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ABSTRACT
The relationship between marker heterozygosity and the power to detect linkage disequilibrium is
examined through the analysis of an example and through a simulation study. The analysis suggests
that, despite the penalties for multiple testing incurred with multiple alleles, greater heterozygosity
results in greater power. The results of the simulation study are in accord with those of the analysis.

N human families, joint inheritance of alleles at two
marker loci depends on the recombination fraction
between them. When a parent passes a gamete to an
offspring, that gamete may reveal whether a recombina-
tion or nonrecombination has occurred in the parent
only if the parent is heterozygous at each of the two
loci. Thus, marker heterozygosity is an important ingre-
dient for linkage informativeness. Some 10 years ago,
human genetic maps consisted of markers with two to
three alleles each. Since then, highly polymorphic
markers with heterozygosities of 80—90% have been de-
veloped, which has greatly increased informativeness
for linkage analysis. Current proposals call for the devel-
opment of markers with two alleles each but for ex-
tremely large numbers of them so that intermarker dis-
tances will be much smaller than they are now. As has
been shown previously, high marker density may be a
good substitute for low marker heterozygosity ( TERWIL-
LIGER et al. 1992).

Association studies have been proposed as a means
to identify candidate disease loci. For such studies, the
role of marker heterozygosity is not immediately clear.
On the one hand, detecting association (linkage dis-
equilibrium) with a rare marker allele is easier than
with a common allele. Yet, with a large number of
marker alleles, trying each of the alleles for possible
association brings with it the penalties of multiple
testing.

Here, we investigate the effects of marker heterozy-
gosity on the power to detect allelic association to a
disease locus with two alleles. Our approach is to com-
pute the power to detect disequilibrium in a hypotheti-
cal example. By varying the marker heterozygosity in
the example we obtain a qualitative understanding
of the effect of heterozygosity on the power. Simula-
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tion experiments are used to verify the accuracy of the
analysis.

Attention is given to settings in which there is a single
founder responsible for introducing a disease mutation
into a population. In order to focus on the effect of
marker heterozygosity rather than the effect of other
factors, we deliberately restrict attention, for the most
part, to one simple combination of a sampling plan, an
inferential procedure and a population model. In order
to focus on the practically important situation in which
disequilibrium is not obvious from a small sample, we
restrict attention to fairly small amounts of disequilib-
rium.

WEIR and CockeRHAM (1978) and Zouros et al.
(1977) consider a model similar to the model exam-
ined here, but focus on the effect of pooling alleles.
They find that pooling usually leads to a loss of power,
though WEIR and COCKERHAM note that this need not
always be the case. GOLDING (1984) and HuUDSON
(1983) examine the sampling distribution of linkage
disequilibrium, but do not consider directly the ques-
tion of power. THOMPSON et al. (1988) consider the
question of power, but restrict attention to markers with
two alleles. LEWONTIN (1995) examines questions of
power but does not focus on human populations and
disequilibrium due to a founder effect.

METHODS

First, the population model for the hypothetical ex-
ample is described. Consider a situation in which there
is a single disease locus and a single marker locus. Let
k denote the number of alleles at the marker locus,
and let m,, 7, ..., m; denote the prevalences in the
population of the marker alleles. Consider the situation
in which a single founder in a population is responsible
for a mutation at a disease locus. Suppose that any
member of the population is equally likely to be the
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founder, so that the probability that the mutation is
originally in coupling with the ¢th allele is equal to 7,.

At the time of data collection, in the population of
chromosomes with the disease mutation, some propor-
tion will have undergone at least one recombination
event between the marker locus and the disease locus.
That proportion will be denoted by p. We focus atten-
tion on settings in which p is fairly large, that is, in
which the amount of disequilibrium is fairly small. Let 8
denote the recombination fraction between the disease
locus and the marker locus, and let g denote the num-
ber of generations since the introduction of the original
mutation (including the original mutation) . Then, the
expected proportion having undergone a recombina-
tion is given by 1 — (1 — §)#™'. For fixed values of p
and g, then, the corresponding recombination fraction
is given by 1 — (1 — p) '/t 1),

Assume that, among the portion of chromosomes
with the disease mutation that have undergone a recom-
bination, the distribution of marker alleles is not differ-
ent from that of the general population. This may be
thought of as assuming that there is random mixing
and a sufficient number of recombinations that there
is only only negligible genetic drift. Simulation experi-
ments in which genetic drift does exist suggest that this
assumption does not influence the qualitative results of
the analysis.

