1284

1285

1286

1287

1288

1289

1290

1291

1292

1293

1294

1295

1296

1297

1298

1299

1300

1301

1302

1303

1304

1305

1306

1307

1308

1309

1310

1311

1312

1313

1314

1315

1316

1317

1318

1319

1320

1321

1322

1323

A Additional Proofs

A.1 Sigma-Fields

Lemma A.1 (o-field induced by a set system).
Let ) be a set and € C P(QQ) some set system of Q). Then the set system

(&)= N F

F is o-field on ),
ECF

defines the smallest o-field on ) that holds &, called the o-field generated by &.
Proof. This is trivial. O]

Remark A.2. For the set system & C P(Q) of Q, & C o(€) holds. If the set system
E C P(Q) is a o-field on 2 already, o(€) = £ holds: All o-fields F on € considered in
the intersection satisty & C F. Therefore, £ C Nriso-field on 0, ecF F holds. If £ is a
o-field already, £ is one of these o-fields on €2 that satisfy £ C £. Therefore, in this case,
F is o-field on Q, ECF F C & also holds.

Remark A.3. If for two set systems &£;,& C P(2) of Q, & C & holds, (&) C o(&)
holds: All o-fields that hold &, also hold £;. Therefore, the intersection over all o-fields
that hold &; creates an equal or smaller set system compared to the intersection over all
o-fields that hold &,.

Lemma A.4 (o-field induced by a function).

Let X : Q — X be a function with o-field Fx on X. Then the set system o(X) :=
XY Fy) ={XHA) Cc Q| A € Fx} of Q defines a o-field on 2, called the o-field
generated by X.

Proof. (i) Q € o(X): By definition of a o-field on X', X € Fy holds. Thus, by definition
of 0(X), 2= X"1X) € o(X) holds.

(i) If B € o(X), BY € o(X), too: If B € o(X), by definition of o(X), there exists
an A € Fy, such that B = X 1(A) holds. By definition of a o-field, A® € Fy holds.
Thus, by definition of o(X), B¢ = (X 1(4))¢ = X1(A%) € ¢(X) holds.

(iii) If B, € o(X) for all n € N, UpenB, € o(X), too: If B, € o(X), by def-
inition of o(X), there exists an A, € Fly, such that B, = X '(A,) holds for all
n € N. By definition of a o-field, U,enA, € Fy holds. Thus, by definition of o(X),
UnenBn = Unen X 1H(A4,) = X H(UpenA4y) € o(X) holds. O

Lemma A.5 (o-field induced by a set system and a function).
Let X : Q — X be a function and € C P(X) some set system of X. Then X '(o(€)) =
a(X7YE)) holds.

Proof. (i) o(X71(€)) € X~ Y(o(€)): By remark A.3, X 1(&) € X (o(&)) implies
o(X7HE)) Cco(X(a(£))). By lemma A4 for Fy =0o(E), X 1(o(£)) is a o-field on Q.
Thus, by remark A.2, (X 1(&)) C o(X Yo (£))) = X1 (o(€)) holds.

(i) X 1(o(€)) C a(X7HE)): By definition of X~ !(c(£)), we need to show that for
all A € 0(€), X1 (A) € o(X71(E)) holds. We do so by using the principle of good sets:
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Let G:={AC X | X Y(A) € a(XHE))}. The goal is to show that o(£) C G holds.

(ii.1) € C G: If A € &, by definition of X () and remark A.2, X~!1(A) € X7 1(€) C
o(X~1(&)) holds. Thus, A € G holds.

(ii.2) G is a o-field on X"
(ii.2.i) X € G: By definition of a o-field on Q, X 1(X) = Q € o(X1(€)) holds. Thus, by
definition of G, X € G holds.

(ii.2.ii) If A € G, AY € G, too: If A € G, by definition of G, X 1(A) € o(X1(£))
holds. By definition of a o-field, X 1(A%) = (X71(A))¢ € (X (€)) holds. Thus, by
definition of G, A® € G holds.

(ii.2.iii) If A, € G for all n € N, Up,en4, € G, too: If A, € G, by definition of G,
X"YA,) € a(X71(E)) holds for all n € N. By definition of a o-field, X 1 (UpenA,) =
UnenX 1(A,) € o(X1(E)) holds. Thus, by definition of G, U,enA, € G holds.

Finally, as € C G and G is a o-field on X, by remark A.3 and A.2, ¢(£) C 0(G) = G
holds, which was the goal to show. O]

Remark A.6. If in lemma A.4, the generator of Fy is known, i.e., if Fx = o(Ey) holds,
using the notation from lemma A.5 with £ = €y, we obtain

0(X) = X" (Fx) = X (0(Ex)) = o(X " (Ex)),

i.e., the o-field generated by the function X equals the o-field generated by the pre-image
of the generator £y of the o-field Fy.

A.2 Independence of Two Random Variables

Lemma A.7 (Independence of two random variables, version 1).
X and Y are independent with respect to P iff

P(XeAYeB)=P(XeA) -PY e€B) (A.11)
holds for all A € Fx,B € Fy.

