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ABSTRACT 
The properties of gene and allelic  genealogies at a gametophytic  self-incompatibility  locus in plants have 

been investigated  analytically and checked against  extensive numerical simulations. It is found that, as with 
overdominant loci, there are two genealogical  processes with  markedly different time  scales. First, func- 
tionally distinct allelic  lines  diverge on an extremely long time  scale  which  is  inversely related to the 
mutation rate to new  alleles. These alleles show a genealogical structure which  is similar, after an a p  
propriate rescaling of time,  to that described by the coalescent  process for genes at a neutral locus. Second, 
gene copies  sampled  within the same functional allelic  line  show  genealogical relationships similar to 
neutral gene genealogies but  on a much shorter time  scale,  which  is on the same order of magnitude as 
the harmonic mean of the number of gene copies  within an allelic line. These results are discussed  in 
relation to data showing  trans-specific  polymorphisms for alleles at the gametophytic  self-incompatibility 
locus in the Solanaceae.  It is  shown that population sizes on the order of 4 X lo5 and a mutation rate per 
locus per generation as high as 1O"j could account for estimated  allelic  divergence  times in this family. 

G AMETOPHYTIC self-incompatibility  is  a  self-re- 
cognition  mechanism that has  been found in 

many  families  of  flowering  plants (DE NETTANCOURT 
1977; CHARLESWORTH 1985). It is thought to have  evolved 
as a  means for regulating  outcrossing  distances  in  popu- 
lations of hermaphroditic plants (UYENOYAMA 1988). In 
most  systems studied, the incompatibility  reaction is  gov- 
erned by a  single gene with multiple  alleles  (called,  re- 
spectively, S locus and S alleles). The rejection  mecha- 
nism  involves a  recognition  between the allele carried by 
the haploid  pollen and either allele  expressed  in the 
diploid style. Numerous theoretical studies on gameto- 
phytic  self-incompatibility  systems  have  been under- 
taken  to predict the number of alleles  maintained  at 
equilibrium in finite populations (for a review  see CLARK 
1993). These  studies show that, because of the frequency- 
dependent selection  induced by the  incompatibility sys- 
tem,  a  larger  number of  alleles are maintained  at  an  Slocus 
than  at  a  neutral locus  with the same  mutation  rate 
( W R I G ~  1939).  These  predictions  are  consistent with the 
large  numbers of S alleles  typically found  at S loci.  For 
example,  in  natural  populations  between 30 and 45 dif- 
ferent alleles  have  been found (ATWOOD 1944; EMERSON 
1939; LAWRENCE and O'DONNELL 1981). 

Recent  molecular  studies have led  to the isolation of 
style glycoproteins that cosegregate with  individual S al- 
leles (KAMBOJ and JACKSON 1986). Clones of cDNA en- 
coding the S allele-associated  glycoproteins  have been 
isolated and sequenced in  several  species  of the family 
Solanaceae  (see  references  in SIMS 1993). Comparisons 
of amino acid  sequences of S alleles  within and among 
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species  have  led  to the following  generalizations: 
(1) there is a wide range of  variation  among  alleles (be- 
tween  38.7 and 93.5% identity); (2) levels  of  polymor- 
phism  within and among  species are of the same order 
of magnitude; (3) there are numerous examples of pairs 
of alleles  from  different  species that are more similar  to 
each other than are functionally different alleles  from 
the same  species (IOERGER et al. 1990; CLARK and KAo 
1991; CLARK 1993). 

These  observations  suggest that S alleles  exhibit 
shared polymorphisms (IOERGER et al. 1990), i.e. that 
some of the polymorphisms are more ancient than the 
times  of  species divergence.  Shared  polymorphisms 
have  also been found in the mammalian  major  histo- 
compatibility  complex  (MHC) and have been  used  to 
support the hypothesis that the high degree of polymor- 
phism at those  loci is maintained by overdominant se- 
lection (HUGHES and NEI 1988). This  hypothesis is re- 
inforced by the theory of TAKAHATA  (1990) and TAKAHATA 
and NEI (1990) who  showed that loci under balancing 
selection  would  have  alleles  with  very  long  residence 
times and coalescence  times that would far  exceed  those 
of neutral alleles.  Similarly, the frequencydependent se- 
lection  induced by the  incompatibility  system  has  been 
used  to  explain the  observations  of  long  divergence  times 
among S alleles (IOERGER et ul. 1990; CLARK and KAo 1991; 
CLARK 1993).  Moreover CLARK (1993)  suggested  that a one 
locus  gametophytic  self-incompatibility  system  is  formally 
similar  to a locus under symmetric  overdominant  selection 
with complete  homozygote  lethality. 

In this report we re-examine the problem of  coales- 
cence  times at S loci,  considering both allelic  genealo- 
gies and gene genealogies  within  each  allelic  class. We 
develop  analytic  theory that describes the relationship 
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between  allelic genealogies at S loci and those for over- 
dominant loci. Then we test our analytical predictions 
using extensive computer simulations. Finally, we dis- 
cuss the model with reference  to  the observed properties 
of the S locus in the Solanaceae. 