Now, the sampling plan and the inferential approach
are described. Suppose that a sample of chromosomes
known to have the disease mutation is available. Let n
denote the total sample size, and let O, denote the
number of chromosomes in the sample that have the
ith allele. Let E; = nm; denote the expectation, under
the null hypothesis of no disequilibrium, of 0;. Assume,
for simplicity, that the 7;, and thus the E;, are known
to the data analyst. Suppose that inference is to be based
on the usual x* goodness of fit statistic

k 2
(0 — E)
I_Zl EL '

Under the null hypothesis of no disequilibrium, the
statistic has for large n, approximately a x * distribution
onk—1d.f

Now, the distribution of the goodness of fit statistic
under the alternative hypothesis of disequilibrium is
examined. For local alternatives, that is, for little dis-
equilibrium, for large =, the statistic has approximately
a noncentral x* distribution. See, for example, the dis-
cussion in WEIR and COCKERHAM (1978) or Cox and
HINKLEY (1974). It will be seen that the sample size,
n, and the proportion of chromosomes with the disease
gene that have undergone a recombination, p, influ-
ence the noncentrality parameter through the quantity
A = n'"*(1 — p). Suppose that the original mutation
was in coupling with a fixed but arbitrary allele #*.
Then, the prevalence of the ith allele in the population

of chromosomes containing the original mutation
would be equal to p; for 7 not equal to ¢* and would
be equal to (1 — p) + p7 for i equal to i*. Here, we
have used the assumption that drift does not exist:
among the chromosomes with the disease mutation that
have undergone a recombination, the prevalences of
the marker alleles are taken to be the prevalences in
the general population. The noncentrality parameter
for the x? statistic would therefore be

i (B0 — E)* _ (n(1 = p + pmy) — nmin)”

1 E, NI 4

2
+ X (npm; — nm,)” =A21/7pn - 1).
iEi* nw;

The noncentrality parameter depends not only on
A, but also on 7}, the prevalence of the marker origi-
nally in coupling with the original mutation. The proba-
bility that the original mutation occurs in coupling with
a particular marker is assumed to be the prevalence of
the marker in the general population, so the distribu-
tion of the test statistic, when there is a mutation, is
a mixture of noncentral x* distributions, with mixing
probabilities corresponding the prevalence of the mark-
ers. That is, the distribution of the goodness-of-fit statis-
tic is a mixture of noncentral x? statistics on & — 1
d.f. with mixing probabilities 7; and with noncentrality
parameters A?(1/7¥ —1).In the special case that all
of the 7; are the same (7; = 1/ k), then the distribution
is that of a noncentral x? statistic on & — 1 d.f. and
noncentrality parameter A”(k — 1).

Now, the simulation experiments are described. In
all of the simulations, there were 3600 replications. The
sample size, n, was taken to be 100. The numbers of
marker alleles, k, was taken to be 2, 3, 4,5, 6, 7, 8, 9,
and 10. The alleles were taken to be all equally likely,
so the m; were all 1/k. The numbers of generations
were taken to be 20, 50, and 80. It was assumed that
every chromosome with a disease mutation was repli-
cated twice in each succeeding generation. With each
replication, there was the possibility of a recombination
between the disease locus and the marker locus.

In the simulations, A? was 1. To obtain a fixed value
of A? for different values of g and n, it is necessary to
vary the recombination fraction, 6. Note that p may be
expressed in terms of A and nas I — A /vn. Substitut-
ing into the expression for the recombination fraction
in terms of p and greveals the required recombination
fraction is § = 1 — (A /yn) /&,

The simulations were carried out in Fortran, using
the IMSL (1994 ) library of Fortran subroutines. In each
of the simulation experiments, the empirical power at
level @ = 0.05 was recorded and compared to the nomi-
nal probability from the theoretical analysis. The empir-
ical power was computed as the proportion of replica-
tions in which the observed goodness of fit statistic ex-
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ceeded the 0.05 level critical values for a x 2 distribution
on k — 1 d.f. The nominal power was computed as
the exact probability that that a noncentral x® variable
exceeds the a-level critical value. Note that the penalty
for multiple comparisons is exacted in terms of the
critical value: as % increases, the critical value also in-
creases.

