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HEN a bacterium is mixedly infected with several compatible and geneti-

cally marked phage particles the progeny generally contains particles
which show a combination of markers derived from different parental particles.
The proportion of recombinant particles in the progeny is often as high as
40%. In a series of thorough studies of phage T2, HersHEy and RoTMAN
(1948, 1949) established certain basic features concerning this recombination
phenomenon. These studies culminated in the recognition that phage genetics
conforms in large measure to the principles worked out on higher organisms,
giving evidence of linkage groups and permitting the construction of genetic
maps. Recently, DoerMaANN and Hicr (1953b) have carried through a simi-
lar study for phage T4, and their findings fully corroborate the basic ideas
developed by HersHEY and Rorman. However, HErsHEY and RoTMAN also
showed that a mixed infection of a bacterium is not a straightforward analogue
of a simple genetic cross, since the progeny may contain particles which con-
tain genetic markers derived from more than two parental particles. The in-
terpretation of the findings, therefore, requires some generalization of the idea
of a simple cross. Up till recently, the search for this generalization was
strongly influenced by the idea that any mechanism proposed to explain recom-
bination should also be adequate to explain the phenomenon of multiplicity
reactivation (Luria 1947 ; Luria and DurLBEcco 1949), i.e., the phenomenon
that bacteria infected with several particles inactivated by ultra-violet light
produce viable phage offspring in a large proportion of cases. It was thought
that we are here dealing with the elimination by genetic recombination of lethal
genetic factors produced by the irradiation. It is now known that multiplicity
reactivation cannot be explained on this basis, and indeed, may have nothing
to do with genetic mechanisms (DuLBEcco 1952a).

To incorporate multiplicity reactivation into the genetic picture, one had
been forced to assume that the parental particles break up into subunits which
multiply independently of each other and are later reassembled into complete
particles. If it is not required to account for multiplicity reactivation by a
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genetic mechanism, one may attempt to explain the genetic findings by a less
radical :generalization of the idea of the genetic cross, namely by the idea that
mating occurs repeatedly during every intrabacterial cycle of phage growth.
The interpretation of mixed infections thus-becomes a problem in population
genetics. In the present paper we propose to carry through such an interpre-
tation, both of experiments previously published, and of some new experiments
specifically designed to test the underlying assumptions.

To be able to formulate the problem properly, we must first look at certain
features of the life cycle of a phage particle. It can be demonstrated by several
lines of evidence that upon entering the bacterium, the phage particle under-
goes a profound modification into another state in which it is unable to infect
other bacteria. We will call this stage the vegetative phase.

When infected bacteria are broken up at various times during the latent
period between infection and lysis, no mature particles are found during the
first half of the latent period (the eclipse period). Thereafter, mature phage
particles increase in number, for a few minutes slowly, and then almost line-
arly, up to the time of lysis (DOERMANN 1948). Several lines of evidence
indicate that multiplication of vegetative phage has progressed a great deal
before the appearance of the first mature bacteriophage particle. It is unknown
which particular intrabacterial factors are responsible for the onset of matura-
tion. We will make the specific assumptions, that (a) vegetative particles
multiply up to the normal time of lysis, and, if lysis is inhibited, even beyond
this time, (b) mature phage particles within their mother cell do not revert to
vegetative phage, do not multiply, and do not genetically mix, (c) vegetative
particles mate pair-wise and at random with respect to partners. With regard
to the rate of mating, we assume that it increases rapidly with the concentra-
tion of vegetative particles, so that the rate becomes appreciable only after
considerable multiplication has taken place. (With respect to orderliness or
randomness of mating with respect to time, we will introduce specific assump-
tions later on.) By way of justifying these assumptions, we cite the following
facts: )

(1) Two lines of evidence suggest that it is necessary to assume several
rounds of mating. One of these is the occurrence of recombinants combining
genetic markers from three different parents. A second line of evidence is pro-
vided by the finding (DoerMANN and Hice 1953a) that in a two-factor cross
with unequal multiplicity of infection by the two parental particles the progeny
contains more recombinants than particles with the genotype of the minority
parent. This indicates that the genetic mixing has gone farther toward genetic
equilibrium than could be accomplished by a single round of mating.

(2) Two lines of evidence indicate that there is a drift in the course of time
towards genetic equilibrium. On the one hand, in crosses involving unlinked
markers it is found (DoErRMANN and HiLr 1953a) that the fraction of recom-
binants in the yield increases from 34% to 42¢ when the mature progeny is
sampled by artificial premature lysis at various times during the second half
of the latent period. In two cases of linked factors the fraction increases from
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6.0% to 11.5% and from 25% to 37%. The genetic equilibrium lies at 50%
recombinants, and the approach to this equilibrium during the period investi-
gated by DOERMANN can be satisfactorily accounted for by our theory, as will
be shown elsewhere. On the other hand, in crosses involving closely linked
markers, the frequency of recombinants can be greatly increased by inhibiting
lysis for a period several times the length of the latent period. During this pro-
longed intracellular phase, the proportion of recombinants among the mature
particles increases approximately linearly (LEviNTHAL and VisconTr 1933).

