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ABSTRACT

We define and determine the interrelationships among five sets of disequilibrium parameters that
measure two- and three-locus nonrandom associations in nuclear-dicytoplasmic systems. These assume
a diploid nuclear locus and two haploid cytoplasmic loci, with special reference to nuclear-mitochon-
drial-chloroplast systems. Three sets of two-locus disequilibria measure the association between
haplotypes at the two cytoplasmic loci (Duc) and associations between each cytoplasmic locus and
nuclear alleles or genotypes (D, Diar, Dam, Dsa; De, Dic, Dac, Dyc). In addition, we present two classes
of higher-order disequilibria that measure nonrandom allelic or genotypic associations involving all
three loci. The first class quantifies associations between the nuclear locus and the two cytoplasmic
loci taken jointly (Damc, Daamc, Daasmc, Daasme, €tc.), whereas the second measures only those
associations remaining after all two-locus associations have been taken into account (Damyc, Daamycs
Djasmycs Daapmyc). Based on combinations of these five sets of measures, we suggest a variety of
parameterizations of three-locus, nuclear-dicytoplasmic systems. The dynamics of these disequilibria
are then investigated under models of random and mixed mating, either with both cytoplasmic
genomes inherited through the same parent or through opposite parents. Except for associations
between the cytoplasmic haplotypes, which are constant when the two cytoplasmic genomes are
inherited through the same parent, all disequilibria ultimately decay to zero. These randomizations
do not necessarily occur monotonically, however, and in some cases are preceded by an initial increase
in magnitude or sign change. For both inheritance patterns, the asymptotic decay rates are steadily
retarded by increasing levels of self-fertilization. This behavior contrasts with that in the extreme case
of complete selfing, for which only the heterozygote disequilibria always decay to zero. For all models
considered, the dynamics of the two-locus cytonuclear subsystems are solely a function of the mating
system, whereas the dynamical behavior and sign patterns of the cytoplasmic and three-locus disequi-

libria also depend strongly on the mode of cytoplasmic inheritance.

LTHOUGH important interactions between nu-
clear and cytoplasmic genes have been recog-
nized for a large variety of organisms (SLOTT, SHADE
and LANSMAN 1983; MERRIL and HARRINGTON 1985;
BENNE 1988; MACRAE and ANDERSON 1988), no other
group has a greater potential for nuclear-cytoplasmic
interactions than plants. This is because plant cells
contain two major cytoplasmic genomes, mitochon-
drial (mtDNA) and chloroplast (cpDNA), both of
which code for gene products involved in metabolic
processes, such as respiration and photosynthesis, that
are under joint cytonuclear control (BEALE and
KNowLEs 1978; BOrsT, TABAK and GRIVELL 1983;
WHITFELD and BOTTOMLEY 1983). As pointed out by
BEAvis, PorLACK and FREY (1987), it is therefore not
surprising that cytonuclear interactions have been
found to influence a number of quantitative traits in
plants (IWANAGA et al. 1978; RAo and FLEMING 1978;
ROBERTSON and FREY 1984; BEAVIs and FREY 1987).
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Cytonuclear interactions are also important in the
reproductive biology of many plant species. For in-
stance, many of the cases of male sterility encountered
in over 140 cultivated species have been attributed to
interactions between one or more nuclear genes and
a mitochondrial locus (CONDE et al. 1982; HANSON
and ConpE 1985; DEWEY, LEVINGS and TIMOTHY
1986; HAKANSSON et al. 1988). The related phenom-
enon of gynodioecy, which has been reported to occur
in 543 species from 178 families (DEMYANOVA 1985),
is often thought to result from similar interactions
(e.g., SUuN 1987; ROUWENDAL, VAN DAMME and WESs-
SELs 1987). The close relationship among all three
genomes is further highlighted by evidence of DNA
transfer between the nucleus and both organelles
(KEMBLE ¢t al. 1983; TiMMIS and ScoTT 1983), as well
as DNA transfer from the chloroplast to the mito-
chondrion (STERN and LONSDALE 1982; STERN and
PALMER 1984).

All of these important cytonuclear interactions in
plants have the potential to generate statistical associ-
ations among the loci involved. Moreover, the pres-
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ence of three major genomes allows for a wide variety
of nonrandom cytonuclear associations, which to-
gether can provide a qualitatively new kind of infor-
mation about the evolutionary history of plant popu-
lations. For example, pairwise associations can arise
between nuclear alleles or genotypes and haplotypes
(cytotypes) at either of the cytoplasmic genomes (As-
MUSSEN, ARNOLD and AVISE 1987, 1989; ARNOLD,
ASMUSSEN and AVISE 1988). Pairwise associations be-
tween mitochondrial and chloroplast cytotypes are
also possible. More significantly, higher-order nonran-
dom associations could develop among all three ge-
nomes. The possibility of both pairwise disequilibria
involving all three loci (e.g., between nuclear geno-
types or alleles and joint cytotypes) and full three-way
disequilibria highlights the potential wealth of infor-
mation contained within nuclear-dicytoplasmic sys-
tems.

The dynamical behavior of such three-locus associ-
ations is apt to be strongly dependent on the mode of
inheritance of the cytoplasmic loci. Although several
plant species show biparental plastid inheritance (KIRk
and TILNEY-BASSETT 1978; METZLAFF, BORNER and
HAGEMANN 1981; MEDGYESY, PAy and MARTON
1986), the majority of species exhibit maternal inher-
itance of both chloroplasts and mitochondria (BIRKY
1978; GiLLHAM 1978; KIRK and TILNEY-BASSETT
1978; SEars 1980; DEWEY, LEVINGS and TIMOTHY
1986; PALMER 1987; NEALE and SEDEROFF 1988). In
conifers, however, a growing body of evidence sug-
gests that chloroplasts and mitochondria can have
contrasting uniparental modes of inheritance; in some
species, mitochondria appear to exhibit maternal in-
heritance, whereas chloroplasts appear to be inherited
paternally (OHBA ¢t al. 1971; NEALE, WHEELER and
ALLARD 1986; SzMIDT, ALDEN and HALLGREN 1987;
WAGNER ¢t al. 1987; NEALE and SEDEROFF 1988). For
most plant species, then, all cytoplasmic loci behave
as if completely linked (BEAvVIS, PoOLLACK and FREY
1987), which would presumably simplify the potential
three-locus cytonuclear disequilibria. The dynamics
of three-locus associations in certain conifer popula-
tions, on the other hand, are potentially very complex,
but may also be uniquely informative about the ge-
netic structure and evolutionary history of those pop-
ulations. In order to take better advantage of the joint
nuclear-mtDNA-cpDNA  frequency data currently
being gathered (D. B. WAGNER and D. R. GOVINDA-
RAJU, personal communication), it is necessary to de-
velop a theoretical framework to quantify disequilibria
in such systems and to determine what force or forces
could account for observed values.

Although there have been numerous mathematical
analyses of cytonuclear interactions in plants, none
have examined three-locus, nuclear-dicytoplasmic sys-
tems. Most theoretical treatments have focused on the
evolution and maintenance of gynodioecy (WATSON

and CasPARI 1960; CasPARI, WATSON and SMITH
1966; COSTANTINO 1971; CHARLESWORTH and GAN-
DERS 1979; CHARLESWORTH 1981; DELANNAY, GOU-
YON and VALDEYRON 1981; Ross and GREGORIUS
1985). Other studies have addressed the effects of
cytonuclear interactions on quantitative traits (BEAVIS,
PorLLAck and FREY 1987) and the conditions for the
maintenance of cytoplasmic polymorphisms under
Jjoint cytonuclear selection (CLARK 1984; GREGORIUS
and Ross 1984). Most relevant to the present discus-
sion has been the extension of the theory of gametic
disequilibrium to nonrandom pairwise associations be-
tween nuclear and cytoplasmic loci (CLARK 1984; As-
MUSSEN, ARNOLD and AVISE 1987, 1989; ARNOLD,
AsMUSSEN and AVISE 1988). ASMUSSEN, ARNOLD and
AvVISE (1987), in fact, have introduced and analyzed a
novel set of two-locus, cytonuclear disequilibrium sta-
tistics that estimate both allelic and genotypic associ-
ations between nuclear and individual cytoplasmic
loci.

In this paper, we extend the basic cytonuclear
framework of ASMUSSEN, ARNOLD and AvVISE (1987)
by defining disequilibrium measures that quantify
nonrandom associations within three-locus, nuclear-
dicytoplasmic systems. In addition, we provide a foun-
dation for the interpretation of observed disequilibria
by describing their expected behavior under two
standard mating models, random mating and mixed
mating. For each model, we consider both patterns of
uniparental cytoplasmic inheritance described above.
The first, which is applicable to most plant species,
assumes that the two cytoplasmic genomes are trans-
mitted by the same parent. The second pattern, which
is specifically applicable to certain coniferous species,
assumes that the two are inherited through opposite
parents. Although the discussion is couched in terms
of associations among nuclear, mitochondrial, and
chloroplast loci in plants, the basic results also apply
to associations in other nuclear-dicytoplasmic systems
within both plants and animals, such as those that
include the nucleus, a single organelle, and an intra-
cellular microorganism. The same framework is also
relevant to associations in the heterogametic sex
among autosomal, sex-linked, and cytoplasmic genes.

