Supplementary Information

1 GeM-LR and expectation-maximization (EM) algorithm for fit-
ting the model

Let the sample points be (x;,¥;), ¢ = 1,...,n, where x; is the realization of the random feature vector X,
X; € R? and y; is the realization of the class Y;, Y; € {0,1}. We describe the formulation of GeM-LR. For
GeM-LR, we assume a latent component/cluster label Z, Z € {1, 2, ..., C}, for a given sample point. An instance
of Z is denoted by z. GeM-LR assumes that given Z = ¢, ¢ = 1, ...,C, X follows a Gaussian distribution with
mean p. and covariance ¥.. In addition, GeM-LR assumes that given Z = ¢ and X = x, Y follows a logistic
regression (LR) model with coefficients 8. (p-dimensional and excluding the intercept term) and 3. (intercept
term). Consider a general sample point (X,Y),

o

P(Z=c¢)=7gc=1,..,C, (1)
P(X|Z = ¢) = N(X|pe, Ze), (2)
exp (ﬁ?x + ﬂC,O)
1+exp(BTx+ Beo)

Since we consider binary classification here, P(Y = 0| X =x,Z =¢) =1—-P(Y =1|X =x,Z = ¢). Based
on the above Egs. (1), (2) and (3), we can write down the joint probability for X and Y

PY=1X=x,Z=¢)=

C
P(Y =1X) = Z Z=c¢X)-P(Y =1X,Z = ¢)
_ i (X|N‘67 C> . eXp (/GZX + ﬁc,o) (4)

Zc,:mc/mxmc/, =) 1+ o (BTx+beo) |

To estimate GeM-LR in Eq. (4), we use the EM algorithm with regularization where the latent state Z
is regarded as missing data. Denote the parameters in GeM-LR collectively by 6 = {n, ptc, Z¢, Be, Be,0,¢ =
., C}, the mixture log likelihood of a point (x;,Y;), i = 1,...,n, is given by

103 %4,y:)
c
= log Z TN (X5 | pey Be) - [yiP(Y; =1|xpzi=¢)+ (1 —y)PYi=0]|x;,2 = c)],
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where we denote P(Y; = 1|x;,2; = ¢) = p;c and P(Y; = 0|x;,2; = ¢) = 1 — p; .. The objective function (to be
maximized), denoted by L, is a penalized version of the sum of log likelihoods over all the points. Without loss
of generality, let A denote the (set of) tuning parameter(s) for the sparsity regularization on 3;.¢, denoted by
R(B1.¢). Since the penalty R(3;.¢) is usually additive over the latent labels, we denote the penalty on 3. by
R(3.), and hence R(B.c) = 25:1 R(B.). The objective function based on A is written as

= X U0x0 ) < AR(Br) (5)
For example AR(B1.c) = )\chzl 21 1Be ;] results in the £; Lasso regularization, and AR(B1.c) = 25:1

[)\1 (= Azﬂ + X2|Bc,5])] is the elastic net regularization. Elastic net is the same as Lasso when Ay = 1.
As /\2 shrmks toward 0, elastic net approaches ridge regression.

E step



Let ) denote the parameter values at the tth iteration. We first calculate the posterior probability
distribution of z;, v(t-) = P(z = clyi,x;,00),i=1,...n

P(zi = clyixi,09) o alIN Gl SO [yipll) + (1 - y) (1 - p{D)], e=1,...C.
To increase the impact of y; on the choice of z;, we transform the likelihood of Y by a shifted sigmoid function:
Wi+ (1=y:) (1-p{")) ~0.5)

1 4 e+ (1-y)(1-p{1)~0.5)

where we set @ = 1 in our experiments. The complete log-likelihood of (X;,Y;, Z;) = (x4, ¥4, ¢) is

10;%i,yi,¢) = —log(1 + exp (BT x; + Beo)) + yi(BIxi + Beo) + log N (x| e, Ee) + log(me)

We then find the expectation of the complete data log-likelihood with respect to the posterior probability
distributions of Z;, i = 1,...,n:
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M step

In the M step, we solve the new parameter #**1) by maximizing Q(0|0)). For each latent label ¢, ¢ =
.,C, update the parameters as follows:

(tH = Z %Z X;, where n., = Z 'y(t)
DU+ = Z 3 (s — pHV) (x; — pHD)T
(t+1) _ ”c
71'C =
23—1 ny
(BT, BUHD) = argma Z 2 [~ log(1 + exp (B7%; + Be0)) + vi(BT%: + Be0)] — AR(Be) -
c,0 c 4=1

Note that the optimization of (B(t+1 , ét“)) is solved by fitting an elastic net model. Iterate E and M steps

until the objective function £(A) in Eq. 5 converges.

Initialization and Convergence Issues for EM

For a chosen C value, we apply Kmeans clustering algorithm on the feature matrix X to cluster the data
points. We use the cluster means, covariance matrices and cluster proportions as the initial values of the
parameters associated with GMM. To initialize the coefficients in the logistic regression models, we fit a model
by elastic net using data points in every cluster. We run EM algorithm on 300 starting points/initializations,
and we pick the seed that yields the best within-training classification accuracy according to AUC.