(3) The assumption that most of the recombination takes place after a great
deal of multiplication has taken place is based on the finding (HERSHEY and
RorMan 1949 ; DoerMANN and HiLL 1953a), that in crosses involving closely
linked factors the recombinants are approximately randomly distributed among
the yields obtained from individual bacteria. If recombination occurred exclu-
sively very early, before appreciable multiplication had taken place, one should
have found, instead, large clones of recombinants from any bacteria in which
recombination occurred at all.

(4) When the progeny of phage from individual bacteria is examined
(HersHEY and RoTMAaN 1949) little or no correlation between the numbers of
opposite type recombinants is found. We interpret this lack of correlation not
as indicating that the two opposite types are produced in statistically inde-
pendent elementary acts, but as a reflection of secondary events (random
multiplication and random maturation after recombination) which obscure an
original correlation which may be perfect in every mating.

(5) The most important assumptionl of our theory is the assumption that
genetic mixing occurs as a result of a series of elementary acts (matings) in
each of which a pair of genetically complete phage particles is involved. An
interesting implication of this assumption is a statistical one: it leads to posi-
tive correlations between different exchanges affecting the same particles of
the progeny, even if these exchanges have zero correlation for each individual
mating. Qualitatively this may be seen by an extreme example: suppose the
progeny consisted of a mixture of two populations, one of which had not
mated at all, while the other had mated numerous times. It is clear that in the
mixture of these two partial populations different exchanges would be posi-
tively correlated although there may be no correlation within each partial
population. In our theory the final population can be looked upon as a mixture
of populations with different degrees of mating experience, leading to such
positive correlations between different exchanges. This type of correlation had
been apparent in some of the two- and three-factor crosses of HErsHEY and
RorMaNn (1948, 1949). Several experiments in the present paper specifically
designed to bring out this point show the effect more clearly. If one were to
interpret recombination values as in ordinary genetics, with disregard of the
complications resulting from repeated mating, one would call this positive
correlation a “ negative interference,” and would have good reason to wonder
why one “ cross-over ” should increase the probability of a second one in the
same linkage group.
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Qur problem may now be stated in the following terms: the parental parti-
cles enter the cell and immediately become vegetative particles. These multiply,
and after they have multiplied up to around, say 40, the rate of mating becomes
appreciable. Soon after this, particles begin to be withdrawn from this pool of
mating and multiplying particles, and are set aside as mature particles. The
progeny examined at the time of lysis, therefore, consists of a mixture of sam-
ples withdrawn at various times from the mating pool. This withdrawal occurs
at an approximately linear rate. In comparing our theory with experimental
results we will for the most part make the idealizing assumption that the
progeny examined is one that has been withdrawn in its entirety at a particu-
lar moment from the mating pool. The real progeny will differ from this ideal-
ized one in a manner which will be discussed after presenting the theory.

THEORY

Most of the new facts to be reported in this paper deal with crosses in which
there are two parental types which differ with respect to three genetic factors,
either unlinked, or linked in various ways. Another variable that can be con-
trolled is the multiplicity of infection. Here the two cases of interest are, (a)
equal, high multiplicity of infection of both parents, and (b) high multiplicity
of infection with one parent, and single infection with the other parent.

The chief advantage of working with three-factor crosses as compared to
two-factor crosses is this: in three-factor crosses we can focus our attention
on those particles in the yield which are recombinants with respect to two of
the factors, and then ask in what fraction of these there has also occurred a
recombination with respect to the third factor. In this way we can be certain
that our genetic ratios are not falsified by the inclusion of unadsorbed parental
particles or by particles derived from bacteria that did not get mixedly in-
fected, or by particles which for some other reason failed to meet a parental
particle of the opposite type. On the other hand, the calculation of the influence
of matings on intra-bacterial phage populations involving three factors (eight
genotypes) is somewhat involved, and réquires algebraic analysis. This we will
now proceed to develop.

Synchronous mating and random-in-time mating

. We calculate first the effects of n successive, nonoverlapping rounds of ran-
dom mating on an arbitrary mixture of genotypes, assuming that every phage
particle participates in every round of mating. This we will call the case of
synchronous mating. This assumption may be too crude, and we would like to
see how the conclusions have to be modified if mating does not occur in suc-
cessive, nonoverlapping rounds, but for each particle with a constant proba-
bility per time unit. In this case, after an interval of time in which each parti-
cle has mated on the average  times, there will be a Poisson distribution,
pr=m'e"™/r! of the number of particles that have mated during this time
0,1,...r..., times. It must be noted that, under such a regime, which we
will call random-in-time mating, the particles which mate just once do not all
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mate within a population that has the original genetic composition. Some may
mate towards the end of the period when the genetic composition of the popu-
lation into which they mate is entirely different from the original one, and,
similarly, for the particles which mate more than once, the effects might be
expected to be quite different from those of nonoverlapping rounds of mating.
However, in the appendix we will prove the important theorem that in the
case of two- or three-factor crosses (but not when more than three factors are
involved!) the effect of this regime is the same as if the total population con-
sisted of fractions pe, P1, P2, ..., which undergo 0, 1, 2, ... successive non-
overlapping rounds of matings, each group starting with the original genetic
composition of the total population and mating within itself.

The transition from “ synchronous ” to “ random-in-time ” mating can now
be made with ease because all the genotype frequencies for a fixed number » of
rounds of matings turn out to be linear combinations of the form A + Bb® (see
equation 8) and the average of such an expression for a Poisson distribution
of the number n is given by ’

Enpn(A+an) =A+ Be—m(l—b). (1)

We need not make any specific assumptions as to whether or not multipli-
cation takes place during recombination. This is so because all calculations
refer to the proportions of the various genotypes, and these proportions are not
altered by reproduction.

