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ABSTRACT 
We examine the influence of nonrandom  mating  and  immigration  on  the  evolutionary  dynamics 

of cytonuclear  associations in hybrid  zones.  Recursion  equations  for  allelic  and  genotypic  cytonuclear 
disequilibria  were  generated  under  models of (1) migration  alone,  assuming  hybrid  zone  matings are 
random with respect  to  cytonuclear  genotype;  and (2) migration in conjunction with refined  epistatic 
mating, in  which  females  of the pure parental species  preferentially  mate  with  conspecific  males. 
Major  results are as  follows: (a) even the  slightest  migration  removes the dependency of the final 
outcome on initial  conditions,  producing a unique  equilibrium in which both  pure  parental  genotypes 
are maintained in the  hybrid  zone; (b) in contrast  to  nuclear  genes,  the dynamics  of  cytoplasmic  allele 
frequencies  appear  robust  to  changes in the  assumed  mating  system, yet are particularly  sensitive  to 
gene  flow; (c) continued  immigration can generate  permanent  cytonuclear  disequilibria,  whether 
mating is random or assortative;  and (d) the order of population  censusing  (before  versus after 
reproduction by immigrants) can have a dramatic  effect on the  magnitude  but  not the pattern of 
cytonuclear  disequilibria.  Using the maximum  likelihood method,  the  parameter space  of migration 
rates  and  assortative  mating  rates was examined  for  best fit to  observed  cytonuclear  disequilibria  data 
in a hybrid  population of  Hyla tree frogs. An epistatic  mating  model  with a total  immigration rate of 
about 32% per  generation  produces  equilibrium  gene  frequencies  and  cytonuclear  disequilibria 
consistent  with the empirical  observations. 

N ONRANDOM associations between  a  diploid 
nuclear  gene,  and a  haploid,  uniparentally 

transmitted cytoplasmic gene are sometimes  observed 
in natural  populations. For example, alleles at each of 
five, unlinked  nuclear loci exhibit strong associations 
with mitochondrial  (mt) DNA haplotypes in a  hybrid 
population  of Hyla tree  frogs (LAMB and AVISE 1986). 
T o  summarize  such  “cytonuclear  disequilibria” statis- 
tically, we recently introduced  four  interrelated com- 
ponents  of  cytonuclear association: a  gametic disequi- 
librium ( D ) ,  which describes associations between nu- 
clear and cytoplasmic alleles; and  three genotypic 
disequilibria (Dl, D2 and Ds), which describe associa- 
tions  between  two cytotypes and  the  three genotypes 
at a diallelic nuclear locus (ASMUSSEN, ARNOLD and 
AVISE 1987).  Here we continue  development of a 
general  theory  for  the  evolutionary dynamics of these 
cytonuclear  disequilibria, with reference  to  the hybrid 
Hyla population in particular. 

Under several models in which mating  propensities 
of individuals in a  hybrid  zone (closed to outside 
recruitment)  are  determined solely by genotypes at a 
nuclear locus with or without  dominance  effects, we 
have shown that all cytonuclear  disequilibria ulti- 
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mately decay to  zero  at  rates  that  are generally in- 
versely related to  the  degree of  assortative  mating 
(ASMUSSEN, ARNOLD and AVISE 1987).  Permanent 
nonzero cytonuclear  disequilibria  can  be  maintained 
when  female  mating  preference is dictated by an 
epistatic interaction  between  a single nuclear locus 
and a cytoplasmic gene (ARNOLD, ASMUSSEN and Av- 
ISE 1988),  but such  cytonuclear  disequilibria involve 
specifically the nuclear  gene which exerts  mating in- 
fluence, and  do  not  extend  to  other unlinked  nuclear 
loci. When  mating  propensity involves an epistatic 
interaction  between  cytotype  and  the multilocus nu- 
clear  genotype  characteristic  of  the  “pure”  parental 
species (refined  epistatic  mating), all cytonuclear dis- 
equilibria  again decay to zero, as do the  frequencies 
of both  pure  parentals (ARNOLD, ASMUSSEN and AVISE 
1988). Thus, of the models considered  to  date,  none 
predicts  a  continued  maintenance  of the  pattern of 
disequilibria  between  cytotype and several  nuclear 
genes that has been  observed in the Hyla population. 
The results suggest moreover  that  other  factors in 
addition to  the mating system are probably involved. 

Here we extend  the  refined epistatic  mating system 
model to  include  the effects of migration on cytonu- 
clear  disequilibria. Three major  questions will be  ad- 
dressed:  (a)  can  continued  migration  of pure parentals 
into a  hybrid  zone generate  permanent  nonzero cy- 
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TABLE 1 

Frequencies of cytonuclear  genotypes 

Nuclear  genotype 

Cytotype AA  Aa  aa 

M u1 V l  WI x 
m uz UP W2 Y 

Total U U W 1 .o 

tonuclear disequilibria, with or without assortative 
mating?  (b) how does the  order of population census- 
ing,  before or after  reproduction by immigrants, in- 
fluence  the  magnitude and  pattern of disequilibria? 
and (c) what  level of immigration (if any) would be 
sufficient to  generate  the  cytonuclear disequilibria 
observed in the Hyla population? A secondary issue is 
the role of migration in maintaining pure parentals in 
a hybrid zone. 

THE CYTONUCLEAR SYSTEM 

As in our earlier  treatments (ASMUSSEN,  ARNOLD 
and AVISE 1987; ARNOLD, ASMUSSEN and AVISE 
1988), we consider  a diploid population with two 
alleles ( A ,  a)  at  an autosomal  nuclear locus, and two 
alleles ( M ,  m )  at a haploid cytoplasmic locus. The 
frequencies of the six  possible cytonuclear  genotypes 
are specified in Table 1 together with the marginal 
genotypic frequencies at  the individual loci. 

The statistical association between gene  frequencies 
at the two loci is measured by the allelic  disequilibrium, 

D = freq. ( A I M )  - freq. ( A )  freq. ( M )  ( 1 )  
= u1 + % V I -  p x ,  

where  “freq.”  denotes  “frequency  of,”  and 

p = u + 1/2v (2) 

is the  gene  frequency of allele A at  the nuclear locus. 
The statistical associations between the nuclear and 

cytoplasmic genotypic frequencies are similarly meas- 
ured by the  three genotypic disequilibria, 

Dl = freq. (AAIM) - freq. (AA) freq. ( M )  

= u1 - ux 

D2 = freq. ( A a / M )  - freq. (Aa)  freq. ( M )  (3) 
= V I  - vx 

D3 = freq. ( a a / M )  - freq. (aa) freq. ( M )  

= W ]  - wx. 