Proof. By definition of o(X) and o(Y') (cf. definition 2.1) and the definition of indepen-
dence of two families of events (cf. [8 ), 0(X) and o(Y) are independent iff

]
P(X(A)nY™(B)) =P(X~(4))-P(Y~'(B))
holds for all A € Fy, B € Fy.'9 Using that
XA NnY YB)
={weN| Xw) edA}n{weQ|Y(w)e B}
={we| Xw)eAY(w)e B}

holds and that {X € A,Y € B} is just a short form for the latter set, together with
analog arguments for {X € A} and {Y € B}, we obtain equation (A.11). O

9By definition of a random variable, X is F-Fx- and Y is F-Fy-measurable, i.e., for all A € Fy,
X"1(A) € F and for all B € Fy, Y1(B) € F holds. Therefore, the considered probabilities are well
defined (P is a function defined on F).
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Lemma A.8 (Independence of two random variables, version 2).
Assume that Fx = 0(Ex) and Fy = o(Ey) holds and that the set systems Ex and Ey, also
called generators, are N-stable’®. Then X and Y are independent with respect to P iff

PXeAYeB)=P(XeA) P eB) (A.12)
holds for all A € Ex, B € &y.

Proof. By definition 2.1, X and Y are independent iff o(X) and o(Y) are independent.
By definition of these o-fields (cf. definition 2.1), then X and Y are independent iff
X"Yo(Ex)) and Y1 (o(Ey)) are independent. By lemma A.5, X '(0(Ex)) = a(X 1 (Ex))
and Y1 (c(Ey)) = o(Y 1 (Ey)) holds. Therefore, X and Y are independent iff o(X ~*(Ex))
and o(Y ~1(&y)) are independent.

For the latter case, using that a probability measure P is uniquely determined by an
N-stable generator of the o-field it is defined on (cf. [23], lemma 1.42), it suffices to test
equation (A.11) on X '(Ey) and Y ~1(Ey), respectively, as these are intersection stable if
Ex and &y are. ]

Remark A.9 (N-stable generators are enough). If N-stable generators £y and &y of the
o-fields Fy and Fy, respectively, are known, the following lemmata A.10 and A.12 are
replaceable by a version where the o-fields Fx and Fy are replaced by their generators
Ex and &y, such as we did in lemma A.8 based on lemma A.7.

Lemma A.10 (Independence of two random variables, version 3).
X and'Y are independent with respect to P iff

PXeA) =P(XeA|Y eB) (A.13)
holds for all A € Fx and B € Fy for which P(Y € B) > 0 holds.

Proof. For A € Fy and B € Fy for which P(Y € B) > 0 holds, by definition of conditional
probabilities (cf. [8]), P(X € AY € B) =P(X € A|Y € B)-P(Y € B) holds.
Comparing equation (A.12) and (A.13) yields both implications, noting that for the case
P(Y € B) =0, equation (A.12) is trivially fulfilled (cf. remark A.11). O

Remark A.11. Conditional probabilities of the kind P(X € A | Y € B) are only well-
defined for B € Fy for which P(Y € B) > 0 holds. However, equation (A.11) is also
satisfied for B € Fy for which P(Y € B) = 0 holds, because due to rules of (probability)
measures, 0 < P(X € A)Y € B) <P(Y € B) = 0 and therefore, P(X € A,Y € B) =0
holds.

While the results of the previous lemmata are well-known observations, we need a slightly
different characterization of independence of random variables than usual to link it to
group fairness notions in ML.

Lemma A.12 (Independence of two random variables, version 4).
X and Y are independent with respect to P iff

PXeA|YeB)=PXeA|YehB) (A.14)

holds for all A € Fx and By, By € Fy for which P(Y € By),P(Y € By) > 0 holds.
20A set system & is called N-stable iff for any two sets A1, Ay € &, also Ay N Ay € € holds.
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Proof. If X and Y are independent with respect to P, equation (A.14) clearly holds for
all A € Fx and By, By € Fy for which P(Y € B;),P(Y € By) > 0 holds by lemma A.10.

Vice versa, if equation (A.14) holds for all A € Fy and By, By € Fy for which P(Y €
By),P(Y € By) > 0 holds, we prove that X and Y are independent with respect to P
using lemma A.10 as well. To do so, let A € Fy and B € Fy for which P(Y € B) > 0
holds.

Case 1: If P(Y € B) = 1 holds, by (1) rules of (probability) measures and (2) the
definition of conditional probabilities, we obtain

1) 1)
0<P(XeAdYeBY)<PYeB)21_PY eB)=0, and therefore,

PXeA)YP(XecAYeB) +P(XeAY e B
=0
@p(XeA|YeB) PY eB)
—_———

=1

=P(Xe€A|Y eB).