Our treatment will follow closely the methods developed by GEIRINGER
(1944) in connection with a more general problem, involving an arbitrary
number of factors, an arbitrary number of alleles for each factor, and arbitrary
linkages. In the three-factor case her method can be presented in a somewhat
simpler and more visualizable form.

Three-factor crosses

We designate a given genotype by the symbol (ijk), where the three letters
represent the three genetic factors, and each of them may assume the value
1 or 2 for the two alleles of the factor.

In figure 1 the eight genotypes are represented by the eight corners of a
cube as explained in the legend.

The genotypes differing from a given one in a single factor are its neighbors
along the three edges which meet at the corner representing this type. Types
at opposite ends of a face diagonal differ in two factors, those at opposite ends
of a space diagonal in all three factors. An allele frequency is obtained by
taking a sum around a face of the cube, and the frequency of a certain combi-
nation of two alleles, by taking the sum along an edge.

In the cross used by HErsHEY and RoTMAN to demonstrate the occurrence
of triparental recombinants four corners of a regular tetrahedron are involved.

We imagine that the mating between two particles of type (ijk) and (lmn)
leads to the formation of a zygote which immediately segregates again into
haploid particles. This segregation can occur in four possible ways, namely,
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Freure 1.—The eight genotypes are represented by the eight corners of a cube in
such a fashion that all the corners of the right face of the cube represent the genotypes
carrying the “1” allele of the first factor, and the corners of the left face the “2”
allele of this factor. Similarly, top and bottom face correspond respectively, to the “1”,
and “2” allele of the second factor, and back and front face to those of the third factor.

(0) into the parental types, (1) such that factor 1 has been segregated from
2 and 3, (2) such that factor 2 has been segregated from 1 and 3, and (3) such
that factor 3 has been segregated from 1 and 2. We will designate the proba-
bilities of these four alternative events with cg, ¢y, Co, and c3, the sum of which
is equal to unity.

The probabilities ¢, are related in a simple manner to the probabilities pys of
recombination between any two factors, namely,

Cr + Cs = Prs (2)

Table 1 lists the values of the coefficients ¢; for four types of linkage rela-
tionships in which we will be particularly interested. For the cases of linkage

TABLE 1
The recombination parameters c for particular linkage relationships.
Type of linkage Co Co+ Cy Co+ C, ) co+ €y
All unlinked 1/4 1/2 1/2 1/2
(1, 2) linked, 3 (1 —p)/2 1/2 1/2 1—pu
unlinked

All three linked, 1-pus 1—pys l—py © l-pm
?rdel’ 1, 2, 3 (no ~ Pas(1l ~ p1a) = Pax(1 — 2py;)
interference)

All three linked, order 1 ~pya—Pa 1—-pas 1—-p1a—Pa 1~pu1

1, 2, 3 (complete
interference)
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between all three factors it has been assumed that the factors lie in the order
1, 2, 3. With respect to interference between recombinations between factors
1 and 2 and between factors 2 and 3, we list the two cases of no interference
and of complete interference. No interference implies the relation

P13 = Pr2(1 - p2s) + p2s(1 - pr2) (4)
while for complete interference
P13 = P12+ P23, (4a)

We designate the frequency of the genotype (ijk) after n rounds of mating
by a;™. The same symbol without the superscript designates the original
genotype frequencies, i.e., the parental mixture. By definition the sum of the
frequencies-is unity at any time. I

Our equations will involve certain sums of genotype frequencies, and for
these we will introduce convenient symbols. We designate the sum of the fre-
quencies of those genotypes which carry a particular allele of a particular fac-
tor by an a in the subscripts of which the indices representing the unspec1ﬁed
factors have been replaced by dots. Thus a..x designates the frequency in the
population of the k allele of the third factor. These allele frequencies are not
affected by mating.

Similarly we designate by a.j: the sum of the frequencies of the genotypes
carrying the j allele of the second factor and the k allele of the third factor.
This sum is the frequency in the population of this particular allele combina-
tion, and it will, in general, change with each round of mating,

Similarly, we designate the sum of all genotypé frequencies by a...®™ =1
(for any n). ¢

We now wish to calculate the effect of one round of mating on the irequency
of a particular genotype. There will be contributions to this genotype from a
variety of zygotes and we will group these contributions according to the type
of segregation that gives rise to it. In order that a given type of segregation,
say ¢; (that in which the first factor is segregated from the others), give rise
to a given genotype, say (ijk), the zygote must contain the i allele of the first
factor at least once, and similarly the j allele of the second factor, and the k
allele of the third factor. Moreover, these alleles must occur in the zygote so
that the segregation of type ¢, can give rise to this genotype, i.e., the zygote
must be one that has been formed from two particles one of which had the
constitution (i-) and the other one the constitution (-jk), where the dots
represent arbitrary alleles. These and only these zygotes will give the desired
genotype by means of the specified type of segregation.