DEFINITION OF VARIABLES

Frequencies: We are concerned with the dynamics
and patterns of two- and three-locus cytonuclear as-
sociations in a population of diploid plants. The three
loci under consideration are an autosomal nuclear
locus with two alleles, A and a, a haploid mitochondrial
locus with two types, M and m, and a haploid chloro-
plast locus with two types, C and ¢. The 12 possible
three-locus genotype frequencies are shown in Table
1. In this table, summation of each column gives the
marginal nuclear genotype frequencies, u, v and w,
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TABLE 1

Three-locus genotype frequencies

Nuclear genotype

Joint

cytotype AA Aa aa Total
M/C Uy V13 Wy X11
M/e Uiy V12 wie Xi2
m/C Uzj U2y Way 21
m/e Uge Ugg Wog X22
Total u v w 1.0

whereas summation across rows gives the four joint
cytotype frequencies, x;y, X2, Xo1, x22. From these the
nuclear allele frequencies are calculated as

p=freq.(A)=u+Yv  g=freq.(@)=w+%v, (1)

and the mitochondrial and chloroplast haplotype fre-
quencies are computed as

xy = freq. (M) = x11 + x12

M - freq. (m) = X21 + Xo9 (2)
Xc = freq. (C) = x11 + X1

yc = freq. (c) = x12 + x99,

where “freq.” denotes “frequency of.” Note that the
first index of all subscripted variables in Table 1 refers
to the mitochondrial type and the second index refers
to the chloroplast type, with an index of 1 indicating
M (or C), and an index of 2 indicating m (or ¢).

Joint frequency variables describing each of the two
cytonuclear subsystems can also be derived from the
variables in Table 1. These include the six nuclear-
mitochondrial frequencies and the six nuclear-chlo-
roplast frequencies (Table 2), which correspond to the
u;, v;, and w; variables of ASMUSSEN, ARNOLD and
Avise (1987). The frequencies of the associated two-
locus allelic combinations (e, ¢, €3, €4, in ASMUSSEN,
ARNOLD and AVISE 1987) are rewritten here using
the notation in Table 3. Note that the row and column
sums in Tables 2 and 3 provide alternative decompo-
sitions of the single-locus frequencies.

Finally, in the three-locus context, it is useful to
specify the frequencies of the eight possible three-
locus allelic combinations, as in Table 4. These vari-
ables, whose indices follow the convention in Table 1,
in turn provide additional formulas for the frequen-
cies of all two-locus allelic combinations. Summing
across rows of Table 4 shows, for instance, that each
of the four joint cytotype frequencies can be written
as x; = py + ¢y, for i, j = 1, 2. Similarly, the eight
nuclear-cytoplasmic, allelic combinations in Table 3
can be written as pim = pi + piz, qim = qi1 + qi2, pic =
p]i + pg,', and dic = G + q2i,s for: = 1, 2.

Two-locus disequilibria: Three sets of pairwise as-
sociations are possible among the three loci. Two of
these involve nuclear-cytoplasmic associations, which

are specified here in terms of the genotypic and allelic
disequilibria introduced by ASMUSSEN, ARNOLD and
AVISE (1987). In the present notation, the nonrandom
associations between the three nuclear genotypes and
each cytoplasmic locus are measured by

Dy = uiy — uxy D¢ = uic — uxc

Doy = v1yy — vy Dyc = v1¢ — vxc (3)

Doy = w1y — wxy D3¢ = wic — wxe,

where, for instance, D1y = freq. (AA/M) — freq. (AA)
freq. (M) and D, = freq. (AA/C) — freq. (AA) freq.
(C). The corresponding allelic disequilibria, Dy =
freq. (A/M) — freq. (A) freq. (M) and D¢ = freq.
(A/C) — freq. (A) freq. (C), are

Dy = prm — pxm D¢ = pic — pxc. (4)
The two-locus constraints within each cytonuclear
subsystem require that

—uxy < Dy < uyym —uxc < Dic < uyc
—uxm < Doy <= vym —vxc < Doc = vyc
—wxy < D3y < wym —wxc < Dsc < wye (D)
~pxs, —qym = Dy =< pym, g%m
~pxc, —g¥c = Dc = pye, gxc.

Although it is useful to consider all these eight
measures of cytonuclear disequilibria, there are only
two independent disequilibrium parameters for each
nuclear-cytoplasmic pair, since the measures within
each set are interrelated by

D1M+D2M +D3M= 0
Dy =Dy + YaDoy

D]c + DQC + Dgc =0
6
D(; =D1c+ 1/2D2(;. ( )

The third set of possible two-locus disequilibria
quantifies nonrandom associations between the two
cytoplasmic loci. This cytoplasmic disequilibrium, Dyc,
is defined as the departure of the joint cytoplasmic
frequencies from expectations under random associ-
ation,

Dy = freq. (M/C) — freq. (M) freq. (C)

= X11 — XmXc,

(7)

and is subject to the standard two-locus constraints
—Xm¥c, —Ym¥c < Duc = Xmye, YuXc. 8)

The two-locus allelic disequilibria in turn allow use-
ful alternative expressions for the frequencies of the
two-locus, cytonuclear allelic combinations (Table 3):

pim = pxy + Dy pic = pxc + D¢
pom = pyu — Dy pec = pyc — D¢
qim = qxXp — Dy qic = gX¢c — D¢

9)

gam = qym + Dy gec = qyc + D,
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Nuclear-mitochondrial and nuclear-chloroplast genotype frequencies

TABLE 2

Nuclear genotype

Cytotype AA Aa aa Total
M Uy = Un + Uz vim = U1 + Ui wiy = Wi + wie Xm
m Ugp = Uy T Uy Vom = Vo1 + Vo wom = wa) + wag W™
Total u v w 1.0
C Uy = U + U Vi = v + va wye = wn + wy Xe
4 U = Ui + Uge Vo =ty + Va2 Wy = Wig + way Yo
Total u v w 1.0

TABLE 3 TABLE 4

Frequencies of nuclear-mitochondrial and nuclear-chloroplast
allelic combinations

Nuclear allele

Cytotype A a Total
M =y + Yoviw  quw = wim + Youiy XM
m Pom = toy + Vavon  qem = wom + Yovan W
Total P q 1.0
C bic = uic + Vavie qic = wic + Yavic X
¢ Poc = use + Yovac goc = wac + Yevac Yo
Total p q 1.0
and the four joint cytotype frequencies:
x11 = Xmxc + Duc x12 = xpyc — Duc (10)

X22 = ymyc + Duc.

X21 = YmXc — Dy

Three-locus disequilibria: In addition to the pair-
wise associations defined in the previous section, there
can be higher order associations involving all three
loci. We focus here on two forms, which represent
either pairwise three-locus associations or full three-
way associations. The first type measures nonrandom
associations between the four joint cytotypes and the
nuclear genotypes and alleles. For instance, in direct
analogy to the original cytonuclear disequilibria in
(83)-(4) defined by ASMUSSEN, ARNOLD and AVISE
(1987), the joint genotypic disequilibrium involving AA
and M/C is defined as Diymc = freq. (AA/M/C) —
freq. (AA) freq. (M/C) = u;, — ux1,. The treatment of
the mitochondrial and chloroplast types as a joint
cytotype is emphasized by removing the “/” between
the M and C in the subscript of Da/mc.

In total, 12 joint genotypic disequilibria can be
defined, as shown in Table 5. Note that in order to
obtain the marginal totals of Table 5, the disequilibria
in any row or column must sum to zero. Within this
group of 12 disequilibria there are thus only six in-
dependent measures. Moreover, choosing any two
disequilibria involving a given joint cytotype from
Table 5, we can write the remaining ten disequilibria
as simple linear combinations of those two and the
original two-locus genotypic disequilibria in (3).

For simplicity, subsequent discussion will focus on

Frequencies of three-locus allelic combinations

Nuclear allele

Joint

cytotype A a Total

M/C pu=un + Vevy gn =wn + Yevy, X

Mfc Prz = upz + Youry g1z = w2 + Youy X9

m/C pai = uay + Vovy g1 = war + Yavy X1

mfe Pae = ugs + Vovye G20 = Way + Yousy Xgg

Total p q 1.0

TABLE 5
Joint genotypic disequilibria
Nuclear genotype

Joint
cytotype AA Aa aa Total
M/C uxiy + Daamc vX11 + Dagme wxiy + Dague . X0
M/c uxio + Daasme  vX12 + Dagme  wx12 + Dogme - %12
m/C uxo1 + Daame VX1 + Dagime Wxot + Dogme X1
m/c uxge + Daame  VX90 + Dagime  Wx22 + Dogyme Xa2
Total u v w 1.0

the parameterization in Table 6, based on D4a/mc and
Damc. The decomposition of Daa/me, for instance, is
obtained by writing

DAA/M[
= freq. (AA/M/c) — freq. (AA) freq. (M/c)
= freq. (AA/M) — freq. (AA/M/C)
— freq. (AA) [freq. (M) — freq. (M/C)]
= freq. (AA/M) — freq. (AA) freq. (M)
— [freq. (AA/M/C) — freq. (AA) freq. (M/C)]
= Diy — Daaymc.