Case 2: If 0 < P(Y € B) < 1 holds, by definition of a o-field, B € Fy and by the
assumption of P(Y € B) < 1, P(Y € BY) > 0 holds. Then, the following conditional
probabilities are well-defined and we can use equation (A.14): By (1) rules of (probability)
measures, (2) the definition of conditional probabilities and (3) this equation (A.14), we
obtain

PXeA)YP(XecAYeB) +P(XeAY e B

UP(XcA|YeEB)-P(YeB) +P(XcA|YeB) PY e B
Z(P(y e B)+P(Y € BY))-P(X € A|Y € B)

YUpxed|Yen). O

B Additional Experimental Results and Analysis

In this section, we present further detailed findings regarding the comparison of all the
methods introduced in subsection 4.1.2.

Increasing fairness: In figure B.1, we see the extension of figure 5 for the missing trained
ensemble classifiers.

We see that for all fairness-enhancing methods and all leakage sizes, the fairness-enhancing
methods on average increase fairness while on average decreasing accuracy by the same or
even a smaller amount compared to their corresponding baseline methods. For d = 5, all
fairness-enhancing methods allow a large range of fairness improvement at cost of a small
range of accuracy, which is only due to the relatively poor accuracy of the leakage detection
in this scenario in general. Also for d = 15 and the TFPR- and the ACC-methods with
log-barrier function, the range of fairness is larger than the range of accuracy. However, a
perfect fairness score of disparate impact being equal to one can not be achieved by these
methods. Such result usually comes along with a low accuracy and would increase the
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Figure B.1: Accuracy and disparate impact score per method and leakage diameter in
the Hanoi-WDS as well as for different hyperparameters ¢ or .

accuracy range, as we will see later. For the other scenarios, the ranges of fairness and
accuracy are mostly similarly large. Thus, overall, one can say that fairness and overall
performance are mutually dependent to about the same extent.

In figure B.2, we see the extension of figure 6 for the missing trained ensemble classifiers.
The results do not differ significantly compared to figure 6.

The coherence of fairness and overall performance: In figure B.3, we see the extension of
figure 7 for the missing trained ensemble classifier.

Based on our discussions in subsection 3.4, we investigate into the different methods also
within the chosen subcategories:

For the TFPR-methods, the methods using the log-barrier yield better results in the
sense that their pareto fronts lie above the one using the max-penalty. However, the
max-penalty method allows the most fine-grained score combinations, followed by the
non-differentiable log-barrier method. As the latter nevertheless allows a disparate impact
score larger than 0.8 with a better or similar accuracy score compared to the other TFPR-
methods, the TFPR+COV-ndb-log-method is the best performing method among all
TFPR-methods.

For the ACC-methods, we observe similar results except that for d = 10, the ACC+COV-
ndb-log-method even allows the most fine-grained score combinations.

For the COV-methods, the log-barrier method also performs better than the max-penalty
method in terms of the position of the pareto-front, but also exhibits some score combi-
nations apart from the pareto-front due to non-convexity of the OP. The non-convexity
problem mostly appears for d = 5. Nevertheless, as both methods allow fine-grained
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Figure B.2: TPR per method, group and leakage diameter in the Hanoi-WDS as well as
for different hyperparameters ¢ or \.

score combinations, the COV+ACC-ndb-log-method outperforms the COV+ACC-ndb-
max-method.

In contrast, for the DI-methods, both log-barrier and max-penalty method provide sim-
ilarily good pareto-fronts. However, as the max-penalty method allows a little less score
combinations apart from the pareto-front and a little more fine-grained score combina-
tions, the DI+ ACC-ndb-max-method outperforms the DI4+ACC-ndb-log-method.

Also overall, the DI+ACC-ndb-max-method provides the best results: The pareto-front
has one of the best shapes (coming closest to the optimal score combination of (DI, ACC) =
(1,1)) and is finest-grained while having only a few combinations apart from its curve.
By that, although for all other subcategories, the log-barrier delivers better results, the
best method uses the max-penalty, yielding no clear winner of both of them (cf. paragraph
“Algorithmic choices” in subsection 4.1.2). Nevertheless, a large advantage of the max-
penalty is the easy choice of the hyperparameter p: While in this case, p can be any
large number (for us, u = 100 works), for the log-barrier, the choice of y requires more
finetuning (cf. table 4).

In contrast, rather more obvious is the result that the non-differentiable methods tend
to cause better results compared to the differentiable methods, yielding that the error
we make when approximating the ensemble classifier is not compensated by the power of
the differentiable optimization algorithm (cf. paragraph “Algorithmic choices” in subsec-
tion 4.1.2). Another advantage of the non-differentiable methods are that there are less
hyperparameters to choose from (cf. table 4).

Overall, the result that the DI4+ACC-ndb-max-method provides the best results aligns
well with the fact that for this method, the choice of hyperparameters is easiest: While the
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Figure B.3: Coherence of accuracy and disparate impact score for the different fairness-
enhancing methods and different leakage sizes in the Hanoi-WDS, based on different
hyperparameters ¢ or A. The cross data points visualize the accuracy and disparate
impact score of the corresponding baselines methods (cf. paragraph “Explicit Methods”

in subsection 4.1.2 or table 4).
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