We must now consider the probability that a given zygote is of a particular
constitution, this probability to be expressed in terms of the relative frequen-
cies, ayx, of the haploid genotypes. In the case of homozygotes, (ijk)x (ijk),
this probability is simply ai”. In the case of heterozygotes, (ij’k’) x (ijk), the
probability is twice the product of the genotype {requencies, since the sequence
of the conjugants is irrelevant. ‘

In calculating the contribution of these zygotes to the genotype (ijk) we
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must next take into account that the homozygotes contribute all of their segre-
gants to (ijk) while the heterozygotes contribute only half of their segregants.
The total contribution from both homozygotes and heterozygotes, by segre-
gation of type ¢, to the genotype (ijk) is thus simply
13y, i, (Biy i) (5)
Since none of the indices over which the sum is to be extended occurs in both
factors we may perform the sum for each factor separately and obtain the very
simple expression cia;..a. g
The effect of one round of random mating on the frequencies of the geno-
types can thus be expressed by the following equation:
g™ = coay" " Va.. 07D Lga; (- 0D
+Coa.y. Vg (=D g caa, (Vg =D (Ba)
This recurrence relation expressing the genotype frequencies must now be
“integrated,” i.e., a;™ is to be expressed in terms of the original genotype
frequencies. To do this we observe first that a...=1 and that the symbols
involving two dots represent allele frequencies and are therefore constants. The
symbols involving a single dot are not constants, but they obey a simpler recur-
rence relation which can be obtained from equation (6a) by summing over one
of the indices, thus, for instance, putting n = 1,

a.jk‘“ =Cod.jxk+C1a...a. 5k +C23.5.4..x + C3d..5a.5-
. =(c0+c1)a,jk+(c2+c9,)a.j.a..k (6b)
This is the general recurrence relation for a two-factor cross. We note that the
second term on the right hand side of equation (6b) is a constant, since a.;.
and a..i represent allele frequencies. Equation (6b) is therefore of the form
Xp=Ax,_1+B
Xpo1=Ax,_ o+ B

X1 = AXO +B
where A =co+ci, and B = (ca+cg)a.y.a..x. This is easily ©integrated” by
multiplying the second equation with A, the third with A% etc., and adding all
equations. Thus we obtain x, in terms of x, and the constants:
Xp= A"+ B(1-An)/(1-A)
or, in our case,
a.x"™ = (co+c)Pa e+ [I=(coter)aj.a..x )

We will return to this general solution of the two-factor case later. Here we
use it to substitute the general expressions for the symbols involving a single
dot from equation (7) into equation (6a) which thereby assume the form

Xn = AXn_l +B + CDr—1
Xn—1= AXn-—? +B + Cphr—2

x1=Axo+ B+ C
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This we integrate again by multiplying the second equation by A, the third by
A2, and so on, and adding all equations:

Xa=%A"+ B(A"~1)/(A-1) + CD*"1[(A/D)»-1]/[(A/D) - 1]
Applying this procedure to equation (6a) we obtain

ai,-k(‘” = co“ai,-k+ {ai..a.jk[(co+cl)“—co"] + [ . ] -+ [ . ]} .
+ag.ag.aex{l-co®~ 2 *[(co+ ) ~co”]}  (8)

The products involved in equation (6a) bear the following relation to the
corner representing the genotype (ijk): at this corner three edges and three
faces of the cube meet; the quantity multiplied into ¢; is the product of the
edge along the 1 axis by the face at right angles to this axis, and similarly for
the other terms. Equation (8) contains the same combinations, and in addition
the last term, which is simply the product of the three faces meeting at the
corner (ijk).

If infection is made with a mixture of only two genotypes, differing in all
three factors, we may express the genotype frequencies through a parame-
ter f:

a1 = (1+1)/2, aga=(1~1)/2, all othets =0 9)

We will call the parents majority and minority parent, respectively. Among
the recombinants we will distinguish those which differ from the majority
parent by only one factor from those which differ from the minority parent
by only one factor. In the case of unlinked factors the first group will be more
frequent than the second group, and we will call them, correspondingly, ma-
jority and minority recombinants.

Tables 2 and 3 list the coefficients which occur in equation (8) for the
special cases of the bi-parental cross described by equation (9) and the tri-
parental cross mentioned in the introduction. These coefficients are easily
obtained by the rules stated in the preceding paragraphs. &

Equation (8) states the solution of our problem in the most general terms.
We have just indicated how this is to be handled for the special cases of bi-
and tri-parental crosses. Other specializations might concern the types of link-

TABLE 2

The coefficients occurring in equation (8) for the two-parental
. cross described by equation (9).

Type wanted ijk 4daj..a, 4, 4a.j.a5. ,4a..kal_j. 8ai,,a.j.a.;k

Majority 111 1+ (+ )2 1+ £)? (L +fy
parent

Majority 211 1-£ 0 0 A+H(1-1)
tecombin, 121 0 1-f2 0 ,

112 0 0 1-f .

Minority 122 1-£ 0 0 (1= +6)
recombin. 212 0 1-£ 0

) 221 0 (] 1—f

Minority 222 -6 (1~ Q-6 (1-1f3

parent
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TABLE 3

The coefficients occurring in equation (8) for the parental mixture
A = ayn = dua = 1/3, all others = 0.

ijk 27a;..a, 5, 27a, .85, 27a..xajj. 27aj..a.5.8 ..

8

111

211
121
112

122
212
221

222

O WWo oW &\
O WOW QW &
S OoOWwWw WOANOCN &

Lo L I A SR N

age between the three factors. Table 1 lists the values of the c; to be chosen for
four particular cases. The corresponding results for the case of random-in-time
mating are obtainable in every case by applying relation (1).