We are interested in the dynamic and equilibrium 
properties of cytonuclear systems within a zone of 
hybridization between two genetically distinct taxa, 
denoted as species 1 and species 2. Species 1 (e.g., Hyla 
cinerea) is assumed to be  characterized by the AA/M 

cytonuclear  genotype, while species 2 (e.g.,  Hyla  gra- 
tiosa) is characterized by aa/m. Following our previous 
hybrid zone study (ARNOLD, ASMUSSEN and AVISE 
1988), we distinguish between the two types of indi- 
viduals having the two-locus genotype  characteristic 
of one of the  pure parental species. The  group of AA/ 
M individuals is, for  instance,  decomposed into  pure 
species 1 ,  (AAIM),, with frequency ulr, and hybrids, 

with frequency U l h .  The aa/m group is sim- 
ilarly decomposed  into (aalm) ,  and (aa/m)h, with fre- 
quencies wp, and W2h,  respectively. There  are thus 
eight types in the population, with the  upper left and 
lower right cells  of Table 1 partitioned so that 

U I  = U l s  + U l h  and W 2  = Wp,  i- w2h. (4) 

The distinction between AA/M and aa/m individuals 
of pure species and hybrid  ancestry is important be- 
cause after  the first generation in the  hybrid zone 
some of these individuals represent  offspring  from 
matings involving Fl’s or later  generation  hybrids, 
and  thus  are themselves hybrids. This partition can 
be  made empirically by assaying individuals’ joint gen- 
otypes at multiple diagnostic nuclear loci, as shown by 
LAMB and AVISE’S (1986) study of Hyla tree frogs. 

MIGRATION  MODELS 

It is assumed that in each  generation  a  fixed  fraction 
ml of the hybrid  population consists of migrants  from 
population 1 (species 1) and  that a fixed fraction m2 
are migrants  from  population 2 (species 2), with the 
remaining  fraction, 1 - ml - m2, derived  from existing 
residents of the hybrid zone. The cytonuclear  fre- 
quencies and disequilibria within the combined mi- 
grant pool are assumed to be  constant  over  time, and 
are  denoted by GIs,  GpS, UI, G z , ~ ,  X, E, etc. 

These  migrant values are readily computed given 
the composition of the two sources. For  example, 
denoting  the cytoplasmic gene  frequency in popula- 
tion 1 by x1 and  that in population 2 by x2, the overall 
cytoplasmic frequency in the migrant pool is simply 
the weighted average, X = (mlxl + m2x2)/(ml + m2). 
The other cytonuclear and marginal  nuclear  frequen- 
cies are  computed similarly. The cytonuclear disequi- 
libria among  the  migrants  are  then  obtained  from 
their  definitions in (1)-(3) (e.g., = UI + 1/2% - 
and Dl = Ul - UX). Note  that unlike the frequency 
variables, the  joint disequilibrium measures are not 
simply the weighted averages of the  corresponding 
values  in the two sources. 

For the case of interest  where  population 1 consists 
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CENSUS BEFORE  MATING 

CENSUS AFTER MATING 

FIGURE 1.-Alternate  censusing  times  within the life cycle of  a 
population receiving immigrants. 

entirely of (AAIM), individuals and population 2 is 
exclusively (aalm),,  

- 
til, = i i l  = p = X = m l / m  

where 

m = m l + m 2  (6) 

is the total  frequency of migrants  each  generation, 
and q = 1 - p is the  gene  frequency of nuclear allele 

We are interested in the consequences of (i) migra- 
tion  alone, assuming hybrid zone matings are random 
with respect to cytonuclear  genotype; and (ii) migra- 
tion in conjunction with our refined epistatic mating 
model (ARNOLD, ASMUSSEN and AVISE 1988) in  which 
pure parental females preferentially  mate with con- 
specific males. In  the  latter case, (AAIM), and (aalm) ,  
females preferentially  mate with like males  with prob- 
ability a and P, respectively, and otherwise  mate at 
random with the  eight types in the hybrid  population. 
All  six hybrid females mate at  random.  In effect the 
refined epistatic mating model assumes that female 
mating  propensities are determined by an  interaction 
between  a cytoplasmic gene  and  the multilocus nuclear 
genotype that distinquishes pure species from hybrids. 
However, the model monitors the frequencies and 
disequilibria involving only one of the diagnostic nu- 
clear loci. 

Common assumptions of both  mating systems are 
that  there  are  no viability or fertility differences 
among  the  cytonuclear  genotypes, the cytoplasmic 
gene is maternally inherited,  the  hybrid  population is 
large so that  the effects of drift  can  be  ignored,  and 
the population has discrete,  nonoverlapping  genera- 
tions. For each case two variations are considered, 
corresponding to  the two possible censusing times 
relative to mating and migration  (Figure 1). The first 

a. 

census scheme,  developed below, involves censusing 
after migration and  before mating, while the  alterna- 
tive scheme,  developed in APPENDIX B, involves cen- 
susing after  reproduction  and  before  migration. Be- 
cause the refined epistatic mating  model  contains  ran- 
dom  mating as a  nested  model  corresponding to a = 
P = 0, the recursions are given only for  the  more 
general, assortative mating systems. 

As a final caveat, it should  be emphasized that 
although we are primarily interested in the conse- 
quences of continued  migration of two genetically 
distinct species into a  hybrid  zone,  for which the 
migrant values are as in (5 ) ,  the models below and 
their  major conclusions apply more generally to  the 
dynamics within any population which receives a  con- 
stant  fraction ( m )  of immigrants  from  a  large  source 
population having a  fixed but  arbitrary  genetic com- 
position. 

Method l-censusing after  migration  and before 
mating: Under this census method  the  frequencies in 
Table 1 and Equation 4 represent  the values in the 
hybrid zone after all migrants  have entered  and  before 
mating has occurred. Since the model contains no 
selection, censused individuals and migrants may be 
either  juveniles or adults. A generation cycle begins 
with mating among all individuals in the hybrid  zone, 
after which there is an influx of  new migrants  from 
the two parental species according to  the migration 
scheme described  above. This sequence of events com- 
pletes the  generation cycle (Figure 1). 

The cytonuclear  frequencies at  the  next census are 
then simply the weighted average of the overall fre- 
quencies  among the new migrants, and  the  frequen- 
cies among  the  offspring  from  the  (refined epistatic) 
matings in the hybrid zone (ARNOLD, ASMUSSEN and 
AVISE 1988). The recursions for  the hybrid  zone 
frequencies of the two pure species are thus 

ul,’ = mG1, + (1 - m)uls [a  + (1 - a)ul,] (3a) 

and 

w2,’ = mG2, + (1 - m)w2,[P + (1 - P)wz,], (7b) 

while those for  the six composite cytonuclear  geno- 
types are 

u1’ = mul + (1 - m)(p’x + $0 + aul,q) 

V I ’  = m 6  + (1 - m)[2pqx + ( q  - p ) D  - aul,q] 

W I ’  = mGl + (1 - m)(q2x - q D )  (8) 

up’ = miis + (1 - m)(p2y - PO) 
VP’ = mG + (1 - m)[2pqy - ( q  - p ) D  - Pw2,p] 

WP’ = mG2 + (1 - m)(q2y + qD + Pw@) 

where (’) denotes  the values at  the  next census. [Note 
that  the epistatic mating  components in (8) have been 
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rewritten  to show their exclusive dependence  on  the 
frequencies of the two pure parental species (uls, wp,), 
the  gene frequencies at  the two loci ( p ,  q ;  x, y ) ,  the 
allelic disequilibrium between the loci (D), and  the 
assortative mating  rates (a, P) in the hybrid zone.] 