THEORY 

Allelic genealogies at an S-locus: TAKAHATA ( 1990) de- 
veloped the theory of  allelic genealogies, i. e . ,  genealo- 
gies  of functionally distinct alleles sampled from a finite 
population, for an  overdominant locus under relatively 
strong selection. He showed that these genealogies are 
similar to neutral  gene genealogies, i .e . ,  genealogies of 
randomly sampled genes  at a neutral locus irrespective 
of their allelic  type, but with a different time scale (see 
also  TAKAHATA et al. 1992). Hence some analytic pre- 
dictions obtained from the theory of neutral alleles can 
be applied  to allelic genealogies for overdominant al- 
leles after an appropriate rescaling of time, which is 
equivalent to a change in the effective population size. 
CLARK (1993) pointed out that TAKAHATA'S approach 
could also apply to allelic genealogies at  an S locus, be- 
cause there  are similarities in the diffusion approxima- 
tions for overdominant models and for frequency- 
dependent models such as for gametophytic self- 
incompatibility systems (YOKOYAMA and NEI 1979). In 
both cases the stationary distribution of  allelic frequen- 
cies  shows a set of common alleles  with  similar frequen- 
cies, in contrast to the frequency spectrum  for a neutral 
locus for which there is  usually  only one common allele 
and a number of rare alleles (MARUYAMA and NEI 1981; 
WRIGHT 1939). 

The problem for  the S locus is to find  the  appropriate 
rescaling factor for time. According to TAKAHATA'S 
(1990) theory for overdominant alleles, time should be 
rescaled by a factor f,, where 

fs = ;n,t(l/n,) (1) 

t(  l/n,) is the  expected time until a particular common 
allele, starting at frequency l/n,, becomes lost and n, is 
the  number of common allelic lines at equilibrium. We 
can find expressions for these two quantities for  an S 
locus as  follows. 

We assume a population of N diploid individuals with 
a one-locus gametophytic self-incompatibility  system. 
WRIGHT (1939) and FISHER (1958) used a diffusion a p  
proximation to study the conditions of equilibrium for 
this model under mutation, selection and random ge- 
netic drift. Assuming the infinite-allele model of  muta- 
tion,  the drift and diffusion coefficients for the model 
are as  follows  (WRIGHT, 1960, p. 70) 

E(&) = - U X ( X  - F) - ux (2) 

Var(8x) = x(1 - 2x)/2N (3) 

where u is the mutation rate per gene per generation, F = 
~:ix~isthehomozygosity,anda= l / [ ( l  -F)(l -2F)l. 

The stationary distribution of  allelic frequencies is 
given by 

@(X) = 4NuZNaX(1 - 2 ~ ) ~ ~ ~ " x "  (4) 

where b = 1/[2(1 - F)] + u ( Y O K O Y A M A ~ ~ ~ N E I  1979). 
The homozygosity, F, and, consequently, the coeffi- 

cients a and b can be obtained by using the relationship 
sy2x@(x)  dx = 1, hence by solving for F in 

= (1 - F)-1/2(1 - 2F)-"I1/(1-F)+2u] 

(YOKOYM and HETHERINGTON 1982). 
The expression for t(l/n,), the  expected time until a 

particular common allele starting at frequency l /n,  be- 
comes lost, has been derived for overdominant alleles 
by  TAKAHATA (1990) by using the diffusion equation 

with *(y) = exp[-2~Y{E(Gz)/Var(Gz))Gz] (EWENS 
1979, p. 119). 

Using (2) and (3), we have, for gametophytic self- 
incompatibility, 

*(y) = exp[2Ndx - (F - u/a)}*] (6) 

This expression is the same  as the  one  obtained by 
TAKAHATA (1990) if we replace his coefficients S and m 
by 2Na and F - u/a, respectively.  Following his deri- 
vation but using the coefficients appropriate  for S loci 
we get 

In (7), F is  itself a function of Nand u but we  will treat 
it as a separate parameter for now and  later find its  value 
by solving ( 5 ) .  

To complete the derivation for S loci, we need an 
expression for the average number of common alleles at 
equilibrium, n,. This quantity is approximately equal to 
the effective number of  alleles  in the population 
(KIMURA and CROW 1964) and hence n, = 1/F, with F 
computed by solving ( 5 ) .  

Finally, using (1) , the  formula for the rescaling factor 
becomes 

We should  note  that, as  discussed by  TAKAHATA (1990), 
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TABLE 1 

Values of the  homozygosity, F, the coefficient a, and the rescaling 
factor, f,, for a  gametophytic  self-incompatibility locus and an 
overdominant locus with lethal  homozygotes  when u = 

N Fslocusa FCwer.d. a' f,,,, L&.d e 
b d 

10' 0.159 0.222 1.746 1252 802 
10' 0.059 0.066 1.205 355 305 
lo4 0.0188 0.0194 1.059 125 119 
lo5 0.0056 0.0057 1.017 48.9 48.3 
lo6 0.0016 0.0016 1.005 20.6 20.5 

Computed by solving for F in (5). 
Computed according to (11). 