Two-factor crosses

We now return to equation (7) which expresses the effect of n rounds of
random mating on an arbitrary initial population, and with arbitrary linkage
(co+c1=1-p) between two factors. It has been derived previously by several
authors, including GEIRINGER (1944 ).

If infection is made with a mixture of only two genotypes, differing in both
factors, we may write

ay; = (1+1)/2 (majority parent)
ass = (1 -1)/2 (minority parent) (92)
ajz=ag =0 '
Substitutirig these values for aj in equation (7) we obtain for the frequencies
of parentals and recombinants after n rounds of synchronous random mating
Maj. parent 4a;;™ =2(1+£)(1-p)*+ (1+1)2[1- (1-p)*]
Min. parent 4ag™ =2(1-f)(1-p)*+ (1-£)2[1-(1-p)*] (10a)
Recombinant 4a;»!™ = (1-£)[1-(1-p)r]
For random-in-time mating, with an average of m matings, we obtain, apply-
ing equation (1},
Maj. parent 4a;;™ = (1+£)24 (1 -f2)e—mp
Min. parent 4ag™ = (1-1)24 (1-f2)e—mr (10b)
Recombinant 4a;,™ = (1-1£2) (1~ e—mr)
Special cases of these relations are represented in figure 4c of the experimental
part.
Corrections for spread in maturation time

We mentioned in the introduction that the phage population inspected in any
experiment is actually a mixture of particles withdrawn from the mating pool
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by maturation at various times, and that there are strong indications’ that
among the vegetative phages mating continues during this period of matura-
tion. Let us call m, the average number of rounds of matings at the time when
the first particles mature, and m; the average number of rounds of matings at
the time of lysis.

We estimate the effect of the spread of maturation time on the genotype
frequencies by the following procedure. We assume that the final population
is a linear mixture of populations comihg from mating pools in which m varies
from m, to m;. Analytically this involves the averaging of expressions of the
type e~™, This average is

€™ 2 e TN (1 — e T MmOy /3 (my —my) (11)

This procedure introduces two parameters, my and m, instead of the previ-
ous single m. Of these we determine mq by an independent experiment. DoER-
MANN and HiLL (1953a) have measured the recombination value for two
pairs of markers, assumed to be unlinked, among the earliest matured phages.
This was done by experiments involving premature lysis. According to our
assumptions, this should represent the frequency of the recombinant genotype
at the time when the average number of rounds of mating equals my, and from
equation (10b) this frequency should be

Vo= (1-e ™02y /2 (10c)

The values found by DoerMAaNN and HirL for two different cases of presuma-
bly unlinked factors are Vo =.34 and .25, from which mg = 2.3 and 1.4, respec-
tively. It is not certain that the factor pair giving V3 =.25 is really unlinked.
If it is slightly linked, the larger value, mg = 2.3 would have to be used. In our
calculations in the later part of this paper, we base our estimates of the cor-
rection introduced by taking into account the spread of maturation time on
myg = 1.4, If the actual my is greater than this, the corrections would be smalter.
In plotting genotype frequencies and their ratios, we use as the abscissa either
n, the number of synchronous rounds of mating, or m, the average number of
rounds of mating at a fixed maturation time, or m = (my+m; ) /2, the average
number of rounds of mating when the maturation time has a spread.

MATERIALS AND METHODS

The viral mutations used as markers in our crosses were the & (host range)
mutant, several  (rapidly lysing) mutants, and the m (minute) mutant. All
these mutants were isolated from the strain H of the bacteriophage T2, and
have been extensively described by HersHEY and RoTmMaN (1948 and 1949).
The & mutant lyses strain B/2 of E. coli which is resistant to the A* type.
When plated on strain B of E. coli, h and A+ give the same type of plaque, but
if a mixture of B and B/2 is used for plating, the h plaques appear completely
clear, while the 2T plaques appear turbid as the phage is able to lyse only one
of the two types of bacteria used as indicators. The r and the m mutant give
a type of plaque which is clearly different from the normal one, as described
in the papers of HERSHEY and RoTMAN.
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The procedure of making a cross between two different strains of phage
consists in infecting a certain number of growing bacteria with the two kinds
of virus. The bacteria, infected with a mixture of the two, will lyse, yielding
new phage. We refer to the infecting phage as the parent, and to the phage
which is liberated upon lysis as the progeny. In this work we have used crosses
either with equal or extremely unequal multiplicity. In the first type, we use
the two parents in equal amount, and in order to reduce random variations in
the number of particles adsorbed per bacterium, a multiplicity between 15 and
20 particles per cell was used. DuLBECCO (1949) has shown that not more
than about 10 phage particles can take part in the growth inside a single bac-
terium. For this reason there is no advantage in using a higher multiplicity.
The other type of cross, with very unequal multiplicity, consists in infecting
the bacteria with an average of between 10 and 15 particles of one type, and
an average of one phage of the other type to four bacterial cells. With this pro-
cedure we infect each cell with a high multiplicity of one of the parents (ma-
jority parent) and just a fraction of the cells with one particle of the other
parent (minority parent). Few cells will adsorb more than one particle of the
minority parent. To avoid exclusion of some particles due to previous infec-
tion (DuLBEcco 1952b), adsorption was made in buffer using a technique
described by BEnzER (1952).