Using ( 8 )  the  recursions  for the marginal single 
locus genotypic and  gene  frequencies are readily 
found  to be 

u’ = mu + ( I  - m)(p2 + auIsq )  

v‘ = m i  + ( 1 - m)(2pq - aulsq - pwn5p) 

w’ = mG + ( I  - m)(q2 + PWQ) ( 9 )  

p’ = m j  + (1  - m)[p  + %((YUlsq - ~ w z ~ p ) ]  

x’ = mx + (1 - m)x. 

The new cytonuclear associations can now be com- 
puted  directly, using (8)-(9) plus the disequilibrium 
definitions in (1)-(3). The resulting disequilibrium 
recursions are 

D’ = mD + (1 - m)(D + au15yq + @wnsxp)/2 

+ m(1 - m ) [ p  + ‘/2(aulsq - PwZsp) - j ]  
. (x - X) 

~ 1 ’  = mD1 + (1  - m)@D + au15yq) 

+ m( 1 - m)(p2 + aulsq - ~ ) ( x  - 2) 

Dz’ = rn& + ( 1  - m)[(q  -p)D - au15yq 

+ PWZJPI 

+ m(l  - m)(2pq - (Yulsq - PwZsp - 3) 

* (x - X) 
D3’ = mD3 - ( 1  - m)(qD + p w 2 ~ p )  

+ m( 1 - m)(q2 + @wasp - W ) ( X  - x). 
Each of these four transformations has three terms. 
The first two represent  the weighted average of the 
disequilibrium in the migrants and  the disequilibrium 
in the hybrid zone following mating. The third  term 
is the covariance, across these two sources, between 
the cytoplasmic frequency and  the relevant  nuclear 
frequency. 

An analysis of the combined  recursions in (7)-( 10) 
reveals several important  equilibrium results that ap- 
ply to both  randomly  mating and assortatively mating 
populations. First, in dramatic  contrast to  the assor- 
tative mating models in ARNOLD, ASMUSSEN and AVISE 
1988, even the slightest migration removes the dependency 
of the f inal outcome on  initial conditions and  produces 
one and only one equilibrium, which is uniquely deter- 
mined by the  migrant composition, the total  migration 
rate ( m ) ,  and  the assortative mating  parameters (a and 
P). A second observation is that  continued immigra- 
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tion by pure parentals  maintains  both species’ geno- 
types in the hybrid  zone, and, in particular, both 
parental  frequencies monotonically approach positive 
equilibrium  values  that  are always less than those in the 
joint  migrant pool (provided 0 < t i l s ,  W2,  < 1 ,  0 < m < 
1, and 0 d a, P < 1 ) .  The derivation of these results 
and  the explicit equilibrium  frequencies, t i l ,  and &z5, 
are  presented in APPENDIX A. 

A third general  observation is that the cytoplasmic 
frequency is the only variable  with the same time-dependent 
trajectory for  both mating systems. In each case, its pre- 
cise value in any generation t = 0, 1, 2 ,  . . . is given 
by 

x( = 2 + (x0 - X)(l - m)’+ X as t + 03. (11) 

The cytoplasmic frequency in the hybrid zone thus 
monotonically approaches the overall frequency 
among  the  migrants, at a  constant  geometric rate of 
1 - m per  generation,  whether matings are  random 
or assortative. The hybrid zone has a  constant cyto- 
plasmic composition only  if it is initially identical to 
the migrant pool (i.e., x0 = X). It should  be  noted that 
this is the first cytonuclear model we have considered 
to  date (ASMUSSEN, ARNOLD and AVISE 1987; AR- 
NOLD, ASMUSSEN and AVISE 1988)  in  which the cyto- 
plasmic composition can change  through time. 

The nuclear  gene  frequency has the  corresponding 
polymorphic equilibrium value 

in the hybrid zone. In the case of random mating (a 
= P = 0) this is simply the overall nuclear  gene 
frequency in the migrant pool (p ) .  In  contrast to  the 
cytoplasmic gene  frequency the equilibrium  nuclear 
gene  frequency in ( 1 2 )  depends, in general, on  the 
levels of assortative mating (i.e., a and 8) in the hybrid 
population. This result parallels our earlier  finding 
(ARNOLD, ASMUSSEN and AVISE 1988) that  the epi- 
static mating systems can cause nuclear  (but  not cyto- 
plasmic) gene  frequency  changes in an isolated hybrid 
zone. 

Turning  to  the  four cytonuclear disequilibria, we 
find upon  substituting the equilibrium  frequencies 
from (A2),  (A3), (1 l), and ( 1  2) into  the  recursions in 
(1 0) that  at  equilibrium, the allelic association is 

= 2mD + ( 1  - m)(aG15ji + ~ ~ 2 2 6 )  

l + m  9 (13) 

while the  three genotypic disequilibria are 

il =mD1 + ( I  - r n ) ( ~ i + a G l s ~ ~ ]  

i2=rnD2+(1 - r n ) [ ( ~ - p ^ ) D - a ~ ~ ~ ~ ~ + ~ t 2 ~ ~ ~ 1  (14) 

6, = mE3 - (1 - m>(@ + / ~ G Z & ) .  

The equilibrium values for  the  cytonuclear and mar- 
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ginal single locus genotypic frequencies  can similarly 
be  obtained  from  the  remaining  recursions in (8)-(9). 
A  standard stability analysis confirms that this unique 
joint equilibrium is in fact locally stable  whenever 
0 < t i l s ,  Gps < 1 ,  0 < m < 1 ,  and 0 5 a,  /3 < 1 .  We 
conjecture  that this equilibrium may be globally stable 
as well, since i) the time-dependent values of ul,, wp5, 
x, p ,  and D determine those of  all other variables; (ii) 
uls, wp,, and x monotonically approach  their equilib- 
rium values; and (iii) once uls, wp,, and x are sufficiently 
close to equilibrium, the recursion  for p in (9) becomes 
(approximately)  a one-dimensional monotonic  trans- 
formation, as does the recursion  for D in ( 1  0) once p 
also becomes sufficiently close to its equilibrium. 

A fourth  and final general conclusion is immediately 
evident  from the formulas in ( 1  3)-( 14): continued im- 
migration of either pure  parental species can  produce 
permanent cytonuclear disequilibrium  in the hybrid  zone, 
whether mating there is random or assortative. Moreover, 
whenever the migrants consist solely of  the two ge- 
netically distinct parental species, the  equilibrium al- 
lelic association in the hybrid zone (6) is  always  less 
than  the  fixed allelic disequilibrium in the migrants 
( E  = Xj > 0). This point follows from  the  migrant 
values in ( 5 )  and  the previously established equilib- 
rium  relations, t i l ,  < t i l ,  (= X) and &p, < 5 2 ,  (= j ) ,  
which  show that ati& + /3&,Xi < Xj($ + i) = D. 
Substitution of this inequality into  the  numerator of 
( 1 3 )  immediately yields the relation, 6 < D. Unlike 
the previous  results, this property fails as a  general 
principle when the migrant pool has an  arbitrary 
genetic composition. 