'Computedas l / [ ( l  - F)(1 - ZF)]. 
Computed according to (8). 

e Computed according to (12). 

this approach provides valid approximations only when 
-/Nu 2 100, i .e.  only when mutation rates are low. 

The formula derived for a neutral  gene genealogy de- 
scribed by the coalescence process (KINGMAN 1982) can 
now be  applied to the allelic genealogy at  an S locus after 
multiplication byf,, As an example, following the nota- 
tion of TAKAHATA (1990), the average  pairwise  diver- 
gence times between alleles can be  computed as 

E{ T d }  % NJ (9) 

with the time expressed in generations. Similarly the 
mean time to coalescence of  all  alleles in the  population 
is given by 

E{T,} % 4NJ(l - l/nc) 4Nf,(l - F). (10) 

Comparison of allelic  genealogies  under  gameto- 
phytic  self-incompatibility  and  overdominance: The 
scaling factor we find  for  an S locus is somewhat differ- 
ent from that suggested by CLARK (1993) because we 
have taken explicit account of the dynamics  of S alleles. 
CLARK (1993) based his suggestion on  the analysis  of 
YOKOYAMA and NEI (1979) and YOKOYAMA and HETHER- 
INGTON (1982), who showed that when 4Nu >> 1, the 
equilibrium value  of F for  an S locus is  given  by 

F = [ - l n ( u p N / 2 N ] ' / '  (11) 

which is the same as for  an  overdominant locus with 
lethal homozygotes (formula 5 from TAKAHATA 1990 with 
s = 1.0). Under these conditions  the  formula  for f, 
becomes 

A = fiN/2N~ln(l/8,rrNU2)]-9/2 (12) 

(CW 1993). Table 1 compares values for  both F and 
f, for our approximation and that of CLARK (1993). We 
confirm that his approximation is  valid for sufficiently 
large N ( N  > 10,000) but that  for small population sizes 
there is a substantial difference. In  effect, selection at S 
loci in small populations is stronger  than can possibly be 
obtained with overdominant loci affecting viability  be- 
cause selection at S loci is discriminating among  het- 
erozygotes, in favour of those heterozygotes with  low 

frequency alleles. In larger populations, however,  many 
alleles are  maintained  at equilibrium so that most alleles 
are  found  at low frequencies. 

SIMULATIONS 

Methods of computer  simulation: We simulated re- 
production in a diploid plant population of  size N with 
non-overlapping generations. In each generation prog- 
eny were produced by randomly choosing one of  the 2N 
genes as the female gamete, and  one as the male gamete 
(pollen),  and  then checking for compatibility, i e . ,  test- 
ing if the allele carried by the pollen is different than 
each allele carried by the female parent. If the pollen is 
compatible then a new  zygote  is formed. If the pollen is 
incompatible then  the female gamete is retained and 
new pollen randomly chosen until a compatible one is 
found, as described by MAYO (1966). The process was 
repeated  until N new  zygotes  were produced. A given 
number of mutations, drawn from a Poisson distribution 
with mean 2Nu, were then  applied to randomly selected 
genes. Each mutation was assumed to produce a new 
functional allelic  type, according to the infinite-allele 
model of mutation. Each run was started with 2N dif- 
ferent alleles and, in order to reach  the equilibrium dis- 
tribution of  allelic frequencies, was continued until the 
effective number of  alleles in the  population  had 
crossed the  expected value (1/F) a given number of 
times (20 in our  runs). Beginning at  that time genea- 
logical information was recorded. 

The genealogy was tracked by building a genealogical 
tree,  generation after generation in a forward manner, 
with each node  representing a gene with its generation 
number, allelic  type and pointers to ancestral and de- 
scendant nodes. After each generation, lineages which 
were not  represented in the last generation  (extinct lin- 
eages) were removed from the tree. The time to fixation 
was recorded when only one gene from the first gen- 
eration  remained present. Then simulations were con- 
tinued  for a time randomly chosen between 2 and 6 
times the observed time to fixation. At this stage, the tree 
represents a random  gene genealogy with 2N genes at 
its tips. The corresponding allelic genealogy is con- 
structed by counting  the  number of distinct allelic lines 
in the last generation, i .e . ,  the  number of tips in the 
allelic genealogy, and by removing from the  tree all but 
one  gene from each allelic line. 

The average divergence time between different alleles 
for all  painvise comparisons ( T d )  and the coalescence 
time of  all alleles in the  population ( T,) are  then com- 
puted  according to TAKAHATA and NEI (1990). The whole 
process was repeated for 1000 replicates for each set of 
parameter values. The program was tested by simulating 
a neutral locus and checking the results against the ex- 
pectations for  neutral  gene genealogies. 