The technical procedure in making a cross consists of the following: a two-
hour culture of E. coli strain H in broth, containing 108 cells per ml, is centri-
fuged, washed in buffer, and resuspended in buffer at a concentration of 2 x 108
cells per ml. The suspension is mixed with an equal volume of a suspension of
phage in buffer. The bacteria mixed with the phage are kept 10 minutes at
37°C; at the end of this period more than 80% of the phage particles are
adsorbed to the bacteria. At the end of the adsorption period, phage anti-serum
is added to eliminate the unadsorbed phage. After 5 minutes of anti-serum
treatment, the suspension is diluted in broth to a concentration of 103 bacteria
per ml, and a tube containing this final dilution is kept at 37°C for two hours.
At the end of this period all the cells have burst, and we can plate the yield
after a further dilution made in order to have approximately 100 plaques per
plate.

Two different methods were used to classify the different genetic types
among the progeny. In one method the phage yield is plated on double indi-
cator (B + B/2) so that every plaque can be classified for 4, 7, and m. As it is
difficult to distinguish between rm and »+m, thesé two categories have always
been pooled together. We call this the direct method. The other method, which
we will call the sampling method, is applied in some three-factor crosses ‘in
which two of the markers are of the # or m type, and the third is of the % type.
In this case, by plating on single indicator (B), we select plaques which show
recombination for the first two markers. These plaques can be sampled, and
by streaking the sample on B/2, they can be classified as % or 4+, For instance,
using two #’s at different loci, 7; and 7, we can make the following cross
rira™ht xritroh. The v+ plaques can be sampled and classified as & or A+ by
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streaking on B/2. This method is more laborious than the direct classification
on double indicator plates, but it is also more reliable.

The nutrient broth used is composed of Bacto peptone 10 g, Bacto beef
extract 3 g, sodium chloride 5 g, glucose 1 g, per liter distilled water. The pH
is 6.8. The buffer used for adsorption is composed of MgSO, (10—3 M),
CaCl, (10-* M), Na,HPO, - 12H,0 (7.6 g) KH,PO, (1.5 g), NaCl (4.0 g),
K2S04 (5.0 g), gelatin (.01 g), redistilled HoO (1000 ml), pH =7. Nutrient
agar plates are poured with a minimum of 35 ml per 10 cm Petri dish of the
following mixture: Bacto agar (10 g), Bacto tryptone (10 g), NaCl (8 g),
Na-citrate (2 g), glucose (1 g), H,O (1000 ml). Agar for layer plating has
the same composition, but contains only .6% agar. An amount of .2 ml of virus
suspension is added to a tube containing 2 ml of top layer agar at 45°C, and
2 drops of a 24-hour culture of the indicator bacterial strain. Plates are incu-
bated for 18 hours at 37°C before being read.

EXPERIMENTS

The experiments we now wish to report correspond to special cases of the
general theory, These cases are selected from several points of view. First, we
describe a method which permits a test of the assumption of nonlinkage be-
tween two factors. Second, we select a special case where the ratio between
two genotypes affords a sensitive measure of the average number of rounds of
matings. Third, we select a case which discriminates sharply between the
assumptions of synchronous mating and random-in-time mating. Each of these
cases concerns unlinked factors. Comparison with the experimental values per-
mits us to estimate the parameters of the theory. We then turn to the con-
sideration of bi-parental crosses involving three linked factors. Our attention
will be focused on the recombination between two particular linked factors,
A and B, among that portion of the progeny in which the second factor, B, has
‘recombined with the third, C. Our theory, with its specifications derived from
the analysis of unlinked factors, makes definite predictions as to  how the re-
combination of 4 and B in the selected part of the progeny should vary with
the degree of linkage between B and C, and with the relative multiplicity of
infection. The comparison of these predictions with the experimental results
constitutes the principal test of the theory.

Unlinked factors

(1) A test of nonlinkage. There are a number of pairs of factors whose
recombinants appear in the progeny with what appears to be a maximum fre-
quency, and we conjecture that these factors are truly unlinked, i.e., that in
individual matings between particles differing in these two factors the proba-
bility of segregation into recombinants is exactly equal to one-half. This
assumption cannot be tested directly because we do not have available a uni-
form population produced by exactly one round of mating between unequal
particles. However, the assumption can be tested in three-factor crosses by
comparing certaini classes of recombinants. Thus, in a three-factor cross in-
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TABLE 4

Results obtained in the cross brym* (111) X btry*m (222) with equal input of the
two parents. The yield of cross 1 was examined by the direct method, the yield of
cross 2 by the sampling method.

(111) x (222)

(-11) (++2) (-21)
(111) (211) (1-2) (2-2) (121) (221
Cross 1 142 93 220 252 105 99
Cross 2 356 627 106 112

Ratios between frequencies of different recombinants

Cross 1 (121)/(221) = 1.06 Cross 2(121)/(221) = .95
(211)/(221) = .94

volving three unlinked factors, and made with equal input of the two parental
genotypes, (111) and (222), the six recombinant genotypes should all be
exactly equally frequent, irrespective of the number of rounds of matings and
of their distribution in time. Table 4 shows an example of such a cross, in
which three of the six recombinant genotypes could be estimated individually,
and these three .classes are indeed equally frequent within the limits of sam-
pling errors. However, we have to be careful in assessing the value of this test.
First we have to pay attention as to which classes, precisely, were found to be
equally frequent. For instance, if the classes (211) and (221) are found
equally frequent this merely means that the second factor is equally linked (or
unlinked) with the first and third, since in recombinants between the first and
third factor, the two alleles of the second factor are equally distributed.