Further equilibrium  properties hold whenever & 
< 0 < D ,  Dl in the  migrant  pool, as is true from ( 5 )  
when the migrants  come  from the two genetically 
distinct parental species. For  instance,  these three 
cytonuclear disequilibria will then  have the same  equi- 
librium sign pattern  under  both mating systems: 
6 3  < 0 < D ,  i1. It is evident  from ( 1  3 ) ,  however,  that 
whenever  migrants  have positive allelic disequili- 
brium,  a  hybrid zone with assortative mating (a > 0 
and/or P > 0) will achieve a  higher allelic association 
at equilibrium (i.e.,  a greater I d I ) than  one whose 
residents  mate at  random. The sign  of 6 2  with assor- 
tative  mating, and  the relative magnitudes of the 
genotypic disequilibria under  random  and assortative 
mating  depend  on  the values of a, p, m, p’, X, t i l r ,  and 

Special case of method  l-random  mating popu- 
lations: Additional details can be  deduced when mat- 
ing is random within the hybrid zone. In  particular, it 
is possible  in this case to  derive  and fully analyze 
explicit time-dependent solutions for all the cytonu- 
clear variables, with the exception of the frequencies 
of the two pure  parental species. (The qualitative 
dynamics of the  latter  are, nonetheless,  already known 

“ 

G2s. 

from  the analysis of the  general  model above.) 
Inspection of the  fourth ( p )  recursion in Equation 

9 shows, for  instance, that  the nuclear  gene  frequency 
in the hybrid  zone monotonically approaches the over- 
all nuclear  frequency  among the migrants at a  con- 
stant  geometric rate of 1 - m per  generation, with its 
value in any  generation t = 0, 1 ,  2 ,  . . . given by 

p ,  = p’ + (PO - p’)(l - m ) ‘ +  p’ as t + 00. ( 1 5 )  

Note that this trajectory is completely analogous to 
that  for  the cytoplasmic frequency given in ( 1   1 ) .  

For the special case where the hybrid zone is ini- 
tialized with just  pure species 1 and 2 individuals in 
the frequencies m l / m  and mz/m, and  the subsequent 
immigrants have this same constant  composition, the 
population dynamics are particularly simple and in- 
formative. In  particular,  these  conditions imply from 
( 1  1) and ( 1 5 )  that  the - gene  frequencies are constant 
at both loci, with p ,  = p and xf = X for t = 0, 1 ,  2 ,  . . . . 
These facts plus ( 5 )  and  the initial condition Do = D, 
in turn show from (10) that  the cytonuclear associa- 
tions are given in any generation t = 1 ,  2 ,  . . ., by 

= + 2 ( l  - ” 9 ,  
1 + m  

where 

6 = 2mD/(1 + m).  (1 7 )  

These solutions are relevant to  other  more  general 
situations  as well. For  example,  the  trajectories in ( 1  6 )  
are good  approximations to  the dynamics whenever 
migrants  come only from  the two genetically distinct 
parental species, whatever the initial makeup  of  the 
hybrid zone. The equilibrium  genotypic associations 
in (16)-(   17) also exactly specify those in the  more 
general case. The formula in (1 7 )  for  the equilibrium 
association holds in general,  for all initial conditions 
and  migrant compositions and can be used as a  rule 
of thumb  to provide  a rough estimate of immigration 
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FIGURE 2.-Graph of the  relationship in (17) showing the  equi- 

librium allelic association as a function of total  migration  rate (m) 
into a random  mating  population censused prior  to  mating. The  
observed allelic association is shown for the Hyla Albumin locus 
(Table  3). The  migrant allelic disequilibrium  can be  estimated  from 
(5)  and  the  observed cytoplasmic frequency to be 6 = G j  = (0.53) 
(0.47) = 0.25.  These in (17) yield a rough  estimate of m = 0.47  for 
the totdl migration from  the  parental species. The  actual best fit of 
the model to the  complete  cytonuclear  data (left branch,  middle 
tier of Figure 4) yields an  estimate of m = 0.45. 

rate  from  the  observed allelic disequilibrium (Figure 
2), provided D can be  estimated in the immigrant 
pool. This  approach, of course,  should  not  be used 
for  a final estimate since it assumes random mating 
and does  not  take all the  data  into  account.  It  could, 
however,  provide  a  starting  point  for the computation 
of maximum likelihood estimates. 

Several important  points  are evident  from the dis- 
equilibrium  trajectories in (1 6). First, all four disequi- 
libria monotonically decrease in magnitude through 
time,  approaching  their  equilibrium values at a con- 
stant  geometric rate of (1 - m ) / 2  per  generation. 
Continued  migration serves to accelerate the ap- 
proach  to  equilibrium in this case, relative to  that  for 
isolated, randomly  mating  populations (ASMUSSEN, 
ARNOLD and AVISE 1987). The one exception to  the 
behavior just described is I D i t )  I , which decreases for 
t 2 1 after increasing from  an initial value of 0 to  (1 
- m) I 4 - j I B in generation  1. 

A second observation is that  under  the migrant and 
initial composition in (5 ) ,  the disequilibrium values in 
every generation t are  determined entirely by the 
migration  rates of the two parental species. Third,  the 
formulas in (16)-( 17) show that  under  random mat- 
ing,  either all four disequilibria will reach  nonzero 
equilibrium values or all but 6 2  will be  nonzero. 
Moreover, ip additio? t? the  general sign patterns 
above (ie., D3 < 0 < D ,   D l ) ,  we see here  that since 4 

- ~ = ( m ~ - m l ) / m , 6 ~ > O i f r n l < m ~ , S ~ < O i f m , >  
me, and 0 2  = 0 if ml = me. The sign of 6 2  is thus  a 
direct reflection of asymmetry in the migration  rates 
of the two parental species into randomly  mating 
hybrid zones (provided  these  represent the  entire 
migrant pool). 

A final observation is that  the  ratio of the equilib- 
rium allelic association in the hybrid zone to  the fixed 
allelic disequilibrium among  the  migrants, 6 / D  = 2m/ 
(1 + m ) ,  is an increasing function of the total  migration 
rate, m, increasing from 0 if there is no migration ( m  
= 0 )  to 1 in the limiting case of complete  migration 
(m = 1)  (Figure 2). 

Upon  substitution of the  gene  frequency and allelic 
disequilibrium solutions in (1  1) and  (1 5)-( 17)  into  the 
righthand sides of the recursions in (8), the  corre- 
sponding  trajectories (with a = p = 0) for  the  frequen- 
cies  of the six cytonuclear  genotypes are also readily 
obtained, with 

ul( ' )=mi i l  + ( I  - m ) j 2 2 + ( 1   - m ) j D t - l  

V I ( ' )  = mGl + 2( 1 - m ) j @  + ( 1  - m)(Q - p)D,-1 

w l@)  = mGl + (1 - m)Q'2 - (1 - m)cjDt-l 

u$) = mii2 + (1 - m ) j e j  - (1 - m)jDt-l 

ne(') = mGe + 2( 1 - rn)jqj - (1 - m)(q - j ) ~ , - ,  
w$) = mGn + ( 1 - m)q2j + ( 1 - m)qD,-l 

(18) 

for all t = 1, 2, . . . . 
These solutions reveal several final features of the 

special random  mating  situation.  First, the two locus 
genotypes associated with the two parental species 
(AA/M and aa /m)  will decrease in the hybrid zone to 
positive equilibrium levels, while the  other two types 
of nuclear homozygotes (AA/m and a a / M )  steadily 
increase. Second, the transient  frequencies of the two 
heterozygote  genotypes, Aa/M and Aa/m,  depend  on 
the relative magnitudes of the  pure  parental migration 
rates. If species 1 predominates (ie., ml > me), heter- 
ozygotes with the cytotype of species 1 ( A a / M )  steadily 
increase, while those with the cytotype of species 2 
(Aa lm)  decrease. The situation is reversed when me > 
ml. 