Substitution of the disequilibrium relations from
Table 6 and (10) into Table 5 provides a complete
parameterization of the 12 genotype, three-locus sys-
tem in terms of the marginal single-locus frequencies,
the two-locus disequilibria, and the two joint geno-
typic disequilibria, Daamc and Dagmc. Since the 12
genotype frequencies must all be nonnegative, the
new disequilibrium measures are bounded within the
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TABLE 6

Interrelationships among the joint and two-locus genetypic disequilibria

Daame = uyy — uxyy D pappc: = v1y — vy
Daame = —Daajmc + Dim
Dsame = —Daame + D

DAA/me = DAA/M(.‘ — Dy — Dy

Dpopme = —Dagymc + Doy
Dyopmi: = —Dgamc + Do
Daapme = Daoymc — Dom — Do

Daa/M(: = _DAA/MC = DAa/M(I

Dooime = Dasmc + Dagmc + Dsm

Daopmc = Dassmc + Daayme + Dsc

Dasime = —=Dpasmc — Daapyc — Day — Dsc:

TABLE 7

Parameterization of the three-locus allele frequencies in terms of the joint disequilibrium, D,/mc

Nuclear allele

Joint
cytotype A [4 Total
M/C pox(; + pDM(; + DA/M(; gXmXc + qDMC - DA/MC X11
M/c pxsyc — pDuc — Dasme + Dy gxmyc — qDmc + Damc — Dy X12
m/C Pymxc — pDme = Dame + De qymxc — qDumc + Damc — De Xa1
mfc pymyc + pDuc + Dajmc — Dy — De gymyc + ¢Dmc — Daymc + Dy + D Xo9
Total P q 1.0

intervals

—uxpxc — uDnc, —wymyc — UDyc + Dim + Dy
=< Das/mc = uxyyc — wDpye + Dy, uymx.

— uDyc + Dy¢

—vxpxc = vDuc, —vymyc — vDyc + Doy + Dyc

(11)

< Dagmc = vxpyc — vDuc + Dou, vymxe

— vDpc + Doc

—wxpxc — WDpue, — wysyc — wDpc + Dsy + D3¢
< Dyome = wxpye — wDpye + Day, wymxc

— wDyc + Dse,

where D,omc = —Daasmc — Daame.

In conjunction with the joint genotypic disequi-
libria, it is also of interest to consider joint allelic
associations. For instance, the joint allelic disequi-
librium,

Dasmc = freq. (A/M/C) ~ freq. (A) freq. (M/C)
=P —pxu,

measures the pairwise association between the nuclear
allele, A, and the joint cytotype, M/C. The remaining
three joint allelic disequilibria involving the A nuclear
allele are closely related to Dajuc:

Dapc = pr2 = px12 = =Dajuc + Du
Dyyme = pa1 — pxa1 = —Damc + D¢
Dpjme = poo — pxas = Damc — Dy — De,

where Damc + Dajse + Dajme + Dame = 0. Definitions
(12)-(13) determine three independent measures,
which, in fact, fully describe the pairwise associations
between the two nuclear alleles and the four joint
cytotypes, since the corresponding disequilibria in-

(12)

(13)

volving the nuclear allele, a, are simply the negatives
of those involving A (e.g., Doymc = quu — qxun =
—Dasmc, etc.). Moreover, the rightmost sides of (13)
show that all joint allelic disequilibria can be expressed
in terms of a single joint allelic association, say Damc,
and the two-locus allelic associations, Dy and D¢, be-
tween the nuclear locus and each cytoplasmic locus.
The resulting parameterization of the eight three-
locus allele frequencies in Table 7 implies that the
basic measure, D¢, is subject to the following con-
straints:

minDy/mc < Damc < maxDajme, (14)
where
minDa/mc = max{—pxmxc — pDuc,
— pymyc — pDmc + Dy + De,
- gxmyc + qDpc + Du,
— gyuxc + qDyc + Dc}
maxDamc = min{pxsyc — pDuc + Dy,
pymxc — pDuc + D,
gxmxc + qDuc,
gyc + qDuc + Dy + Dol

The three-locus, joint allelic and genotypic disequi-
libria have analogous interrelationships to those found
in (6) among the original two-locus, cytonuclear dis-
equilibria. In particular,

Daamc + DAa/MC + Dogymc = 0 and

15
Damc = Daaymc + V2D sasmc- (15)

The same set of interrelationships holds for each of

the three remaining sets of disequilibria involving the

M/c, m/C, and m/c joint cytotypes.



204 A. Schnabel and M. A. Asmussen

Four consequences of these interrelationships are
especially important. First, the four joint genotypic
and allelic disequilibria involving any one joint cyto-
type represent two independent measures, since the
values of all four can be gotten from the values of any
two of them. Any two, then, will complete the para-
meterization of the three-locus system, in conjunction
with the single-locus frequencies and the two-locus
disequilibria. Second, if two joint disequilibria involv-
ing a given joint cytotype are zero, then all four are
zero. Third, it is possible for a joint cytotype to be
randomly associated with the nuclear alleles and yet
be nonrandomly associated with all three nuclear gen-
otypes. Last, the only possible patterns for the four
associations involving a given joint cytotype are that
all four are zero, one is zero and three are nonzero,
or all four are nonzero.

A final set of observations follows from the fact,
previously mentioned in conjunction with Table 5
and (12)—(13), that the four joint disequilibria involv-
ing any one nuclear allele or genotype must sum to
zero (i.e., Dyyyc + Dnmie + Dyjme + Dyme = 0 for N =
AA, Aa, aa, or A). This implies that any given nuclear
type (allele or genotype) can be 1) randomly associated
with all four joint cytotypes; 2) randomly associated
with two joint cytotypes and nonrandomly associated
with the other two; 3) randomly associated with only
one joint cytotype; or 4) nonrandomly associated with
all four joint cytotypes.

Taken together, these two sets of interrelationships
allow for a wide variety of possible (zero and nonzero)
patterns of associations among the 16 disequilibria
that can arise between the four joint cytotypes and
the nuclear genotypes and alleles (i.e., the 12 involving
the three nuclear genotypes plus the four involving
the nuclear alleles). Because of this richness of detail,
the observed pattern may provide a useful test of
alternative hypotheses concerning a population’s
structure and its evolutionary history.

Although the nuclear-dicytoplasmic system can be
completely characterized using the variables defined
above, it is also important to consider true three-way
associations. Such disequilibria measure nonrandom
associations among the three loci after taking account
of all two-locus associations. To this end, one can
define the three-way allelic disequilibrium

Dajyc = pr1 — pxaxc — pDuc — xuDc — xcDy,  (16)

which is analogous to the three-way gametic disequi-
librium among three nuclear loci (BENNETT 1954). In
contrast to the multiple joint allelic measures in (12)-
(13), there is only one such three-way measure, since
the seven remaining three-way allelic disequilibria are
either equal to, or are the negative of D uyc.

A set of three-way genotypic disequilibria can be for-
mulated in a similar fashion. The three-way genotypic
disequilibria involving the M/C cytotype, for instance,

are defined as
DAA/M/C = U1 — uxmxc — UDmc

— xuDic — xcDm

DAu/M/(J = vy, — vxm¥c — VDpmc

(17)

— xmDac — %cDoy
Daa/M/(: = wy — wxpuxe — Whue

= xuDsc — xcDsm,

and satisfy Das/msc + Dagmsc + Daasmsc = O (see APPEN-
DIX A for a formal derivation). In contrast to the joint
associations, these completely describe all 12 possible
three-way genotypic disequilibria, since for any nu-
clear genotype N = AA, Aaq, aa, it can be shown that
DN/M/c = DN/,,,/(; = _DN/m/c = _DN/M/C- Para]leling the
three-way allelic association, there is effectively only
one three-way disequilibrium measure for each nu-
clear genotype, and thus only two independent three-
way genotypic disequilibria.

Despite this major difference, the two sets of three-
locus associations share several important features. In
particular, the four three-way associations have anal-
ogous interrelationships to those shown in (15) for the
corresponding joint disequilibria. The analogous con-
sequences of those relationships apply as well. The
range of three-way association patterns (zero vs. non-
zero) is much less than for the joint measures, how-
ever, because the three-way pattern is completely de-
scribed by that for the measures involving M/C.

The two types of three-locus disequilibria are ac-
tually closely connected through the relations

DA/M/(: = DA/M(; — xuDe — xcDy

DAA/M/(: = DAA/M(,‘ — xuDic — %Dy

(18)

Daoympc = Daomc — xmDoc — xcDopm

Daa/M/C = Doamc — xmDsc — xcDspr.

The corresponding three-locus measures (joint and
three-way) are thus equivalent if the original two-locus
cytonuclear disequilibria are all zero. The interrela-
tions in (18) can also be combined with the joint
disequilibrium constraints in (11) and (14) to yield the
general bounds on the four three-way associations.