Numerical  results for allelic  genealogies: The results 
of some simulations performed with population sizes of 
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TABLE 2 

Numerical results and  analytical expectations (in parentheses) for the  mean actual number of alleles, n,, the  mean 
heterozygosity, H, the  mean  coalescence  time of all alleles, T,, and  the  average  pairwise  divergence  time 

between  alleles, Td at  a  gametophytic  self-incompatibility locus 

4Nu N U n o  H TCa Tda 

0.004 50 2 X 5.23 rf- 0.52 (5.86) 0.796 t 0.018 (0.818) 475.8 ? 284.4  (496.4)  303.6 ? 164.8  (303.4) 
100 1 X 6.75 t 0.69 (7.39) 0.841 ? 0.014 (0.855) 559.7 t 284.6  (606.5)  338.1 t 155.7 (354.7) 
200  5 X 8.83 -C 0.78 (9.49)  0.879 2 0.009 (0.887) 669.2 rf- 379.6  (754.8)  386.3 t 194.6 (425.5) 

0.04 50 2 X 6.29 rf- 0.84  (6.99) 0.821 -C 0.020 (0.840) 86.1 t 50.7 (83.2) 51.9 t 27.6 (49.5) 
100 1 X 8.16 ? 0.94  (8.85) 0.863 ? 0.014 (0.874) 95 .4 t  50.2 (100.0) 55.8 t 26.1 (57.2) 
200 5 X 10.66 2 1.09  (11.37) 0.895 rf- 0.009 (0.902) 120.2 t 61.3 (122.5) 67.0 t 31.5 (67.9) 

0.4 50 2 X lo-' 9.08 ? 1.44 (9.59) 0.859 5 0.018 (0.872) 20.3 ? 11.8 (19.5) 11.7 ? 6.1 (11.2) 
100 1 X lo-' 11.67 ? 1.65 (12.25) 0.890 5 0.012 (0.899) 21.8 ? 11.3 (22.1) 12.3 ? 5.6 (12.3) 
200 5 X 15.23 ? 1.89 (15.71) 0.916 rf- 0.008 (0.921) 27.4 t 14.1 (25.8) 15.0 t 6.8 (14.0) 

4.0  50 2 X lo-* 19.49 t 2.76 (15.42) 0.913 ? 0.014 (0.928) 7.34 2 4.10 (22.6) 3.90 t 1.92 (12.15) 
100 1 X lo-' 25.39 t 3.19 (21.66) 0.931 t 0.009 (0.938) 8.07 ? 4.07 (14.9) 4.32 ? 2.00 (7.94) 
200 5 X lo-' 31.83 ? 3.84 (28.84) 0.945 IT 0.007 (0.949) 9.45 t 4.69 (12.6) 4.89 t 2.18 (6.64) 

Mean  values are given ? SD across 1,000 replicates. Analytical expectations for n,, H, T,, Td, computed according to Equations 4, 5, 10 
and 9, respectively. 

a Times are given in units of N generations. 

50,100  and 200  with  various mutation rates are given  in 
Table 2. Values observed for  the mean actual number of 
alleles in  the  population (n,) and  the mean overall het- 
erozygosity ( H )  are increasing with N and u. The ob- 
served  values are close to  the expectations computed 
according  to YOKOYAMA and NEI (1989), using the value 
for F obtained by solving equation (5). Our results are 
in agreement with simulation results in previous studies 
(EWENS and EWENS 1966; KIMURA 1966; CLARK 1993) and 
they confirm the validity  of the difision approximations 
for this model. The mean coalescence time of  all  alleles 
( T,) and the average  pairwise divergence times between 
alleles ( T,) , both expressed in units of N generations, 
are increasing with N but decreasing with u. The ob- 
served  values are remarkably close to the  expected val- 
ues obtained using Equations 10 and 9, respectively,  ex- 
cept for the case  with the highest mutation  rate (4Nu = 
4), for which the validity of the theory is no longer as- 
sured because W a / N u  < 25. 

CLARK (1993, Table 11) reported numerical values  of 
T,  and Td averaged over 100 replicates for the case  of 
N = 100. These were interpreted as supporting  the hy- 
pothesis that gametophytic self-incompatibility  is similar 
to overdominance with homozygote lethality. Although 
the  order of magnitude of the results are similar to  ours, 
some discrepancies appear. For example, his  values  of Td 
for u ranging  from 10" to  are all higher  than  ours, 
but the reverse is true for u = This is  of particular 
interest because his simulation results for u = are 
close to the expectation under overdominant selection 
with s = 1.0 whereas our observed value is closer to  the 
expected value according to (8). We think that  the dif- 
ference between CLARK'S simulation results and those 
presented  here can be accounted  for by a bias in CLARK'S 
simulations, and thus that  the fit to the overdominance 

model is purely coincidental. The bias  arises for  the fol- 
lowing reason. In our simulations the average time to 
coalescence of  all genes in a population with N = 100 
and u = was approximately 56,000 generations, and 
the  determination of T, and Td was done  on average 
after 170,000 generations. If the simulation is stopped 
too soon after the first coalescence event then T,  and Td 
will be  underestimated because the genealogy is shorter 
than a random genealogy (data  not shown,  see  also 
TAJIMA 1990). All simulations in CLARK (1993) were 
stopped after 40000 generations so an underestimation 
of the coalescence times for u = seems  likely.  For 
the  other values  of u studied by CLARK  (1993),  there is 
little bias because the fixation times are  shorter, and 
hence his results are consistent with our analytical 
expectations. 