In  contrast,  both  heterozygotes  reach  equilibrium 
frequencies in a single generation if the two parental 
species have equal  migration  rates. A steady increase 
or decrease in the frequencies of the two heterozygous 
genotypes is thus  another indication of asymmetric 
migration  rates by the two pure species when hybrid 
zone matings are  random with respect to cytonuclear 
genotype, assuming the hybrid zone begins with only 
the two parental species in the same frequencies as in 
the subsequent  migrant pool. 

Effect of census  timing: Under  the alternative cen- 
sus method,  the hybrid zone is censused following 
mating and  reproduction  and  before  migration (Fig- 
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ure 1). Although  this  results in a  different  model,  a 
detailed analysis (see APPENDIX B) shows that  the cy- 
tonuclear variables have the same basic qualitative 
behavior as when censusing is before  reproduction. 
The gene  frequency at  the cytoplasmic locus has the 
same  recursion under  both census schemes, as well as 
under  both  random  and assortative  mating. The cy- 
toplasmic frequency in each case monotonically  ap- 
proaches  the overall  frequency in the  migrants, with 
the exact value in any  generation t given by (1  1).  The 
dynamics of cytoplasmic allele  frequencies thus appear 
robust to changes in the assumed mating system and 
particularly sensitive to the pattern of genejlow. 

The census schemes differ in the precise values 
taken by all the  other variables through  time,  being 
out of  phase due  to  the  different  sequence of  mating 
and migration within the  contrasting census intervals. 
This phase shift is reflected by a simple relationship 
between the two sets of  equilibrium values, which can 
be specified formally via the following notation.  For 
each  cytonuclear  variable z, denote its overall value in 
the  migrant pool by i ,  and its equilibrium values under 
census methods 1 and 2 by i1 and i2, respectively. As 
shown in APPENDIX c, the two  equilibrium values then 
satisfy 

il = m i  + (1  - m)&. (19) 

In  other words, the equilibrium values for censusing 
after migration (census scheme 1)  are each a weighted 
average of the  migrant value and  the equilibrium for 
censusing after  mating (census scheme 2). The equi- 
libria for  the first census method  thus  equal  the (unob- 
served)  equilibrium values midway through  the census 
interval under census method 2. The cytoplasmic 
frequency, x, of course satisfies the much stronger 
condition, SI = S 2  = 2. 

A number of important points follow from  the 
equilibrium  relations  in (19). First, the two  equilib- 
rium values for a given cytonuclear  variable are  either 
both  higher  than,  both lower than,  or  both equal to 
that variable’s overall value in the  migrant pool.  More 
specifically, (19) shows that  for a given variable 2 ,  

either i2 < il < i ,  i < il < i2, or il = i, = i. These 
comparisons of course  assume  both census methods 
are carried out  under identical  migrant  compositions, 
migration  rates, and  mating systems. 

Since we have  already  shown  that  the  equilibrium 
hybrid  zone  frequencies  of the two  parental species 
are less under each census scheme than those in the 
migrant  pool (APPENDIX A), it follows that  the first 
method, with censusing after migration and  before 
mating, always maintains  a  higher  frequency  of the 
two  parental species than  does  the second method, 
where censusing is done  after  mating  and  before 
migration.  [These  results can also be  verified  directly 
from  the  corresponding  equilibrium  formulas in (A2), 
(A3) and (B7).] The same  reasoning shows that  the 
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FIGURE 3.-Equilibrium allelic association (h) in a randomly 

mating population as a  function of the proportion of immigrants 
(m). The relation is graphed  for  two censusing schemes,  before  and 
after  mating, assuming i = 0.5 and = i j  = 0.25. 

first census method also always generates  a  larger 
allelic disequilibrium  in  hybrid zones whose immi- 
grants consist only of the two  genetically  distinct pa- 
rental species. (In  general,  the D order can be  reversed 
in assortatively mating  hybrid zones if the migrant 
allelic disequilibrium is low.) 

In  the case of randomly  mating  hybrid  zones, (17) 
and (B13) show that censusing after migration always 
results in twice the equilibrium allelic association 
found when censusing is done  after  mating  (Figure 
3). If both census methods begin with the same values, 
as when the hybrid  zone is initialized with just  the  two 
parental species, a gap immediately  arises  between the 
two sets of allelic associations at census t = 1 and 
steadily widens at each successive census. A  compari- 
son  of ( 1  6) and (B12) shows, moreover,  that  whenever 
randomly  mating  hybrid zones only receive  migrants 
from  the two genetically distinct  parental species, the 
first census method always results in greater genotypic 
disequilibria for  nuclear  homozygotes (i.e., higher 
161 I and 16, I ), and smaller  genotypic  disequilibria 
for heterozygotes (i.e., lower 1 6 2  I ) than  does  the 
second census scheme. 

In  general,  the relative orders  at equilibrium  of the 
disequilibria and  the  other cytonuclear variables un- 
der  the two census methods are  not clear-cut.  What- 
ever the  order, however (i.e.,  whether Z < il < i2 or 
is < il < i), the equilibrium values from census 
method 1 are always closer to  the values in the migrant 
pool than  are  the equilibrium values under census 
method 2. 
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DISCUSSION 

We have shown that  continued  migration of genet- 
ically distinct parentals  into  a  hybrid zone generates 
permanent  nonzero  cytonuclear disequilibria, with or 
without assortative mating. We have also shown that 
the  order of population censusing (before or after 
reproduction by immigrants) can have a  dramatic 
effect on  the magnitude,  but  not the  pattern of dise- 
quilibrium. This is because genetic  recombination 
from matings in the  hybrid zone serves to  undo  the 
disequilibrium generated by admixture.  In  the  ex- 
treme case  of random  mating, the equilibrium allelic 
association before  mating is twice its value after mat- 
ing. These conclusions have obvious implications for 
the design and  interpretation of studies that  monitor 
nuclear and cytoplasmic markers simultaneously. In 
particular, it is important  to know when in the gen- 
eration cycle censusing is done,  and if possible, cen- 
susing should be  after  migration and  before  repro- 
duction  to  enhance  the ability to detect  nonzero allelic 
disequilibria. 

We  now apply the models above to  an actual  hybrid 
population. In a series of ponds  near Auburn, Ala- 
bama, the  treefrog species Hyla cinerea and H.  gratiosa 
have engaged in extensive hybridization for  at least 
the past 30 yr  (LAMB  and AVISE 1986; SCHLEFER et al. 
1986). Normally, these species are fixed  for  alternate 
alleles at five allozyme loci and also exhibit diagnostic 
mitochondrial genotypes, but  at  the  Auburn site a 
wide variety of recombinant  genotypes is found.  Fur- 
thermore, within the  Auburn  population  there are 
significant nonrandom  cytonuclear associations that 
cannot  entirely  be  accounted  for by assortative mating 
(ARNOLD, ASMUSSEN and AVISE 1988). Additional fac- 
tors, such as selection against hybrids and/or migra- 
tion  into  the  population, must be at work. The issue 
addressed  here is what (if any) amount of immigration 
yields equilibrium  expectations  for  cytonuclear  fre- 
quencies and associations that match the values ob- 
served. 