Three-locus constraints on pairwise disequilibria:
An additional, technical observation is that, as in the
case of three nuclear loci (THOMSON and BAUR 1984),
there are additional constraints on two-locus disequi-
libria in a nuclear-dicytoplasmic system. In particular,
the two-locus allelic disequilibria, Dy, D¢, and Dac,
must satisfy

Dy + D¢ + Duc = —(pxmxc + gymye)

Dy + D¢ — Dyc = pymye + qxmxc

(19)
pymxc + gxmyc

DM - DC + DMC

IA

Dy — De — Duc

v

~(pxsyc + qymxc),
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in addition to the 12 standard two-locus constraints
in (5) and (8). The four new three-locus constraints in
(19) are a direct consequence of the bounds on the
three-locus allelic associations. The complete 16 con-
straints on the two-locus disequilibria follow immedi-
ately, for example, from the 16 inequalities imposed
by the bounds in (14) on Da/mc; each of the four
expressions determining minD4/yc must be less than
or equal to each of the four expressions determining
maxDa/mc. The same two-locus restrictions are dic-
tated by the constraints on Da/umc. Although the
bounds on the three-locus genotypic disequilibria im-
pose no new restrictions on the two-locus, genotypic
associations in (3), the latter are nonetheless also sub-
ject to additional three-locus constraints due to (19)
and the close relationship in (6) between allelic and
genotypic disequilibria.

Three-locus parameterizations: A wide variety of
parameterizations are possible for the 12-genotype,
three-locus cytonuclear system, each involving 11 in-
dependent variables. Based on the M/C cytotype, for
instance, several sets incorporating both two- and
three-locus disequilibria can be formed using three
allele frequencies (p, xm, xc), one nuclear genotype
frequency (u, v, or w), two of the four nuclear-mito-
chondprial disequilibria (D, Dis, Daum, D3ur), two of the
four nuclear-chloroplast disequilibria (D¢, D¢, Dac,
Dsc), the cytoplasmic disequilibrium (Dyg), and two
independent three-locus disequilibria. Many possible
pairs of three-locus associations can be used, including 1)
two of the four joint disequilibria (Damc, Daasmc,
D aamc, Daaymc); 2) two of the four three-way disequi-
libria (DA/M/Ca DAA/M/(.'; DAa/M/C, Daa/M/C); 3) one joint
and one three-way disequilibrium, with one being
allelic and the other genotypic (e.g., Damc and Daasaryc
01 Dagmc and Dyjpyc); or 4) one joint genotypic and
one three-way genotypic disequilibrium involving dif-
ferent nuclear genotypes (e.g., Daamc and Daamyc).

These parameterizations of the 12 three-locus gen-
otype frequencies can be obtained as follows. First, as
noted above, a full parameterization using the two
joint genotypic disequilibria, Daamc and Dagmc, fol-
lows directly from (1), (10), and Tables 5 and 6. This
can then be easily converted to a parameterization
using another pair of joint M/C disequilibria via the
relations in (15), or to a parameterization involving
one or two three-way disequilibria via the relations in
(18). Analogous parameterizations can be made based
on one of the other three cytoplasmic combinations.

Many other three-locus parameterizations are pos-
sible, of course, such as ones based on six independent
joint disequilibria and five independent variables that
specify the marginal nuclear and cytoplasmic frequen-
cies. From the relations in Table 5, (1), and (10), one
such set is given by p, xu, xc, ¥, Duc, Dassmc, Daamc,
Daasmes Daoprtes Danjme and Dagyme. It should be born in
mind that whatever 11-variable set is used as the basic
parameterization of the system, the values of all the

other variables can be calculated from the definitions
and relations above. Which of the many variable sets
is most useful will depend on the specific system under
consideration. Presumably, the joint three-locus dis-
equilibria should be particularly relevant to systems
in which both cytoplasmic loci are inherited through
the same parent, whereas the full three-way associa-
tions may be of greater utility when cytotypes are
inherited through opposite parents.

DYNAMICS OF CYTONUCLEAR DISEQUILIBRIA

In this section, we investigate the dynamical behav-
ior of three-locus, nuclear-dicytoplasmic systems un-
der models of random and mixed mating. The effects
of two forms of uniparental, cytoplasmic transmission
are discussed for each mating system. The first as-
sumes mitochondria and chloroplasts are jointly in-
herited through the same parent, whereas the second
assumes the two genomes are inherited through op-
posite parents. The assumptions common to all models
are (i) discrete, nonoverlapping generations; (ii) nor-
mal Mendelian inheritance of the nuclear locus; (iii)
equal cytonuclear frequencies in the two sexes; (iv) no
selective differences among the cytonuclear geno-
types; and (v) large population size with no outside
recruitment, so that the effects of drift and migration
can be ignored.

Random mating with joint inheritance of mito-
chondria and chloroplasts through the same parent:
As in the three subsequent models, the underlying
recursions can be obtained from a table of all possible
matings, together with their frequencies and offspring
distributions. In this case, only 36 distinct matings
need be considered, those between the 12 three-locus
genotypes of the parent transmitting the cytoplasmic
genes and the three nuclear genotypes of the other
parent. For example, with joint maternal inheritance,
the mating AA/M/C ? X Aa & has frequency u;,v and
produces 2AA/M/C and Y2Aa/M/C progeny. Apply-
ing this procedure to all possible matings shows that
the values of the 12 genotype frequencies are, after
one generation:

uj = pyp
v = piq + qip (20)
wj =gy, for i,j=1,2.

Note that the new genotype frequencies are simply
the product of the three-locus allele frequencies
(Table 4) for the parent transmitting the cytoplasmic
genes and the appropriate nuclear allele frequency of
the other parent. Combining these transformations
with the relations in Tables 1 and 4 and equations (1),
(2) and (7) shows that the three gene frequencies (p, xu,
xc), the four joint cytotype frequencies (%11, %12, X21, X22),
and the eytoplasmic disequilibrium (Dyc) are all constant
through time. The nuclear genotypes, of course, im-
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mediately stabilize at their Hardy-Weinberg frequen-
cies. Moreover, in conjunction with the recursions in
(20), the definitions in (3)-(4) and Tables 2 and 3
show that the original, two-locus cytonuclear disequi-
libria have the usual random-mating dynamics derived
by ASMUSSEN, ARNOLD and AVISE (1987). Those for
the nuclear-mitochondrial associations are

D(t) = 1/2D(t—1) — Dj\(,;)(l/Q)t
(l) pD(l—l) = pD(t“l)(VQ)t—l ol
(t) — _ -1y _ )/ \t—1 ( )
(g = P)Dy = (g — p)Dy (V2)
D§y = gDy " = —gDjy (V)™

where ¢ indicates time in generations. The corre-
sponding dynamics for the nuclear-chloroplast associ-
ations are identical to (21), except that M is replaced
by C in the subscripts of the disequilibrium measures.

Turning to the three-locus associations, the defini-
tions in (12) and Table 6, plus the formulas in Tables
4 and 7, show in conjunction with the recursions in
(20) that the dynamics of the joint disequilibria in-
volving M/C are

Dimc = VeDigme = D)’

DX;/MC = PDSZ‘?C = PDE:)/)MC(I/?)l_l (22)
Diiime = (§ = P)Dimic = (@ = PIDS )™
DZZ/MC = _quZcr)c = ,(AO/)M("(I/Q)t_

The trajectories for the disequilibria involving the
other three joint cytotypes are identical to (22), with
all occurrences of MC replaced by Mc, mC or mec.
Direct substitution of the solutions in (21)—-(22) into
(18) next shows that the dynamics for the three-way
disequilibria (DA/M/(;, DAA/M/C; DAa/M/C and Daa/M/C) are
also equivalent to those in (22), with the two-locus
cytotypes rewritten as M/C, M/c, m/C and m/c.

A comparison of (21) and (22) reveals that in a
randomly mating population where the chloroplast and
mitochondrial genomes are inherited through the same
parent, the three-locus cytonuclear disequilibria have the
same relative sign patterns and qualitative behavior as do
the corresponding two-locus cytonuclear disequilibria. In
particular, from the first generation on, all two- and
three-locus AA (aa) disequilibria have the same (op-
posite) sign as the corresponding allelic association,
whereas the Aa disequilibria have either the same or
opposite sign as the corresponding allelic association,
depending on whether the nuclear allele frequency,
#, is below or above 0.5. In the special case of p = 0.5,
all Aa disequilibria stabilize at zero in the first gener-
ation. Furthermore, depending on whether the initial
allelic association is zero or nonzero, either all four
disequilibria in a set are fixed at zero from the first
generation or all (except possibly the Aa disequi-

librium) are nonzero and decaying at a constant geo-
metric rate of %2 per generation.

The disequilibrium solutions also allow a complete
description of the dynamical behavior of the nuclear-
dicytoplasmic system. In particular, explicit time-de-
pendent trajectories for the frequencies of all 12
three-locus genotypes (see APPENDIX B) depend solely
on the values of seven key variables, only three of
which change through time: the three constant gene
frequencies (p, xu, xc), the constant cytoplasmic dise-
quilibrium (D), the two-locus cytonuclear allelic dis-
equilibria (DY), DY), and the joint allelic disequi-
librium (ij)/MC) All 12 genotypes monotonically
approach equilibrium values that are products of their
respective nuclear Hardy-Weinberg and joint cyto-
type frequencies. A three-locus genotype reaches equi-
librium in a single generation if its two-locus cytotype
is initially randomly associated with the nuclear alleles.
Otherwise, the deviations from equilibrium are halved
each generation. The one exception occurs if p = 0.5,
when the four heterozygous genotypes reach equilib-
rium in a single generation, regardless of the initial
allelic associations.