Figure 1 illustrates the differences in T, between a 
neutral locus and  an S locus, as obtained by simulations 
for a population with N = 100 and mutation rates vary- 
ing between lo-' and For high values  of 4Nu the 
time  scale  of the allelic genealogies at  the S locus is  of 
the same order of magnitude as for a neutral locus. How- 
ever, as 4Nu decreases, the coalescence times in the al- 
lelic genealogy increase dramatically for the S locus 
while  they decrease for the  neutral locus. TAKAHATA 
(1991) derives formula for the coalescent properties of 
allelic genealogies at a neutral locus showing that T, 
is proportional to Nu. For a gametophytic self- 
incompatibility locus, however,  successive mutation 
events within an allelic lineage are necessary for the 
spread of the lineage because the frequency of indi- 
vidual  alleles is constrained by a frequencydependent 
mechanism. As a result, the time scale  of the allelic 
genealogies will increase with decreasing values of the 
mutation rate. 
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FIGURE 2.-Time  intervals,  in  units of generations, between 
successive  coalescent  events  in a random  sample of  ten  alleles 
at a gametophytic  self-incompatibility  locus  for a population 
with N =  500 and u = 0.0005. Comparison  ofsimulation  datawith 
analytical  predictions  given  by  equation (13) with f; computed 
according to (8), solid  curve,  and (12), dashed  curve.  Error  bars 
indicate 99.9% confidence  intervals  over  1,000  replicates. 
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4Nu 
FIGURE 1.-Comparison  of the  coalescence  times  of  all  al- 

leles  in  the  population (T , )  between a neutral  locus  and a 
gametophytic  self-incompatibility  locus, as computed by simu- 
lation  for a population  with N = 100 and  mutation  rates  be- 
tween lo-* and  The  analytical  expectations  for T,, given 
by equation  (10)  are shown withf, computed  according  to (8), 
solid  curve,  and  to (12), dashed  curve.  Times  are  given  in  units 
of N generations.  Error  bars  indicate 99.9% confidence  inter- 
vals over 1,000 replicates. 

Figure 1 also  shows the analytical predictions for T, 
computed  according  to Equation 10, usingf, calculated 
from  Equation 8 (solid curve) and f, calculated for  the 
overdominant  model with lethal homozygotes (after 
Equation 12; dashed curve). Once again, with an excep 
tion for high mutation rates where  this approach is not 
expected to apply, the numerical results indicated with  er- 
ror bars  in  Figure 1 strongly support the use  of  Equation 
8. 

Further  support  for  our theory is  given by analyzing 
the genealogical structure of samples of S alleles from 
our simulations. We computed  the time intervals be- 
tween  successive coalescent events in random samples of 
alleles. For a random sample of neutral genes, the ex- 
pectation  for each time interval is 4 N / i ( i  - 1) with i 
being the  number of branches in the genealogy during 
that interval (HUDSON 1983; TAJIMA 1983). According to 
our results this formula  can  be  applied to an S allele 
genealogy after multiplication by the rescaling factorf,, 
which  gives 

with T( i) being  the time interval during which there  are 
i distinct lineages in the allelic genealogy. Figure 2 shows 
the  numerical results for these time intervals, averaged 
over 1000 replicates, for  random samples of ten com- 
mon alleles drawn from simulation runs with N = 500 
and u = 0.0005 (n ,  = 26.8; H = 0.951; n, = 20.2; f, = 
5.08). We used a larger  population size than before so 
that sampling theory will apply. The solid line shows the 
analytical expectations using f, as obtained  through (8) 

and  the  broken line represents  the expectations under 
the  overdominant model with lethal homozygotes 
(using Equation 12). The simulation results shown  with 
error bars in Figure 2 support  our derivation off, for 
gametophytic self-incompatibility. That  there is close 
agreement with the expectations supports  the conclu- 
sion of  TAKAHATA (1990) that  the topology of an allelic 
genealogy under balancing selection is similar to that of 
a neutral  gene genealogy but with a different time  scale. 