T o  estimate the  amount of gene flow, we fit a series 
of five models to  the  data by the  method of maximum 
likelihood. In each case, the likelihood is the  product 
of five factors, one  for each unlinked allozyme locus. 
The factor  for the kth allozyme locus is the  standard 
multinomial term, 

UlsN'k U*hN'k . . . W2SNnk (20) 

where Nk = ( N l k ,  . . ., N s k )  denotes  the  counts of the 
eight  cytonuclear  genotypes in a sample at  that allo- 
zyme locus (with the partitions in (4) obtained as in 
ARNOLD, ASMUSSEN and AVISE 1988),  and @ = (ulS, 
. . ., wZs) is the  corresponding vector of genotypic 
frequencies. 

In fitting  the models, it was assumed that  the  fre- 
quencies @ are those achieved at equilibrium and  that 
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FIGURE 4.-Best fits of five models to the Hyla data. The bottom 
(random mating) model  assumes random mating and  no migration, 
and corresponds to Equations 7-8, or equivalently Equations B1- 
B4, with m, = m2 = 0 and a = /3 = 0. Models in the left branch 
correspond to Equations 7-8; those in the  right branch correspond 
to Equations Bl-B4. Models in the middle tier assume migration 
alone, with random mating (a = /3 = 0). Those on the  top tier 
assume both migration and refined epistatic mating. The goodness- 
of-fit is measured by the usual  G-statistic,  with degrees of freedom 
denoted by the subscript. 

migrants consist solely  of the two genetically distinct 
parental species, with the values specified in (5 ) .  The 
parameter  vector /3 is the same across allozyme loci 
(and  independent of k). We used a  derivative-free 
method of maximizing the loglikelihood (PRESS et al. 
1986, p. 299). An exhaustive  search of the  parameter 
space on a  0.01  grid verified that  the local maximum 
found by the derivative-free  method was indeed  a 
global maximum.  Standard errors  on  the  parameter 
estimates were obtained by resampling 1000 times 
through  the  bootstrap  method (EFRON 1983) based 
on  the observed  proportions of each cytonuclear  gen- 
otype uls, . . . , w2, for each allozyme locus in combi- 
nation with the mitochondrial locus. This same pro- 
cedure was repeated  for each of the five models. In 
each case, G-tests (as in ASMUSSEN, ARNOLD and AVISE 
1987)  were used to assess goodness-of-fit, and differ- 
ences  among G-statistics were used to  compare 
models. 

Figure 4 shows the fit of the five models to  the Hyla 
data. The bottom  tier in the figure summarizes results 
for the simplest model-that with no migration  into 
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TABLE 2 

Maximum likelihood  estimates for the  assortative  mating  rates (a, B) and  the  migration  rates (1111, tnr) for  the  Hyla  data  under  the 
model of migration  and  refined  epistatic  mating 

Locus a a &* GJ 

pgt 0.70 (0.05) 0.00 (0.01) 0.15 (0.01)  0.18  (0.01)  45.29 

pep 0.7  1 (0.04) 0.00 (0.03) 0.15 (0.01) 0.17 (0.01) 29.50 

A1 b 0.77 (0.06) 0.13  (0.21) 0.13 (0.03) 0.15 (0.03) 11.01 

Ld  h 0.70 (0.07) 0.00 (0.01) 0.15 (0.01) 0.18 (0.01) 22.31 

Mdh 0.72 (0.05) 0.00 (0.02) 0.15 (0.01) 0.17 (0.0 1) 17.53 

Overall 0.7 1 (0.005) 0.00 (0.009) 0.15 (0.001) 0.17 (0.001) 1.07” 

Censusing is assumed to take place before mating. Gs is the goodness-of-fit statistic with 3 degrees of freedom. 
Homogeneity test (df = 16): 

- - 

the hybrid  population and  random mating of individ- 
uals  in and  around  the  pond;  the census timing is 
irrelevant in this case. The presence of the two paren- 
tal types has a likelihood of zero under this simplest 
hypothesis, and  thus precludes  random  mating  alone 
(or refined epistatic mating  alone)  as  a  tenable model 
for  the Hyla population. Models in the middle  tier of 
Figure  4 assume random  mating  coupled with migra- 
tion,  either with censusing before  mating (left side of 
figure) or  after mating  (right side). Both can be fit to 
the  data, unlike the model  without  migration. How- 
ever, models in the  top  tier of Figure 4, which assume 
refined epistatic mating  coupled with migration,  offer 
significant improvement  over  the nested models with 
migration alone. The first conclusion is that  both 
migration and positive assortative mating  between 
conspecifics may  play a  role in generating  the  ob- 
served  data. 

The goodness-of-fit statistic in the  upper migration 
models is smaller for  the case in  which censusing takes 
place before  rather  than  after  refined epistatic mating 
(125.64 vs. 158.22). Since these models are not 
nested, the usual test based on a  difference of  G-test 
statistics cannot  be  made,  but  a  bootstrap  method may 
nonetheless  be  employed  (WAHRENDORF, BECHER and 
BROWN 1987).  In  1000  bootstrap samples from  the 
original data,  the G-statistic always showed a lower 
value in the model with censusing before  mating, so 
we conclude  that the  improvement in fit is indeed 
statistically significant. This model also coincides with 
the presumed census timing  for this population. 

Table 2  reports  the resulting estimates of the mat- 
ing fidelities (a  for H. cinerea and p for H. gratiosa) 
and  the  gene flow parameters (ml and m2 for  the two 
respective species) for each allozyme locus, as well as 
for  the combined estimates across loci. [Estimates for 
individual loci were  obtained by maximizing (ZO).] A 
G-test  of heterogeneity (G = 1.07,  16  df) between 
allozyme loci  is not significant, indicating that all 
assayed genes  provide consistent estimates of rates of 
migration and assortative mating in this  hybrid pop- 
ulation. Under  the best-fitting model, an estimated 

TABLE 3 

Comparison of observed  disequilibria in a hybrid  zone of Hyla, 
and  best-fit  equilibrium  values  expect+  under  refined  epistatic 

mating  and  migration (& = 0.71, @ = 0.00, t i l  = 0.15, 
tire = 0.17) 

Nuclear 
Cytonuclear disequilibria 

locus D Dl DZ DS 

A l b  0.16 0.19 -0.06 -0.13 

Ldh 0.18 0.20 -0.05 -0.15 

Mdh 0.17 0.21 -0.07 -0.14 
Expected 0.15 0.17 -0.05 -0.12 

pg; 

pep 

0.19  0.22 -0.07 -0.15 

0.18 0.21 -0.06 -0.15 

Censusing is assumed to take place before mating. 

32% of the inhabitants of the hybrid zone are immi- 
grants each generation,  and  both parental species 
appear to make a nearly equal  contribution  to  the 
hybrid  zone (ml = 0.15  and m2 = 0.17). 