If now, a third recombinant genotype is found equally frequent with the
two just given, say (212), this means that also the third factor is equally
linked (or unlinked) with the first and second factor. Altogether, we conclude
then that all three factors have a symmetric linkage relationship with each
other, and this means that they are all three at least very nearly unlinked.

One would like to estimate precisely how large a deviation from nonlinkage
would still be compatible with our findings. Qualitatively one can say this: the
larger the number of rounds of matings, the less conspicuous will be any effect
of a slight amount of linkage. Actually, there are two opposing tendencies :
on the one hand the effects of residual linkage are cumulative since they occur
on every round of mating. On the other hand, every round of mating brings
the genotypic mixture closer to genetic equilibrium, in a rapidly converging
sequence. Thus, the deviation from equilibrium, within which the residual link-
age might express itself, decreases rapidly, and differences of this deviation,
due to residual linkage, become less and less measurable.

In two-factor crosses between unlinked factors the frequency of recombin-
ants is appreciably below 350 percent. From our point of view this deficit from
50 percent is largely due to the spread in maturation time and the fact that at
the beginning of maturation the population is still far from genetic equilibrium.
Since we cannot predict this deficit quantitatively two-factor crosses furnish no
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sharp criterion for nonlinkage. The three-factor test given here predicts a defi-
nite value for certain genotype ratios in case of nonlinkage. It could be made
more sensitive by inspecting the progeny at a stage when it has progressed less
towards genetic equilibrium, using premature lysis.

(2) The average nwmber of rounds of matings. Three unlinked factors;
unequal input. In the case of equal input all six recombinants are equally fre-
quent and their frequency is equal to (1-1/2")/8. This fraction approaches
1/8 very rapidly with increasing n. A much more sensitive measure of n is
obtained by making the input of the two parental types very unequal. In this
case we have two classes of recombinants, namely, majority recombinants,
which differ by only one factor from the majority parent, and minority recom-
binants, which differ by only one factor from the minority parent. The frequen-
cies of thése recombinants depend on the number of rounds of matings in the
following manner:

major. recombinant 8a;2™ = (1-1/2°)(1-12)(1+f-2f/2") (12a)
minor. recombinant 8asg; ™ = (1-1/2")(1-£2) (1 -1+2{/2*) (12b)

In figure 3 these frequencies are plotted as a function of n for an input ratio
of 9:1 (f = .8). The majority recombinant increases steadily with n, while the
minority recombinant at first increases and then decreases. Qualitatively this
behavior of the minority recombinant may be understood as follows: in the
first round of mating most of the minority parents mate with majority parents.
This results in a great reduction of the fraction of minority parents and in the
formation of a certain fraction of minority recombinants. In the next round of
mating most particles again mate with majority parents. Since there are now
much fewer minority parents, there will be a much smaller contribution from
this type of zygote to the minority recombinants than in the first round. On
the other hand, the minority recombinants formed during the first round will
be largely eliminated by recombinations formed in the matings of these parti-
cles with the majority parent. Thus, a net loss of minority recombinants occurs
during the second round.

Figure 4a shows the ratio of majority recombinants to minority recombin-
ants. This ratio reaches a limiting value equal to the input ratio when genetic
equilibrium is reached. (n = infinity). However, this value is approached only
very gradually. Even after five rounds of mating, the deviation from genetic
equilibrium is very appreciable. The corresponding calculations for random-
in-time mating are shown by dashed lines in figures 3 and 4a. Here the ap-
proach to equilibrium is somewhat slower, but not sufficiently so to permit
good discrimination. The corresponding calculations, if spread in maturation
is taken into account according to the procedure outlined before (equation 11),
are shown by the dotted line in figure 4a.

In table 5 the results of two three-factor crosses using unequal multiplicity
(input 9 to 1) are shown. The two parental types differing in three unlinked
characters are the same as those in the cross of table 4. The two crosses differ
with respect to which of the parents was used as majority parent. The ratio
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Ficure 3—The frequency of a majority recombinant, a minority recombinant, and
the minority parent (aus asu, a:2) in the progeny of three-factor crosses, as a function
of the number of rounds of mating. The continuous curves refer to synchronous mating
(n rounds), the dashed curves to random-in-time mating (m rounds). Unlinked factors.
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TABLE 5

Results obtained in the cross brym* X br,*m, using an excess of one parent
over the other (input ratio 9 to 1). The yield was examined by the direct method.
In cross 1 an excess of brym* (111) was used, in cross 2 an excess of btry m (111).
In both cases we indicate the majority parent with (111).

(111) x (222)
(111) (121) (112) (122) 211) (221) (212) (222)

Cross 1 12581 288 319 289 51 86
Cross 2 . 12128 176 50 198 37 21

Ratio maiority recombinant to minority recombinant

Cross 1 (211)/(221) = Cross 2 (112)/(122) = 3.5
(121)/(221) = (112)/(212) = 4.75

Ratio minority recombinant to minority parent

Cross 2 (122)/(222) = 2.4
(212)/(222) = 1.75

majority recombinant/minority recombinant a;ia/ajea can be calculated from
these two crosses. In those cases in which we have more than one estimate of
a class of recombinants the average is used. The values obtained are in good
agreement with an estimate of five rounds of mating as can be seen by com-
paring the values found with those plotted in figure 4a.