Random mating with mitochondria and chloro-
plasts inherited through opposite parents: There are
again 36 possible matings, which in this case involve
the six nuclear-mitochondrial genotypes of one parent
and the six nuclear-chloroplast genotypes of the other
parent. The mating AA/M @ X Aa/c &, for example,
has frequency wimvec and produces Y2AA/M/c¢ and
Y2Aa/M/c progeny (assuming mitochondria are mater-
nally inherited and chloroplasts are paternally inher-
ited). After one generation, the 12 three-locus geno-
type frequencies are products of the two-locus cyto-
nuclear allelic combinations in Table 3:

Ui = pimpjc
vy = pPimgic + qimPic (23)
w) = qmgjc, for i, j=1,2.

The same recursions hold regardless of which cyto-
plasmic genome is maternally inherited. The transfor-
mations for the nuclear-mitochondrial and nuclear-
chloroplast subsystems are the same as when the two
cytoplasmic genomes are jointly inherited through the
same parent. Consequently, the gene frequencies do
not change from their original values, the nuclear
genotypes immediately reach Hardy-Weinberg equi-
librium, and the two-locus cytonuclear disequilibria
have the usual random-mating trajectories shown in
(21).

The dynamics of the three-locus and joint cytoplasmic
variables are strongly dependent on the cytoplasmic inher-
itance pattern. For instance, paralleling the nuclear
gene frequencies, the joint cytotype frequencies are
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fixed after one round of mating as the products of
their constant single-locus frequencies:

0

X1 T XMXc
O —

X192 = Xmyc (24)
{2

X9, = ymxc

x;‘; = ymyc, for t=1.

From this and (7), it is apparent that the cytoplasmic
disequilibrium immediately stabilizes at zero:

DY = x¥ — xyxc = 0. (25)

Thus, with opposite modes of inheritance, mitochondrial
and chloroplast haplotypes become randomly associated in
a single generation, and remain so in all subsequent
generations, regardless of the initial genotypic distri-
bution. This is in strong contrast to the behavior when
the two cytoplasmic genomes are inherited through
the same parent, in which any initial nonrandom
cytoplasmic association is fully retained. Both cases
contrast with the geometric decay of %2 per generation
for disequilibria between alleles at two unlinked nu-
clear loci, or between alleles at a nuclear locus and a
cytoplasmic locus.

The recursions for the joint genotypic disequilibria
are now readily obtained by using the equations in
(23)—(24) in conjunction with the definitions in Table
6 and the two-locus allelic relations in (9). For exam-
ple, the transformations for the genotypic disequi-
libria involving the M/C joint cytotype are

DYy e = pxeDyr " + xuDE V)
+ DYhpy

= (g — p)xcDS " + xuDE )
- 2D "D

S
=
gs
2

|

(26)

® —_ @t-1) @—=1)
D somc = —qxcDy '+ xuD¢ )
(t=1)  (—1)
+ D, ‘D; .

Given the formulas in (21) for DY) and DY, these have
the explicit solutions

DX?A/MC = [’(chf\g) + xuD E:O))(l/’l)t_l
+ DD ()
szz/Mc = (¢ — l’)(ch;g) + ’CMDS)))(I/Z)'—1 (27)
— 2DID ey
—q(x(;fo,) + xMDg)))(l/2)'_'

>
e
g
|

+ DDA

Substituting the solutions for DXL/MC and Dﬁ:)a/MC into
the second relation in (15) in turn yields the dynamics

of the corresponding joint allelic disequilibrium:
DX)/MC = l/z(chg;]) + xMD(é_l)) (28)
= (xcD) + xuD (Vo).

The dynamics of the remaining joint disequilibria are
similar to those in (27)-(28) and are presented in
APPENDIX C.

An important general observation is that the behav-
ior of each joint disequilibrium is here a function solely of
the constant gene frequencies and the two-locus cytonuclear
allelic disequilibria, DY) and DY). In the simplest case,
where the nuclear alleles are initially randomly asso-
ciated with haPlotypes in both cytoplasmic genomes
(i.e., DY = DY = 0), all joint disequilibria stabilize at
zero after one generation. If nuclear alleles are instead
randomly associated with one cytoplasmic genome
and nonrandomly associated with the other (i.e., DY
=0 # DY or vice versa), all joint disequilibria ordi-
narily exhibit the typical (two-locus) geometric decay
of Y2 per generation, which is also the standard dy-
namic for all cytonuclear disequilibria when both cy-
toplasmic genomes are inherited through the same
parent.

In the general case where DY) and DY are both
nonzero, the dynamics are more complex. Under
special initial conditions, the joint allelic association
(for a given two-locus cytotype) immediately stabilizes
at zero, while the corresponding genotypic associa-
tions decay at an accelerated geometric rate of Y4 per
generation (e.‘g., the joint M/C disequilibria when
xcD§y + xyDY) = 0). Ordinarily, however, the joint
allelic disequilibria again decay by Y2 per generation
when DYDY # 0, while the joint genotypic associa-
tions only approach this behavior asymptotically, with
their full trajectories either (i) monotonically decaying
to zero; (ii) initially increasing in magnitude before
decaying to zero; or (iii) initially decreasing in mag-
nitude, changing sign, and then increasing in magni-
tude before decaying to zero. An extensive analytic
investigation shows that not only can each of the 12
genotypic measures display any of these dynamics, but
the three genotypic associations for a given joint cy-
totype can each have a qualitatively different trajec-
tory. In fact, each set of joint genotypic disequilibria
has many possible combined patterns of behavior un-
der opposite cytoplasmic inheritance, with the trajec-
tory combinations subject only to the constraints that
(i) at least one (homozygote) disequilibrium monoton-
ically decays to zero; (ii) at most one genotypic dis-
equilibrium increases; and (iii) the heterozygote dis-
quilibrium does not increase if a homozygote disequi-
librium changes sign.

In contrast, the dynamics and sign patterns of the
true three-way disequilibria are all straightforward,
although nonetheless different from those with joint
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cytoplasmic inheritance. The equations in (21) and
(26)—(28) can be substituted directly into (18) to show
that

DYpic=0, for t=1, (29)
and that
D,(QA/M/C = DS;/M/C = Df:;l)D(ct_”
=DYDY 4y (30)
Dl = ~2D3y D™ = ~2D D ().

Like the cytoplasmic disequilibrium (Dyc), the three-way
allelic disequilibrium (Damyc) immediately stabilizes at
zero regardless of its initial value. The same is true of
the three-way genotypic disequilibria, if either D{) or
DY is zero. In cases where DY and DY are both
nonzero, all three-way genotypic associations decay
monotonically to zero by Y4 per generation, which is
faster than the usual rate of % per generation with
joint inheritance. A further distinctive feature of the
present model is that DY, yc and Df:‘),/M/C are equal to
one another and have the sign of DYDY for t = 1,
whereas DXZ/M/C has the opposite sign and twice the
magnitude of the two homozygous measures.

The recursions in (21) and (23) plus the relations in
(9) show that the trajectories of the 12 genotype
frequencies (see APPENDIX B) here depend only on the
values of the constant gene frequencies (p, xu, xc) and
the two-locus allelic disequilibria (DY, DY). The gen-
otype frequencies each approach the three-way prod-
uct of the nuclear genotype’s Hardy-Weinberg fre-
quency and the individual cytoplasmic frequencies.
These values are reached in a single generation if the
nuclear alleles are initially randomly associated with
the haplotypes at each cytoplasmic locus. In general,
in addition to approaching different equilibria than
those obtained under joint cytoplasmic inheritance,
the trajectories under opposite cytoplasmic inheri-
tance are not necessarily monotonic.

Mixed mating with joint inheritance of mitochon-
dria and chloroplasts through the same parent: We
next return to the case of joint transmission of mito-
chondria and chloroplasts through a single parent, but
under the standard model of mixed mating (CLEGG
1980). The distinguishing assumptions of this model
are that (i) offspring of each individual are the result
of either self-pollination, with probability s, or of
random outcrossing, with probability 1 — s, where
0 < s < 1; and (i) the distribution of pollen allele
frequencies is identical across all maternal individuals.