The current results, coupled with our earlier mat- 
ing models (ARNOLD, ASMUSSEN and AVISE 1988), 
demonstrate  that in principle,  an asymmetrical con- 
tribution of conspecifics to  the hybrid zone (ml # m2), 
and/or  an asymmetry in the mating  behavior (a  # p), 
can produce  a significant D2. Since m l  and m2 are very 
close  in the best-fitting model (Table 2), the significant 
02 in the Hyla data  are probably best explained by an 
asymmetry in mating behavior-H. cinerea females 
display a considerably stronger fidelity to conspecific 
males than do H. gratiosa females (Table  2).  This is 
consistent with a  previous behavioral prediction that 
H. cinerea males may intercept  and  mate H. gratiosa 
females, while H. gratiosa males, because of their 
distinct calling-site positions, have little opportunity 
to  encounter H. cinerea females (LAMB  and AVISE 
1986). 

Overall,  a model of assortative  mating  coupled with 
migration  can, given appropriate choice of parameter 
values (6, 6, hl, &), lead to equilibTiu9  expectations 
for  cytonuclear associations (b, bl, D2, DS) that closely 
match the observed values in the hybrid Hyla popu- 
lation (Table 3). [There is, however,  a small but 
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TABLE 4 

Observed (0) and  expected (E)  counts of the  eight  cytonuclear  genotypes for the  Albumin  locus in the  Hyla  hybrid  population 

M 

m 

AA (pure) AA (hybrid) Aa aa (hybrid) aa (pure) 

103  23 11 5 - 0 
102 15 21 5 - E 

(0) (2) (-2) (0) - R 

20  54 29 
22 59 25 

60 
58 

0 
E 

The expected counts were generated from the best-fit equilibrium values for the Albumin locus (Table 2) under a model of refined 
epistatic mating and migration (& = 0.77, P = 0.13, i k 1  = 0.13, and in? = 0.15). The residuals (R)  are a measure of the discrepancies between 
0 and E (see  ANSCOMBE 1982, ch. 12). Residuals are squared and summed to yield the goodness-of-fit statistic, Gs = 1 1 .O 1 .  

significant discrepancy between the observed and ex- 
pected genotypic counts  (Table 4).] Of  course,  these 
findings do not necessarily indicate  that the models 
reflect the biological reality of the  hybrid Hyla situa- 
tion, since other  (unexplored) models might also “fit” 
the genetic patterns.  In  particular,  the  hybrid  popu- 
lation may not be at equilibrium with respect to cyto- 
nuclear associations, various hybrid classes (Fl’s, back- 
crosses, later  generation hybrids) may mate  nonran- 
domly, and particular  hybrid classes  may be selected 
against. The effects of selection on  cytonuclear dise- 
quilibria (CLARK 1984) will be  taken up elsewhere. 

In conclusion, cytonuclear systems offer  a novel 
perspective on  the study of gene flow and mating 
pattern in a hybrid zone. The uniparental transmis- 
sion of a cytoplasmic genome,  and its lack  of linkage 
with nuclear  genes,  produces  a cytoplasmic frequency 
trajectory  that is particularly sensitive to  gene flow, 
but relatively unconstrained by the mating system, 
even when there is an epistatic interaction between 
the cytoplasm and nucleus in determining  mating 
preference. Yet the  cytonuclear associations are influ- 
enced in predictable ways  by both  the  magnitude of 
migration  into  a  hybrid zone, and  the assortative 
mating propensities of the species involved. A com- 
parison of the  separate versus joint behaviors of  cy- 
toplasmic and nuclear genes can help to partition the 
effects of migration and  the mating system on  the 
genetic architecture of hybrid or  other  admixture 
zones. 
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APPENDIX A 

Dynamical  behavior of the parental frequencies, UI, and 
wzs, under census method 1: The uls recursion in (7a)  shows 
that its equilibrium value satisfies the  quadratic  equation 

f (uIs)  = (1 - a)(l  - m ) u I s 2  

(AI)  
+ [a(l - m )  - l]ul, + mul, = 0. 

A sketch of  the  graph  off(uIs) based on  the sign off’(u1,) shows 
that  whenever 0 < Z i l s ,  m < 1 and 0 5 a < 1, the functionf(u1,) 
has  two positive real roots.  One of these  roots lies in the  interval 
(0,l) and  thus  determines a valid equilibrium value, while the 
other  root  exceeds 1. There is therefore always exactly one 
equilibrium  frequency, Cis, for  pure species 1, which is the 
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smaller  of the two roots  of  (Al).  From  the  quadratic  formula 
this is given explicitly by 

~ 1 -a(l - m ) - J Z i ;  
U l r  = 2(1 - a)(1 - m) (A2a) 

where 

A, = [ 1 - a( 1 - m)]' - 4( 1 - a)(l - m)mGl,. (A2b) 

Although it is not possible to  provide  an explicit  solution for 
the  frequency  of species  1 through  time, its qualitative  behavior 
can  nonetheless  be easily deduced  from  the  fact  that  the  recur- 
sion for uls in Equation 7a is a monotonic  transformation (ie., 
dul , ' /dul ,  = (1 - m)[2(1 - a)ul, + a], which is positive for all 0 
< ulr 5 1). T h e  frequency of pure species 1 in the  hybrid  zone 
thus  either monotonically  increases or decreases  to  the  unique 
equilibrium, t i l r ,  depending  on  whether its initial frequency is 
below or above  this limiting  value. 

T h e  final observation,  concerning  the  relation  between t i l s  

and C I S ,  is evident  from  further analysis of  the  graph  of  the 
functionf(ul,) in (Al), which shows thatf(ul,) > 0 if 0 5 uls < 
t i l ,  andf(ul,) < 0 if til, < ulr 5 1. Sincef(Cl,) = -(I - cy) (1 - 
m) Cl,(l - CIS) < 0, it follows that t i l ,  < CIS, and  thus  that  the 
equilibrium  frequency of pure species  1 is always both positive 
and less than  that in the overall migrant  pool.  Analogous steps 
establish that  whenever 0 < zirp,, m < 1 and 0 5 P < 1,  the 
frequency of pure species  2 in the  hybrid  zone monotonically 
approaches 

where 

A2 = [ 1 - P( 1 - m)]' - 4( 1 - P)( 1 - m)mGz, (A3b) 

and 0 < Gzr < 6 2 ,  < 1.  Note  that  the  equilibrium  frequency  of 
each  parental species is uniquely determined by its assortative 
mating  rate, its frequency in the  combined  migrant  pool,  and 
the  total  frequency of immigrants (m). 

APPENDIX B 

Method 2"censusing  after  mating and before  migration: 
Under this alternative  censusing  scheme,  the  frequencies in 
Table 1 and  Equation 4 represent  the values in the  hybrid  zone 
following mating  and  reproduction  (Figure 1). Each generation 
cycle begins with an influx  of immigrants,  and  ends  after 
reproduction. 

