Tr [Maccept ® (I — [UYW[)pht 4]

= Ey,v,(vowymp (Mt > 1= /53 Tr [(T— [TXT))pih,]]
< Eiu,vowmp [Hiw = 1= /530N = 053 111] + oo, vowymp [1{iw = 1= /53T [(T— [T T])p5"]]
=Eiu,(viwymp [ Lttv > 1= /5}pe™ — poII1]

+ By (v [Hiy = 1—e/531{Tr [(1— [U)XP])p5~] < 2¢/5}Tr [(T— [W)X¥])pa"]]

+Eiu, (vaw)p [Lly > 1 - s/5}1{Tr [(T— [UYW)p~] > 2¢/5}Tr [(T— [WXW))pe }]]

< El,U,(v,w)Np [Hpé — Py, WH } l U (v,w)~p [1{/”/V >1- 8/5}}

B e (i) (M = 1= =/ (1 [UN W) pdN] > 2/5}]

4k? log 1k log
\/7 \/7 zwap VN(pAN)®k [1{‘uv — <\Ij|p$N‘\I/> > 6/5}]

where we set k = M (2]), N = M and use Equation (10) proven in Lemma 1 of the
main text that we recall in the following:

+ El,U,wwp

Tr [Mvpél'”A’“] —Tr {M (pw )®k} ”

4k2log(d
El,r,w,v [ g( )

A
’pl,yj'\:w,v plrw” :|
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