Genealogies of gene  copies  sampled within the  same 
allelic line: According to the model of gametophytic 
self-incompatibility used here, different gene copies of 
the same functional allele have identical reproductive 
success. Thus each allelic line can be envisioned as a 
population of neutral  gene copies. We would then ex- 
pect  that a gene genealogy based on a sample of gene 
copies from the same allelic line resemble a neutral  gene 
genealogy and this could provide a test of the model if 
appropriate  sequence  data become available.  For a neu- 
tral locus the  properties of gene genealogies under 
nested subsampling have been  studied by HUDSON and 
&LAN (1986). For the overdominant model TAKAHATA 
(1990) gives the following treatment of this problem in 
the case  of strong selection, large population size and 
low mutation  rate. We have n, common allelic lines in 
the  population with on average 2N, = 2N/n, gene copies 
belonging to each allelic line. TAKAHATA (1990) has 
called the quantity 2N, the “effective gene  number” be- 
cause it is the average number of copies of each allelic 
line. The  crude expectations for  the coalescence time  of 
all gene copies, T,,, and for  the average  pairwise  diver- 
gence time between gene copies within individual lines, 
Tdw are  then, respectively, 4N,(1 - 1/2N,) and 2Nc  ac- 
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FIGURE 3.Variation in  the  time  scale  of  genealogies of dif- 
ferent  gene  copies of the  same  allelic  line as a function of  the 
allelic  frequency at the time  of  sampling.  All allelic lines pro- 
duced  during 1,000 runs with N = 500 and u = 0.0005 were 
categorized  according  to  their  frequency  at  sampling  time  and 
the  average of the  following statistics were computed  within 
each  category:  the  average  pairwise  divergence time between 
gene  copies  sampled  within  the same allelic line, Tdw (bold 
solid curve), in  units of generations;  the  harmonic  (light  solid 
curve)  and  arithmetic  (dashed  curve)  means of the  number of 
gene  copies of each  allelic  line  over  time. 

cording  to coalescence theory (KINGMAN 1982). However 
TAKAHATA (1990) did not verify these predictions using 
simulation data. Because  of the genealogical informa- 
tion provided by our simulations we were able to address 
this problem numerically. We tested the observed time 
scales  of the genealogies of gene copies within  allelic 
lines against the  neutral expectation, although we didn’t 
simulate neutral mutations arising within  allelic  lines. 
Within each common allelic  class, we computed  the coa- 
lescence time of  all gene copies, T,,, the average pair- 
wise divergence time  between gene copies, Tdw, and 
noted  the  number of gene copies of the allele at  the time 
of subsampling. We report  the results for N = 500 and 
u = 0.0005 (n, = 20.2 and 2N, = 2N/n, = 49.5). The 
results, averaged over  all 30,174 allelic lines produced 
during 1,000 runs,  are as  follows: T,, = 66.5 ? 0.2 (SE) 
generations; Tdw = 36.1 ? 0.1 generations. Using the 
expectations given  above these values for T,, and Tdw 
give estimates of the average number of gene copies 
within  allelic lines of 34.3 2 0.1 (SE) and 36.1 ? 0.1, 
respectively. Both of these values are lower than 49.5, the 
expected value  of 2N,. Because pooling allelic lines with 
different  frequencies  can be misleading we computed 
the same statistics but averaged  only  over  allelic lines 
having the same number of gene copies at  the time of 
sampling (Figure 3). The results show that  the time 
scales  of the  gene genealogies are increasing with the 
number of gene copies. For the 557 allelic lines with 
exactly 2N, gene copies, the results are as  follows: T,, = 
73.2 2 1.7 (SE) generations; Tdw = 39.9 ? 0.8 genera- 

tions. The  computed estimates of the average number of 
gene copies based on T,, and Tdw are 37.6 ? 0.9 (SE) and 
39.9 2 0.8, respectively.  Again both of these values are 
lower than  the  expected value  of 49.5. 

We suggest that two factors could account for these 
discrepancies. First some allelic lines of a given fre- 
quency would  have recently evolved.  Because the initial 
spread of a new allele is  very fast (10 generations on 
average for becoming a common allele for N = 500 
and u = 0.0005) the genealogy of such lines should be 
similar to genealogies under rapid population growth 
(SLATKIN and HUDSON 1991) and thus would lead to 
shorter coalescence times.  However the average age of 
a common allele is high (488 t 3 (SE) generations) and 
only a small fraction of the alleles ( - F  = 4.4%) are ex- 
pected to have  evolved recently, so that this could only 
partially explain the smaller coalescence times observed. 
The second factor is that  the  number of gene copies 
within an allelic line is not constant  but is fluctuating 
under the effects  of selection and genetic drift. When 
population sizes are varying through time, the effective 
population size  is the  harmonic mean of population 
sizes  over  time  (WRIGHT 1938). We computed  the har- 
monic and arithmetic means over generations of the 
number of gene copies of each allelic line until  the time 
of common ancestry of the lineage. The results are as 
follows: the  arithmetic  mean is 41.8 ? 0.1 (SE) gene cop- 
ies when averaged  over  all 30,174 common allelic lines 
and is 46.0 2 0.5 gene copies when averaged only  over 
the 557 allelic lines with 2N, copies at sampling time; the 
harmonic mean values are respectively 36.5 ? 0.1 (SE) 

and 40.6 5 0.5 gene copies in the first and second cases. 
These values for the  harmonic mean of the  number of 
gene copies are close to the  computed estimates of the 
average number of gene copies based on T,, and Tdw 
given above, while the arithmetic means are  higher. 
Moreover, harmonic means  seem  to follow  reasonably 
well the pattern of  variation  in Tdw with  allelic frequency as 
shown  in  Figure 3. 