The recursions for the three-locus genotype fre-
quencies have the general form

ufy = s(uy + Yavy) + (1 — s)psp
v} = Vasvy + (1 — s)(pyq + qiip) 31)
IUi;' = S(wij + 1/-'f(/,‘j) + (1 - S)Qijq’

for i, j = 1, 2. Note that when no selfing occurs (i.e.,
s = 0), these equations reduce to those in (20), the
dynamics under random mating and joint cytoplasmic
inheritance. As in that model, the three gene frequen-
cies, the four joint cytotype frequencies, and the cy-
toplasmic disequilibrium are here constant through
time. The nuclear genotype frequencies have the
usual mixed-mating dynamics:

u? =50 + V) + (1 —s)p? =p — Vo
19 =Yaso"" U+ 2(1 = s)pg =4+ (¥ - ﬁ)(%) 42

w® =S(w(z—l) + %v(r—l)) + (1 _ s)q2 =q- l/zv(t)
where

41— s)pg
@2=s)

In conjunction with the definitions in (3)—(4) and
Tables 24, the equations in (31)—(32) can be used to
show that the recursions for the nuclear-mitochon-
drial disequilibria have the mixed-mating dynamics
derived in ASMUSSEN, ARNOLD and AVISE (1987):

D;W = 1/2(1 + S)DM

D=

DIM = [S + (1 - S)p]DM - 1/15D2M (33)
Doy = (1 — sXg — p)Dum + "esDoy
Diy = _[S + (1 - S)q]DM - l/tSDQM.
Their explicit solutions are rewritten here as
1+s\
DY = D(O)( )
M M 2

y 145\
Dy =[s+2(1 - )pID}/ <‘“2—>

= YA[Dg) = 2(1 = 5)(g =)D} <§>

o =201 - g - oy (1) (34
(D =200 = 9)g - p)DﬁS’](%)t

Dy =~{s+2(1 = )10 (%)

V4D, ~2(1 ~ $)q - p)Di?]( g) -

The corresponding formulas for the nuclear-chloro-
plast disequilibria are equivalent to those in (33) and
(34) with all occurrences of M replaced by C.

As in the case of random mating with joint cyto-
plasmic inheritance, the dynamics of the three-locus
disequilibria are all exact parallels of those for the
corresponding two-locus cytonuclear associations. In
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particular, the recursions and solutions for the joint
M/C cytotype are equivalent to (33)-(34) with Dy
replaced by DA/MC; D1M by DAA/MC; D2M by DAa/MC, and
D3y by Dagmc (see APPENDIX D). The dynamics of the
other three-locus disequilibria have the same form,
with all occurrences of MC replaced by Mc, mC, or me,
or alternatively by M/C, M/c, m/C or m/c.

Several other generalizations are evident from the
full system of equations. For example, under mixed
mating with joint cytoplasmic inheritance, all the frequency
and disequilibrium recursions are the weighted averages
of those under random mating and pure selfing. This
simple relation, however, does not extend to the actual
trajectories. In addition, although all cytonuclear dis-
equilibria eventually go to zero under either full or
partial random outcrossing, there are two distinctive
features to the mixed-mating dynamics. First, within
each set of joint or three-way disequilibria involving a
given two-locus cytotype, the allelic disequilibrium may be
zero in a mixed-mating population at the same time that
the three genotypic disequilibria are nomzero. Second,
with partial self-fertilization, the allelic and genotypic
associations comprise two distinct classes of disequi-
librium dynamics. All allelic disequilibria monotoni-
cally decay to zero at the constant geometric rate of
(1 + 5)/2 per generation. The genotypic disequilibria
also ultimately decay to zero at this same rate, but an
analytic investigation shows that they may initally
increase or change sign, exhibiting the same range of
behavior found for the joint genotypic disequilibria in
(27) under random mating with opposite cytoplasmic
inheritance.

The complete trajectories for the frequencies of the
12 three-locus genotypes can be obtained by substi-
tuting the nuclear genotypic trajectories from (32),
along with the genotypic disequilibrium solutions, into
the relations in Tables 5 and 6. These require a full
11 independent variables, of which only four, the
three gene frequencies and the cytoplasmic disequi-
librium, are constant through time. Paralleling the
completely random mating case, the genotype fre-
quencies all approach the products of the nuclear
genotypic equilibria under mixed mating (32) and the
constant joint cytotype frequencies, but with partial
self-fertilization their trajectories are not necessarily
monotonic.

Mixed mating with mitochondria and chloro-
plasts inherited through opposite parents: The gen-
eral forms of the genotypic transformations are

uj = s(uy; + Yavy) + (1 — s)papic

= s pimgic + qimpic)  (35)
wé— = S(w,']' + %U,‘j) + (1

'Ui’j = '/ZJ'UI‘J' + (1
= $)qimgjc

These can be used to show that the gene frequencies
(p, xm, xc) are constant, and the nuclear genotypes

and two-locus cytonuclear disequilibria have the usual
mixed-mating dynamics in (32)—(34).

The trajectory for the cytoplasmic disequilibrium is
in this case

D = sDyi = Dr(s)- (36)

Direct substitution of D). from (36) into the relations
in (10) in turn yields the dynamics of the two-locus
cytoplasmic frequencies

- 0
x(l)l = XmXc + SDxIcl) = XpmXcC + D( )(S)t

xl)z = Xmyc — SD(t V= xmyc Dy mcls)' (37)
x5, = yuxc — sDY = yuxc — D<M’C(S)
%55 = nye + sDY = e + D)’

The formulas in (36)—(37) show that unless the selfing
rate is high, nonrandom associations between the cyto-
plasmic genomes rapidly disappear, and as a result, the
joint cytoplasmic frequencies quickly approach the
products of their individual cytoplasmic frequencies.
As mentioned above, this randomization is established
within a single generation under complete outcrossing
(i.e., s = 0). Moreover, this behavior contrasts strongly
with that under joint inheritance, for which any initial
cytoplasmic association is fully retained under both
mating systems.

Turning to the three-locus associations, the recur-
sions in (35) and (37) together with the definition in
(12) show, for example, that the transformation for
the allelic disequilibrium involving the M/C joint cy-
totype is

- I —3 - -
D = sDime + (—2 )(ch;; U+ xuD),  (38)
and the resulting solution is
1+s\
Dl = el + DO L) + Drtsr. 69

The dynamics of the other three joint allelic associa-
tions have similar forms (APPENDIX c), and can be
obtained by substituting those for DY, DY, and Dg)/MC
in (33)-(34) and (38)-(39) into the relations in (13).
Note that thus far, as with joint cytoplasmic inherit-
ance, the recurrence relations for the frequency and
disequilibrium variables are weighted averages of
those under pure selfing and random mating.

The recursions for the joint genotypic disequilibria, on
the other hand, here include a third, higher order inter-
action term, corresponding to the covariance between
nuclear genotypic and joint cytoplasmic frequencies
across the randomly mating and self-fertilizing seg-
ments of the population. For example, equations (32),
(35), and (37), in conjunction with the formulas in
(9)-(10) and Table 6, show that the recursions for the
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M/C genotypic disequilibria are
Diamec = s(Damc — YaDaapac)
+ (1 — s)[p(xcDm + xmDc) + DuDec]
+ s(1 — s)(pq — Yav)Dac
Diamc = V25D gopmc
+ (1 = 9)[(g — p)XxcDu + xuDc)— 2DuDc]  (40)
= 25(1 = s)(pq — Y4v)Dyc
Diamc = —5(Damc + YaDaamc)
= (1 — 9)[gxcDu + xmDc)— DuDc]
+ s(1 — s)(pq — Yav)Duc.

Although explicit solutions can be derived for the 12
Jjoint genotypic disequilibria (see APPENDIX C), they
are complex, with each being a linear combination of
five geometric terms. With the geometric factors writ-
ten in decreasing magnitude, the solutions for each
nuclear genotype N = AA, Aa, aa and joint cytotype
J=MC, Mc, mC, mc have the common form

1+ s\ 1+ s\
D(At/)/j=d1< 5 S> +a’2< 5 s) + ds(s)

s\ 2\ ¢
ra3) v %),
where in each case the constant coefficients d;, -- -,
ds are distinctive functions of the initial conditions
and the selfing rate (s).

The three-way disequilibria have somewhat simpler
recursions than the joint disequilibria. This is espe-
cially true for the allelic disequilibrium, whose recur-
sion is obtained by substituting the transformations
for DY, DY, and DX)/MC from (33) and (38) into the
relations in (18):

DY AMIC = =sD g71\14)/c A /M/C(s ). (41)

A comparison of (41) and (36) reveals that, as under
random mating and opposite cytoplasmic inheritance,
the three-way allelic association and the cytoplasmic asso-
ciation have the same qualitative behavior. In this case,
both decay to zero by s per generation, whereas both
instantly reach zero in randomly mating populations.
Moreover, as for all variables except the three locus
genotypic disequilibria, the recursion for DY e is the
weighted average of those under random mating and
pure selfing.

The recursions for the three-way genotypic dis-
equilibria are analogous to those in (40) for the cor-
responding joint genotypic disequilibria, except that
each lacks the term involving the cytoplasmic frequen-
cies. For instance, substitution of the recursions from
(33) and (40) into the last three relations in (18) shows
that the transformations for the three-way genotypic

disequilibria involving M/C are
Diamae = S(Damjc = YD aajmyc)
+ (1 = 5)DyDc + s(1 — s)(pg — Yav)Dac:
Diasmc = Y2sDaasmc — 2(1 = s)DyDe: (42)
= 2s(1 = sXpg — Yav)Dyc
Diamjc = =5(Dasmc + YaDaapasc)
+ (1 = 5)DuDc + s(1 — s)(pg — Yav)Dyec.

Paralleling the joint genotypic disequilibria, the ex-
plicit solutions for the three-way genotypic associa-
tions are complex (see APPENDIX C), with each in this
case being the linear combination of four geometric
terms (again listed in order of decreasing magnitude):
[(1 + 5)/27%, (), (s/2)', (s*/2)"

It is clear from the solutions that all three-locus
disequilibria eventually decay to zero. Of these, how-
ever, only ¢ /M/C always does so monotonically. The
remaining three-locus disequilibria potentially have
more complex behavior. A detailed analytical investi-
gation of their explicit solutions reveals that the joint
allelic disequilibria either immediately stabilize at zero
or have one of the three qualitative trajectories found
for all genotypic disequilibria under mixed mating
with joint cytoplasmic inheritance, and for the joint
genotypic disequilibria under random mating with
opposite cytoplasmic inheritance. Based on numerical
examples, these patterns also appear to be the most
common ones exhibited here by the joint and three-
way genotypic disequilibria.