RESULTS

Our analysis of the special case of k equally likely
alleles indicates that the distribution of the test statistic
is x% on k — 1 d.f. with noncentrality parameter A®(k
— 1). This is the distribution of the sum of squares of
k — 1 independent mean A variance 1 normal random
variables. Thus, the test statistic behaves like an aggre-
gate of k independent equally powerful pieces of infor-
mation. Qur examination shows, therefore, that despite
the penalty that must be paid for multiple comparisons,
greater marker heterozygosity should result in in-
creased power to detect linkage disequilibrium. The
results of the simulation experiments are in accord with
this result.

The results of the simulation experiments and the
nominal power calculations based on the theoretical
analysis are detailed in Table 1. The columns of the
table correspond to the number of alleles, &, the num-
ber of generations simulated, the recombination frac-
tion between the marker and the disease locus, A, and
the power derived from the simulation experiments and
from the theoretical analysis. The nominal values indi-
cate that for larger values of % (greater heterozygosity)
the power to detect linkage disequilibrium increases.
Although the simulation results suggest that the nomi-
nal values are somewhat lower than the true power for
fewer generations, the qualitative result, that increased
power results from increased heterozygosity, is evident
from the simulation results as well.

The analysis and the simulations were restricted to
the special case of equally prevalent alleles. The nonce-
ntrality parameter, given that a particular allele i* is
coupled with the original mutation is A?(1/mx — 1).
This quantity is smaller for larger values of the preva-
lence of allele *, m;x. Since alleles with larger preva-
lence are more likely to be coupled with the original
mutation, the effect of unequal prevalences would be
that the smaller noncentrality parameters would be
more likely. Thus, with unequal prevalences, there
would be less power than what was calculated under
the assumption of equally prevalent alleles.

DISCUSSION

High marker heterozygosity is correlated with in-
creased mutation rate, which is deleterious for associa-
tion studies. See, for example, HARTL and CLARK
(1989). For a disease locus at a location with an in-

TABLE 1

Empirical and nominal power

Recombination
k  Generations fraction Nominal Empirical
2 20 0.1141 0.17 0.24
3 20 0.1141 0.23 0.29
4 20 0.1141 0.27 0.34
5 20 0.1141 0.32 0.40
6 20 0.1141 0.36 0.43
7 20 0.1141 0.40 0.48
8 20 0.1141 0.44 0.53
9 20 0.1141 0.48 0.54
10 20 0.1141 0.51 0.56
2 50 0.0459 0.17 0.19
3 50 0.0459 0.23 0.26
4 50 0.0459 0.27 0.30
5 50 0.0459 0.32 0.34
6 50 0.0459 0.36 0.36
7 50 0.0459 0.40 0.42
8 50 0.0459 0.44 0.45
9 50 0.0459 0.48 0.48
10 50 0.0459 0.51 0.50
2 80 0.0287 0.17 0.20
3 80 0.0287 0.23 0.25
4 80 0.0287 0.27 0.28
5 80 0.0287 0.32 0.31
6 80 0.0287 0.36 0.37
7 80 0.0287 0.40 0.38
8 80 0.0287 0.44 0.43
9 80 0.0287 0.48 0.47
10 80 0.0287 0.51 0.49

creased mutation rate, it is more likely that there would
be more than one founder and also more likely that
the the coupling of the disease mutations with the
founders’ marker alleles could become attenuated
through mutations at the marker locus. These possibili-
ties are disregarded in our analysis.

Here, as in WEIR and COCKERHAM (1978), situations
are considered in which disequilibrium is slight but
sample sizes are large. The assumption plays two roles
in the x? approximation to the distribution, under dis-
equilibrium, of the test statistic. The first is that slight
disequilibrium corresponds to many recombinations
between the the disease and marker loci. From this it
follows that the frequencies of the marker alleles on
chromosomes that have undergone recombinations will
tend to be close to the frequencies in the general popu-
lation. The second is that the variability in the observed
frequencies will be close to that expected under the
null hypothesis of no disequilibrium. From this it fol-
lows that dividing by the counts expected under the
null hypothesis will properly normalize the statistic. Al-
though the analysis ignored these effects, the effects
did exist in the simulations studies. The results of the
simulations studies indicate that for the settings consid-
ered, the effects were not substantial.
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