These results support  the suggestion that  the  gene 
genealogies within  allelic lines have a time scale on the 
same order of magnitude as the  harmonic mean of the 
number of gene copies within an allelic line. Moreover, 
they  show that these time  scales will depend  on  the fre- 
quency of the allelic line  at  the time of subsampling. This 
observation had already been  reported by HUDSON and 
-LAN (1986) for nested subsampling at a neutral locus 
and points to the  importance of  having a knowledge  of 
the allelic frequencies when testing sequence  data from 
subsamples of gene copies within  allelic lines. 

Now that we know the effective  size  of populations of 
gene copies within  allelic lines we can test the  structure 
of their genealogies against the  neutral expectation, al- 
though we cannot completely take into  account  the fluc- 
tuations in population size that we have found  are im- 
portant. We applied TAJIMA’S (1989) test of the  neutral 
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mutation hypothesis on nucleotide sequences gener- 
ated on the basis  of the gene genealogies produced by 
our simulations.  Using the genealogies  of  samples of ten 
gene copies  within  allelic  lines,  as  described  above, we 
generated sequences starting from the most recent com- 
mon  ancestor by applying the JUKES-CANTOR’S model of 
evolution  of nucleotide sequences UUKES and CANTOR 

1969). The JUKES-CANTOR’S model assumes that substi- 
tutions occur randomly among the four types  of nucle- 
otides and that the rate of substitution in each of the 
three possible directions of change is a. The generated 
sequences  were  1,000  nucleotides  long and the value  of 
LY taken as 0.0333. A high  substitution rate was  necessary 
in order to generate enough segregating  sites  in  these 
genealogies  within  such short time  scales ( T,, - 65 gen- 
erations). Then we computed the number of  segregat- 
ing sites, S, the average number of  painvise nucleotide 
differences  between  sequences, K, and TAJIMA’S  statistic 
D. Our results,  averaged  over  1091  allelic  lines, for N = 
500 and u = 0.0005 are as follows: s = 21.04 t 0.35 (SE); 

(94.0%) tests not significantly different than the null 
hypothesis of neutrality (P< 0.05). This  high proportion 
of non-significant  tests was not found to  be  sensitive  to 
changes  in the value  of a and the sequences  were long 
enough so that there was a very  low probability that the 
same  site  would mutate twice. 

k=6.65 t 0.13;0= -0.65?  0.02;with10250~t0f1091 

TRANSSPECIFIC  POLYMORPHISMS IN THE 
SOLANACEAE 

Nucleotide  sequences of S alleles  from  several  species 
of the Solanaceae  suggest that some of the S locus  poly- 
morphism  existed prior to their divergence and has 
been maintained  to the present (IOERGER et al. 1990). 
The time of divergence  between  these  species  has been 
estimated at 30 to 40 million  years  ago,  using  sequence 
data from  ribulose  bisphosphate  carboxylase and an e s  
timate of the synonymous  substitution rate of  6.6 X lo-’ 
substitutions per site per year (references in IOERGER 
et al. 1990). Figure 4A shows  values  of T,, the coales- 
cence  time of all  alleles, computed according  to  Equa- 
tion 10 for a range of population sizes and mutation 
rates. We  have no information on population sizes but 
a very crude estimate of u, the mutation rate to  new 
functional alleles per locus per generation, can be cal- 
culated as follows  (TAKAHATA 1990). 

Assume that we  know the number of amino acids  in- 
volved  in the recognition process, that any change in 
these amino acids produces a new functional allele, and 
that the substitution rate per site is similar for synony- 
mous and non-synonymous  sites and is equal to  6.6 X 
lo-’ substitutions per site per year. Then u = no. of 
amino acids X 3 X 0.8 X 6.6 lo-’, because on average 
80% of nucleotide substitutions are non-synonymous. By 
studying the variation  in  substitution  rates  within the S 
locus for several  species  of  Solanaceae, CLARK and KAo 

A 
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FIGURE 4.Values of (A) the  coalescence  time of all alleles 
at a  gametophytic  self-incompatibility  locus, T,, and (B) of the 
number of common allelic lines, n,, plotted  against  the  popu- 
lation  size, N, for a range of mutation  rates  per  locus  per gen- 
eration, u. T,  values  are  given in  units of generations  and are 
computed  after  equation (10); n, is computed as 1/F with F 
obtained  through  Equation 5. 