Paralleling the fully random-mating case with op-
posite cytoplasmic inheritance, the two- and three-
locus disequilibria as a group display three different
asymptotic decay rates. Under both mating systems, the
eytoplasmic disequilibrium (Duyc) and the three-way allelic
disequilibrium (Dajmyc) exhibit the fastest decay rate
(s per generation). Similarly, the ultimate decay rate of
[(1 + 5)/2]? per generation for the three-way genotypic
disequilibria is faster than the asymptotic decay rate
of (1 + 5)/2 per generation exhibited by all remaining
two- and three-locus disequilibria. The latter, com-
mon rate also characterizes the ultimate approach to
equilibrium by the 12 three-locus genotypes. Their
final frequencies are in this case three-way products
of the nuclear genotypes’ equilibrium frequencies un-
der mixed mating (32) and the individual cytoplasmic
frequencies. As under mixed mating with joint inher-
itance, a full 11 variables are needed to describe their
trajectories. In this case, all but the three gene fre-
quencies vary through time.

DISCUSSION

We have expanded the original work of ASMUSSEN,
ARNOLD and AVISE (1987) by defining and determin-
ing the interrelationships among five sets of disequi-
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TABLE 8
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Generalized disequilibrium dynamics for generations t = 1, under three mating systems with joint or opposite cytoplasmic inheritance

Disequilibrium

Mating Cytoplasmic -
system inheritance Cytoplasmic Allelic Genotypic
Random  Joint Constant All forms d(vey All forms dvey
Opposite 0 Two-locus d(e) Two-locus d(e)
Joint d(a) Joint di(2) + do(YA)
Three-way 0 Three-way d(a)
Mixed Joint Constant All forms d 1+ s\ All forms d1<1 + s)' + d2<£>[
2 2 2
. , ~ ' ~ 1+ t t
Opposite d(s) Two-locus i 1+ Two-locus 4, 5 +dy s
2 2 2
int 1+ s\ oint 1+ s\ 5%\’
Join dl( . > + dafsy J d;( 5 ) + ...+ d5<'§
” ¢ " 2¢ o\ ¢
Three way d(s) Three-way 4, 1+ . d4<s_)
2 2
Selfing Constant All forms Constant AA and aa dy + dof2)
Aa d(e)

librium parameters that measure nonrandom associa-
tions within nuclear-mitochondrial-chloroplast and
other nuclear-dicytoplasmic systems. Three sets of
pairwise disequilibria measure the association between
haplotypes at the two cytoplasmic loci (Duc) and as-
sociations between each cytoplasmic locus and nuclear
alleles or genotypes (Dy, Dis, Dem, Dsu; De, Dic, Dac,
Dsc). These are complemented by two classes of novel
higher order disequilibria involving all three loci. The
first class quantifies nonrandom associations between
nuclear alleles or genotypes and joint two-locus cyto-
types (DA/MC, DAA/MCy DAa/MCy Daa/MC, etc.), whereas the
second measures the extent of full three-way allelic
and genotypic associations (Dasmsc, Daarmsc, Daaimsc,
Deamyc). Any of the three-locus disequilibria can be
nonzero even in the absence of pairwise associations,
and, like the original two-locus cytonuclear disequi-
libria (ASMUSSEN, ARNOLD and AVISE 1987), the
three-locus genotypic measures all serve to partition
the corresponding allelic association. In addition to
nuclear-dicytoplasmic systems, this framework also ap-
plies to associations in the heterogametic sex among
alleles and genotypes at autosomal, sex-linked, and
cytoplasmic loci.

In order to form a basis for interpreting data from
such three-locus systems, we examined the dynamics
under random and mixed mating, with either joint or
opposite inheritance of the two cytoplasmic genomes.
All models considered are neutral in that the three
gene frequencies do not change through time. The
joint inheritance models also apply to certain two-
locus cytonuclear systems. Specifically, the three-locus
frequencies and joint disequilibria within these models
also describe the two-locus frequencies and associa-
tions between a nuclear locus and a single cytoplasmic
(or sex-linked) locus with four alleles.

To facilitate an overview of the results, the general
forms of the disequilibrium dynamics are summarized
in Table 8 for each of the four models, as well as for
pure selfing. The behavior of all disequilibria (as well
as all other variables) under pure selfing is obtained
by setting s = 1 in the formulas for mixed mating
populations with joint cytoplasmic inheritance. Note
that Table 8 gives only the basic forms of the disequi-
librium solutions, which, unless constant, are either
fixed multiples or linear combinations of various geo-
metric terms. The value of any particular, generalized
coefficient (d, d,, - - - , d5) depends on the disequi-
librium in question.

The main general observation from Table 8 is that
any amount of random outcrossing causes all cytonu-
clear disequilibria to decay to zero. The cytoplasmic
disequilibrium, Dy, is an anomaly, in that it is con-
stant under joint cytoplasmic inheritance for all selfing
rates, 0 < s = 1. A second generalization is that, in all
other circumstances, partial self-fertilization serves to
retard the decay of the disequilibria. This process
culminates in the extreme case of complete selfing,
where the cytoplasmic disequilibria and all cytonu-
clear allelic disequilibria are constant, and all two- and
three-locus disequilibria involving nuclear homozy-
gotes monotonically approach the values (or nega-
tives) of their corresponding allelic disequilibria. Only
the heterozygote disequilibria always decay to zero
under complete self-fertilization. These associations
are lost at the constant geometric rate of Y2 per
generation, due to the corresponding loss of nuclear
heterozygotes. Interestingly, this is equivalent to their
usual decay rate in completely randomly mating pop-
ulations with joint cytoplasmic inheritance and is
faster than their asymptotic decay rate of (1 + s)/2
under partial self-fertilization.
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Several other, more technical observations are evi-
dent from Table 8. First, the dynamics of the two-
locus cytonuclear subsystems are solely a function of
the mating system, whereas the dynamical behavior
and sign patterns of the cytoplasmic and three-locus
disequilibria also depend strongly on the mode of
cytoplasmic inheritance. For example, for every fixed
selfing rate, 0 = s < 1, all three-way associations have
faster decay rates with opposite inheritance than with
joint inheritance. In contrast, although their func-
tional forms vary with the mode of cytoplasmic inher-
itance, the joint disequilibria have identical asymptotic
decay rates in both cases. The various models also
differ significantly in the complexity of their complete
disequilibrium trajectories. At one extreme are the
two random-mating models, for which all cytonuclear
disequilibria generally decay monotonically. The one
exception occurs under opposite inheritance, where
the joint genotypic disequilibria can increase or
change sign in the early stages of their trajectories. At
the opposite extreme are the two mixed-mating
models, for which all genotypic disequilibria can ex-
hibit these more complex patterns of behavior, as can
also the joint allelic disequilibria when the two cyto-
plasmic genomes are inherited through opposite par-
ents.

There are many possible forms and levels of non-
random associations within nuclear-dicytoplasmic sys-
tems, just as within multilocus nuclear systems (e.g.,
WEIR and WILSON, 1986). We have suggested several
parameterizations, each of which includes at least two
of our three-locus disequilibria. In order to utilize
these two new classes of disequilibrium measures, it is
important to fully understand the kind of information
they contain as well as the interrelationships between
them. The three-way disequilibria, on the one hand,
measure only those associations remaining after all
pairwise two-locus associations have been taken into
account. They consequently have complex definitions
(APPENDIX A), but have the logical advantage that
there is only one such measure involving each nuclear
allele or genotype. Moreover, the values of all four
three-way disequilibria can be completely determined
by the values of any two.

The joint disequilibria, on the other hand, are sim-
ply defined as the difference between the observed
frequency of a given three-locus combination and its
expected frequency given random association be-
tween the nuclear type and the joint cytotype. These
are thus natural parameters with a direct basis in the
table of observed three-locus frequencies. The joint
disequilibria are composite measures, however, that
encompass the combined effects of three-way and
pairwise cytonuclear associations among the loci [see
(18)]. If the nuclear alleles and genotypes are ran-
domly associated with the four joint cytotypes, then
all other two- and three-locus cytonuclear associations
are also necessarily zero. In further contrast to the

three-way disequilibria, there are multiple joint dis-
equilibria for each nuclear type, giving a total of six
independent joint measures. (A full three-locus para-
meterization can be obtained from only two of these
if the two-locus cytonuclear disequilibria are also ex-
plicitly included.)