T h e  state  of  the  hybrid  zone  population  at  the  next census 
depends on the  interim values  of five critical  variables after 
migration:  the  frequencies  of  the  two  pure  parental species, the 
nuclear  and cytoplasmic gene  frequencies,  and  the allelic dise- 
quilibrium.  These  are readily calculated as the  result  of  admix- 
ture between the  joint  migrant pool and  the  existing  residents 
of the  hybrid  zone to be 

ulF = mul,  + (1 - m)ul,  W Z F  = mG2, + (1 - m)wPs 
p* = mj + (1 - m)p x* = mi + (1 - m)x 

(B1) 

D* = m B  + (1 - m)D + m(l  - m)(x - X)(p - p). 
T h e  final  values at  the  next  hybrid  zone census are  then 

obtained by substituting  the  (starred)  interim values from  (Bl) 
into  the  righthand side of  the  refined epistatic mating  recursions 
(ARNOLD, ASMUSSEN and AVISE 1988). T h e  new hybrid  zone 
frequencies  of  the  two  parental species are  thus 

while the new allelic frequencies  are 

p' = p* + %(aul?q* - @w2?p*) and 
(B3) 

x' = x* = m3c + (1 - m)x.  

T h e  recursions  for  the six composite  cytonuclear  genotypes 
are similarly found  to  be 

UI' = &*)'X* + P*D* + aUlS*q* 

V I '  = 2P*q*x* + (q* - P*)D* - aul?q* 

which in turn show that  the new marginal  genotypic  frequencies 
at  the  nuclear locus are 

u' = ( P * ) 2  + au1?q* 

v' = 2p*q* - au1?q* - pw27p* (B5) 

w' = (q*)2 + pw2?p*. 

Finally, Equations B1 and B3-B5 together with the  defini- 
tions in (1)-(3) produce  the  disequilibrium  recursions 

D' = %D* + %(otul,*y*q* + P w ~ ? x * ~ * )  

Only  the cytoplasmic frequency has  exactly the  same  trajec- 
tory  under  the  two census  schemes. T h e  hybrid  zone  frequen- 
cies of  the two pure  parentals in  this case monotonically ap- 
proach 

U l r  = 
1 - a(1 - m) - 2(1 - a)(l - m)mG1, - JZi; 

2(1 - a)(l - m)2 
0374 

and 

W2r = 
- 1 - P(l - m) - 2(1 - @)(I - m)mGz, - .& 

2(1 - P)(1 - m)2 
P 7 b )  

w h e r e O < i l , < C l , <  1 i f O < C l , , m <  1 a n d O s a <   1 ; 0 <  
6 z r  < GZs < 1 if 0 < z i r ~ ~ ,  m < 1 and 0 5 /3 < 1;  and  the 
discriminants, AI and Az, are as  in  (A2b) and  (A3b) for the  first 
census method. 

The  nuclear  gene  frequency now  has the  corresponding 
polymorphic  equilibrium value 

where 

ti,: = mCl, + (1 - m)hl, and Gz? = mG2, + (1 - m)zirz, (B9) 

are  the  unobserved  equilibrium  frequencies of the  two  parental 
species midway through a  census interval,  immediately  after 
migration. As with the first  census method,  the  equilibrium 
nuclear  frequency  equals  the  overall  nuclear  gene  frequency in 
the  migrant pool  when hybrid  zone  matings are  random. 
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Under  the  current census scheme,  the  four  equilibrium as- 
sociations are,  from (B6): 

where 

p̂ * = m i  + (1 - m); and 6* = m D  + (1 - m ) 6  (B11) 

are  the  equilibrium  nuclear  gene  frequency  and allelic associa- 
tion midway through  the census interval, with i* = 1 - ;*. 
Note  that  the  corresponding (midcensus) equilibrium cyto- 
plasmic frequencies  are simply the  migrant  frequencies f and j 
= 1 - i ,  since i = i implies that i* = m i  + (1 - m ) i  = i. The 
equilibrium values for  the six basic cytonuclear  genotypic  fre- 
quencies can now be  obtained by suPstituting this relation plus 
the  formulas  for G I ? ,  iZ$, p * ,  and D* specified by (B7)-(B1 l), 
into  the  righthand sides of (B4). As for  the first  census method, 
the  unique  joint  hybrid  zone  equilibrium is locally (and we 
conjecture also globally) stable whenever 0 < Cl,, Wp, < 1, 0 < 
m < l , a n d O ~ a , p < l .  

All the relationships found  among  the  equilibrium associa- 
tions in (1 3)-( 14), for  the first  census method, also apply to 
those in (B10) under  thecurrent census  scheme. In this case, 
the  equilibrium  pattern, DY < 0 < D ,   D l ,  holds more generally 
whenever fi > 0. A slightly modifi5d argument is needed  to 
show from (B10) and ( 5 )  that again D < 6, whenever  migrants 
consist solely of the two  genetically  distinct parental species. 
T h e  key fact for this  census scheme is that  the  equilibrium 
relations, G I s  < C I S  (= X) and i n s  < 7ir2r (= j ) ,  imply from (B9) 
that &I,*  < X and i$ < j .  

Special case of census method 2-random mating popula- 
tions: For  random  mating  hybrid zones,  explicit  solutions  can 
again be given for  the  trajectories of all the  cytonuclear variables 
except  the  frequencies of the  two  pure  parentals.  Those  for  the 
two gene  frequencies  are  the  same as those in (1 1) and (1 5 )  for 
the first  census method. As before, we focus on  the solutions 
for  the special case where  the  hybrid  zone is initialized with just 
the two  genetically  distinct parental species in the  same  relative 
proportions as i n  the  subsequent  migrants ( i e . ,  ul,(O) = 61, = X 
= m l / m  and w,S(')= W2, = j = m2/m). 

T h e  allelic and  genotypic disequilibria are  then given in every 
generation t 2 1 by 

where 
6 = mD/(l  + m). (B13) 

(Although  their  transient  behavior  depends in general  on  the 
initial hybrid  zone  frequencies,  the  equilibrium values of all 
four  cytonuclear disequilibria have  the  same  form  under all 
initial and  migrant compositions.) 

The  other qualitative results for  the  disequilibrium  trajecto- 
ries  in (1 6)-( 17), under  the  first census scheme, apply here as 
well, with the sing!e_exception that  under this second census 
method  the  ratio DID only  increases to Yz as the total migra- 
tion  rate increases from 0 to  the limiting  value of 1. T h e  
solutions in (1 l ) ,  (15) and (B12)-(B13) show  in conjunction 
with (B4) that in each  generation t 2 1 the six basic cytonuclear 
frequencies  are 

ul(') = p'f + 2 i D 1  

V I ( ' )  = 2&i + 2(q - i ) D t  

While different in form,  these have the  same  qualitative behav- 
ior as  the  corresponding  solutions in (18) for  the first census 
method. 

APPENDIX C 
Derivation of Equation 19: T h e  equilibrium  relation in (1  9) 

can  be easily and  directly verified for  the  frequencies  of  the 
pure  parentals (uls  and wz,) using  (A2) with (B7a) and (A3) with 
(B7b), the  nuclear  gene  frequency (p) using (12) with (BS), and 
the allelic disequilibrium ( D )  using (13) with (B1O)-(B11). Since 
these  four variables  plus the  migrants' cytoplasmic frequency 
suffice to  describe  the  remaining  equilibrium values in the 
hybrid  zone, it follows from (8) plus (B4), (9) plus (B5), and (14) 
plus (B10)-(Bl 1) that (19) also holds for  the  three  genotypic 
disequilibria ( D l ,  D,, D3),  as well as for  the  frequencies  of  the 
six basic cytonuclear types (ul ,  v I ,  w I ,  UZ, UZ, wp) and  the  marginal 
frequencies of the  three  nuclear  genotypes (u ,  u, w ) .  