(1991)  showed that the amino  acids  between  position 40 
and 80 had a higher non-synonymous  substitution rate 
than other regions of the locus.  This  region  is thought 
to  be a good candidate for a recognition  site determin- 
ing  Sallele  specificity (SIMS 1993)  because it includes two 
hydrophilic  hypervariable  domains and it is flanked by 
two  highly  conserved ribonuclease active  site  regions  as 
well  as  by two cysteine  residues  which  form a disulfide 
bridge.  Taking, as a crude approximation, the number 
of selected amino acids  as  40, and assuming a generation 
time of one year, we have u = 6.4 per locus per 
generation. 

This is probably  an upper bound for u because  it  has 
been suggested that more than one mutation  would  be 
required to  change  allelic  identity (CLARK 1993). From 
Figure 4 A ,  one can  see that for u = 1O“j and lo”, popu- 
lation sizes  of the order of 4 X lo5 and 2 X lo4, respec- 
tively, are compatible with  divergence  times around 40 
million  years. Also it appears that the time  scales  of the 
allelic  genealogies are more sensitive  to  changes  in 
u than to changes in N. Figure 4B  shows the number of 
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common allelic lines maintained at equilibrium within 
populations, n ,  for  the same range of parameter values. 
Figure 4B shows that  the  number of alleles, unlike the 
coalescence times, are  more sensitive to changes in N 
than  to changes in u. For u = 10"j and N = 4 X lo5, the 
expected value for n, is 375; and  it is 66 for u = and 
N = 2 X lo4. We do  not yet  have  any estimate of the 
number of different alleles at  the species level so that we 
cannot  comment on these values.  Nevertheless, there 
are  a few estimates within populations which  showed 
30-45 alleles in populations of actual size  of the order 
of thousands of individuals (ATWOOD 1944; EMERSON 
1939; LAWRENCE and O'DONNELL 1981). It is important to 
note  that these numbers  represent  the actual numbers 
of alleles in the samples.  Using the original data  from  the 
three studies cited above, we computed  the effective 
number of alleles [as 1/F, using the correction of NEI 
(1978) for small sample sizes] and  found values  between 
13 and 20 [X = 16.8 5 2.4 (SD) for six samples]. By 
looking at Figure 4b one can see that these values, if used 
as estimations of n,, are compatible with a  mutation  rate 
of the order of 10-6-10-7 per locus per  generation and 
N = 1000. 

Moreover we note  that for N = 1000 and u varying 
between lop6 and we expect the coalescence time 
of  all  alleles to be of the order of lo6 to lo7 generations 
(Figure 4A) so that  a substantial divergence among al- 
leles can occur even  within  relatively  small isolated 
populations. This result is noteworthy because a  recent 
investigation of the S allele sequence diversity in  a wild 
tomato relative  (Lycopersicon peruvianum Mill.), using 
Southern-hybridization methods,  detected high levels  of 
sequence divergence both within and among  natural 
populations (RIVERS et al. 1993). 

Referring to the genealogies of gene copies sampled 
within the same allelic line, and taking N = 4 X lo5 and 
u = (and thus n,  = 375), we can compute  an es- 
timate of their time scales as the effective gene  number 
(2NJ = 2 X 4 X 105/375 = 2133. This number  repre- 
sents an estimate of the average  painvise divergence 
time in generations between gene copies of an allelic 
line. It illustrates the  important difference in time  scale 
of the two genealogical processes occurring at  the S lo- 
cus. On  the  one  hand, distinct allelic lines are diverging 
on a time  scale of lo7 to 10' generations, leading to 
trans-specific polymorphism, whereas, on the  other 
hand, all gene copies within the same allelic line are 
coalescing within  4,000 generations. In comparison, 
genes  at  a  neutral locus would coalesce within 4N = 
1.6 X lo6 generations and thus  are  not  expected  to show 
any  excess  of shared polymorphism among  the species 
investigated. 

CONCLUSIONS 

To conclude, our results show that for gametophytic 
self-incompatibility, genealogies of random samples of S 

alleles,  as well  as  of random samples of gene copies 
within a particular allelic line, have a genealogical struc- 
ture similar to genealogies of neutral  genes  but with  dif- 
ferent time  scales. Although the  model seems to account 
for both  the transspecific polymorphism of S alleles 
within the Solanaceae, and the  occurrence of high levels 
of sequence divergence at the population level in wild 
tomato, there  are still insufficient data to provide a  thor- 
ough test. One way to test the validity  of the model would 
be to randomly sample alleles  within populations and 
study their genealogical structure using molecular se- 
quences and phylogenetic inference. However, as 
pointed out by CLARK and KAo (1991) the  great level of 
divergence among sequences both for synonymous and 
non-synonymous substitutions would  make such analy- 
ses difficult. It must also be noted  that  the effect of  two 
additional complications, i.e., population subdivision 
and intragenic recombination, have not yet been explic- 
itly incorporated  into  the model. As theory refines, 
methods of  analysis improve and more  data  are gath- 
ered, we think  that  the study of genealogies of S alleles 
will  give valuable insights into  the  population genetics 
and paleo-genetics  of Angiosperm species with gameto- 
phytic  self-incompatibility. 
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