The two classes of three-locus measures thus pro-
vide qualitatively different kinds of information about
the population, and are equivalent only under special
conditions such as when the nuclear alleles and geno-
types are randomly associated with each individual
cytoplasmic locus. Which of the three-locus measures
is most informative in any given study will depend in
large part on the specific nuclear-dicytoplasmic system
under investigation. For instance, both sets of dis-
equilibria may be informative when the cytoplasmic
genomes are transmitted through opposite parents
(e.g., mtDNA and cpDNA in conifers), although the
three-way disequilibria would appear to be the most
meaningful biologically. Moreover, the dynamics of
the three-way measures in this case are always simpler
than those of the joint disequilibria (Table 8), espe-
cially for species that, like conifers, are almost com-
pletely outcrossing. The choice is less obvious with
joint cytoplasmic inheritance, where the two types of
three-locus measures have the same qualitative dy-
namics, which parallel those of the two-locus cytonu-
clear measures. The joint disequilibria might be pre-
ferred here, however, due to the natural tendency in
this case to consider the two cytoplasmic genomes
jointly.

In general, the contrasting modes of inheritance
shown by nuclear and cytoplasmic genes allow cyto-
nuclear disequilibria to provide a qualitatively new
kind of information about the structure and evolu-
tionary history of natural populations. This is espe-
cially true of nuclear-dicytoplasmic systems where the
two cytoplasmic genomes can themselves exhibit dif-
ferent inheritance patterns. The present results are
the first step toward a theoretical framework for using
and interpreting data from these novel three-locus
systems. Subsequent work will address the statistical
estimation of nuclear-dicytoplasmic disequilibria and
their behavior under other evolutionary forces.
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APPENDIX A

Derivation of three-way genotypic disequilibria: The three-
way disequilibrium, D myc, is formally defined as the mathe-
matical expectation, across individuals in the population, of
(X = ux) (Y — uy) (Z — pz), where the three random variables,

1 if AA i M o, 1 if C
X{O if Aa or aa Y_{O if m Z_{O if ¢,

represent the indicator functions of the associated nuclear gen-
otypes and cytotypes and have means

i =EX) =u = EQY) = xy

Expansion of this expectation immediately yields

uz = E(Z) = Xc.

Dassmrc: = E[(X = w)(¥ = 5ulZ — x0)]
= E(XYZ) — xcE(XY) — xmE(XZ) — uE(YZ)
+ xmxcE(X) + uxcE(Y) + uxmE(Z) — uxpxc.

Finally, after substituting the expectations for X, Y, and Z above,
plus

E(XY) = wyy = uxy + Dinm
E(XZ) = = uxc + D¢
E(YZ) = = xmxc + Duc

E(XYZ) = uq,

this simplifies to the definition given in (17):
Daamme = wyy ~ uxpe — uDye — xuDic — xcDhw.

Using the relations in (10) and Table 6, the three-way asso-
ciation can be rewritten in terms of the joint disequilibrium
DAA/M(,‘; as in (18)

DAA/M/(.‘ = Daamc — xubDrc — xcDim

The three-way genotypic disequilibria involving the Ag and aa
nuclear genotypes are defined analogously, with the random
variable X replaced in turn by the indicator function for Ae or
aa.

APPENDIX B

Genotypic trajectories under random mating with joint
inheritance of cytotypes:

u(ll)l = P x1 + pDA/M((l/2),_l

o} = 2pgxn + (g = PIDYuc(A)™

w(ll)l = q2x11 - qDﬁ?/)M(:(l/“’)I_I
u(xl)z = P2x12 + p(DES) - Dito/)/m:)(l/?)'_l
wYy = ¢ = gD ()™

ug) = piar + pDY = D ey

v, = 2pgxar + (g — PDY = Dy )Ve)™!
wy) = g% — gDY = D))
ugy = pas + pDie — DY) — DY)

v = 2pqxas + (g — P)D S — D — DY)
{t {0) - D(0>

w2)2 = g%y ~ 9D ume M = D(c(')))(l/“’)t—l

Genotypic trajectories under random mating with opposite
inheritance of cytotypes:

u) = pPuxc + pxcDY + 2D DYVe) ' + D DOy
v = 2pgrurc + (g — p)acDly + xuDONY2) " — 2D DY (VY
i = g*xuxc ~ qrcDiy+ xuDI)V) ™! + DYDY
uly = pagc + pOeDy — xuDI)(e) " = DYDY
iy = 2pgxuyc + (g — pXyeDiy — xuDI)YVR' ! + 2D DY)
wfy = ¢*xc = qyeDy) — xmD)(Va) ™" — DYDY
uy) = pPyxc = p(xeDy = D)y ™ = DYDY
v = 2pqyuxc — (g = p)xcDly — DTN ) T + 2D DYy
wh = ¢Pxc + gxcDy ~ yuDNA) T = DDA
upy = pPyc = plyeDyy + yDNR) T + DYDY
vy = 2pqymyc ~ (q = p)3eDyy + yuDNYe) " ~ 2DiDE(aY !
wiy = gy + gDl + D)) + DYDY

APPENDIX C

Three-locus disequilibrium trajectories with opposite cy-
toplasmic inheritance: Joint disequilibria under random mating:
The trajectories for the allelic and genotypic disequilibria in-
volving the joint M/C cytotype are given in (27) and (28). The
explicit solutions for the remaining joint disequilibria are

DY = (3eDyy — xuD)V2)

DYy e = p(eDiy — xuD )Y — DYDY

DY e = (@ = pYyeDy — xuDONVa) ™ + 2D DY)
DY e = —q(cDi — xuD)V2) ™" = Dy DAY
DY = —(xcD) — yuD ) )

DYy e = —p(xcDy = yuDINVo)™" = DYDY AY™!

Diomc = (g = YDy — D)V + 2DPDCAY

DY, = qxcDy) = yuD D)) = DYDY AY!
Dijme = =(eDyy + D))

DY, e = —p(3eDl) + yuDONAY ™ + DYDY
DY, e = (g = PYGeDY + yuDON) T — 2DPDICAY

= q(ycDs) + yuDO)(Ve) ™" + DY D(Vay!

A
|
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Joint and three-way disequilibria under mixed mating: With

1 - A «
o= S22y, s=anl o= o - a0,

the general solutions for the trajectories of the joint allelic and
genotypic disequilibria for ] = MC, Mc, mC, mc are

D,(:)/j = le(
© 1+ s\ + 1+ s\
Dy = [s +2(1 = s)plds 9 *a )

¢ 2\t
+ (Ve + DOy )s) F ‘/2d2,,<%> + l/gc<‘§>

1+s

¢
(0)
> + DA/M/(.‘(S)I

) 1+s\ _ 1+ s\*
ot = 20 = g ~ ot ) 7 20 (L)

sY $2\
F sy = dg_j<§> F c(E)
" l+s'+ 1+ s\
D,y = ~fs + 201 = Wl | —5—) + o{

i o\ ¢
+ (Vab — D )(s)' T Vads, ,<%) + ‘/26(%)

where the upper sign in *, ¥ is taken for MC and mc, the lower
sign for Mc and mC, and

dy s = %D + 20D

dype = 9D — xmDY

dyme = —%cD + yuD?

d1me = —ycDY) ~ 3D’
d2mc=2a = 2(1 — s)(q — p)dimc + VDl + Dig) e
dame=2a + 2(1 = 5)(g ~ p)d me + 9Dl + D — DY)
d2me=2a + 2(1 = 5)(g — p)d1 mc + v ODg, + D§) . — Do
dome=2a = 2(1 = s)(q = p)d1.mc + VDS + DS e — Dy — Digh.

The solutions for the three-way genotypic disequilibria are

14s\* sY 2\
Dﬁ:; = a(T) + (Veb + Df:’}M )6 — ‘/2g<§> + ‘/2c<—>

2
1+s\* sY $2\
D:L/M/(: = —2a< 9 ) = b(s) +g<§) - C(E)

@ 1+52t . (0) N sY , 52\
Dy mc=a 2 + (2b = DYy, 0)s) — Vagl 3 + Vacl 3/

where

— o 0) {0
g = Dagmyc + Dy + 2a.

APPENDIX D

Three-locus disequilibrium trajectories under mixed-mat-
ing with joint cytoplasmic inheritance: Substituting the recur-
sions from (31)—(33) into definitions (12)—(13) and Tables 5 and
6, for instance, shows that the transformations for the joint
M/C genotypic associations are

Dime = Ya(l + $)Dasmc

Diamc = [s + (1 — s)p)Damc — VasDaume
Digme = (1 = s)(q — p)Damc + VasDaome

Diomec = —=[s + (1 = $)q)Dajmc — 45D aamc.

(D1)

These dynamics are homologous to those in (33) and thus have
the explicit solutions

1+s\
D.E:)/M(J = Dﬁf}M{)( 9 )

1+s\
Dg?d/M(I =[s+2(1 - S)P]quo/)ma( )

2
=~ YalDme = 201 = 9)g = p)D&“}McJ@)
y 1+ s\
Diiume = 2(1 = )g = p)DS’}MC<TS) (D2)

+ [Dione = 21 = 9)g = p)Dﬁ’}Mc]@)

. 1+ s}
Dfu)l/M() =—[s+2(1 - S)Q]qu‘)/)M(,'( 9 >

= YelDime = 21 = 5)q = p)Dﬁ’,’Md(g)-

Substituting these equations into the relations in (13), (18), and
Table 6 in turn shows that the dynamics of the other three-
locus disequilibria are analogous to (D1)~(D2), with MC re-
placed by Mc, mC or me, or alternatively by M/C, M/c, m/C or
m/c.