(3) Synchronous mating versus random-in-time mating. In a cross with
unequal input the minority parent is present as a very small fraction at genetic
equilibrium, equal to the cube of the input fraction. In the case of synchronous
mating this drop in frequency occurs fairly rapidly because every time a minor-
ity parent mates with a majority parent, there is only a chance of one in four
of the minority parent not being eliminated by recombination. In the case of
random-in-time mating, the elimination of the minority parent is not nearly
as rapid, since there is an appreciable fraction of particles not participating in
the mating, and this effect is even more pronounced if spread-in-time matura-
tion is taken into account. These relations are illustrated in figure 3. For
practical purposes it is more convenient to determine the ratio of minority
recombinants to minority parent, rather than the absolute frequency of the
minority parent, and this ratio is given in figure 4b. The minority recombin-
ant serves as a measure of the number of bacteria actually infected with the
minority parent. Figure 4b shows that for an input ratio of 9 to 1, and five
rounds of matings, the ratio between the two genotypes is 5.7 in the case of
synchronous mating, 2.6 in the case of random-in-time mating, and 1.4 1f
spread in maturation is taken into account.

Figure 4b is based on the following formulae, which are easily derived from
the more general expressions given previously :

Synchronous mating
minor. recombinant

8age™ = (1—1/20) (1 - 2) (1 - +2£/2%) (13a)
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Fic. 4a.
minor. parent
8agee™ = (1-1)3+ (1 ~-12)[3(1-1) +2i/2°] /20 (13b)
Random-in-time mating
minor. recombinant
Bayoe™ = (1 -12) [(1 - f(1 —e~™/2) 4 2fe—™/2(] — e—m/4)] (13c)

minor. parent

Sagss™ = (1-£)3 4 (1-12)[3(1 - f)e~m/2 1 2fe—3m/4]

(13d)
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Ficure 4.—The ratio majority recombinant/minority recombinant (4a), and the ratio
minority recombinant/minority parent (4b) in three-factor crosses, as a function of the
number of rounds of mating. The continuous curves refer to synchronous mating
(n rounds), the dashed curves to random-in-time mating (m rounds), the dotted curves
incorporate the correction for the spread in maturation time (abscissa m).

Only from cross 2 in table 5 can the ratio minority recombinant/minority parent
(a12a/a202) be calculated. In cross 1 the minority parentis pooled together
with a minority recombinant as there is no way of distinguishing between mr
and mrt, The values found (2.4 and 1.75) are compatible, as can be seen
from figure 4h, with the value of five rounds of mating, with or without the
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correction for spread in maturation (2.6 and 1.4). Moreover this experimental
value is in sharp disagreement with the value calculated for five rounds of
matings assuming synchronous mating (5.7).

Two-factor crosses can also be used for this test, though the discrimination
is not quite as sharp because the minority parent decreases only by a factor
of 2 in every mating with the majority parent.

In figure 4c we represent, as a function of n (or m or m), the ratio recom-
binant/minority parent for unequal input (f = .8) for synchronous mating and
random-in-time mating. The calculations are based on equations 10a and 10b.

It will be seen that for five rounds of mating (n=5) and a large excess of
the majority parent (f =.8) the recombinants are more frequent than the geno-
type corresponding to the minority parent. This agrees with observation, as-
reported by DoERMANN and Hirr (1953a). In table 6 the value recombin-

TABLE 6

Results obtained in the two crosses of table 5 considering only two markers,
r and m, The majority parent (11) is bm* in cross 1 and h*m in cross 2.

(11) x (22)
(11) (12) 2D (22)
Cross 1 12869 319 340 86
Cross 2 12128 226 198 58
Ratio recombinant to minority parent
Cross 1 = (12)/(22) = 4.0 Cross 2 = (12)/(22) = 3.9
(21)/(22) = 3.9 (21)/(22) = 3.4

ant/minority parent has been obtained from the data of table 5 using the three-
factor cross as a two-factor cross by considering only the markers » and .
Comparing these ratios with those calculated in figure 2 we see that also in this
case our data (3.4-4.0) are compatible with five rounds of random-in-time
mating (4.7) and disagree with synchronous mating (6.8).

Linked factors

Having specified the parameters of the theory by the preceding experiments,
we now wish to discuss the implications of the theory with regard to recombi-
nation between a pair of linked factors. The guiding idea of this analysis may
be expressed-as follows: in two-factor crosses, we may calculate an expression
for the ratio Vo = ajs/a.s, i.e., the fraction in which a particular allele of the
minority parent has recombined (equations 10a and 10b). We now wish to
analyze how this fraction varies if, instead of considering the whole population,
we confine our attention to that part of it in which the second factor has re-
combined with a third factor. Qualitatively, this amounts to the selection of a
portion of the population which, on the averdge, has mated more often with
unequal parents than the whole population. Furthermore, this selection will be
the sharper the closer the linkage between the second and the third factor.
We should expect, therefore, that the ratio a;»;/a.2; is greater than the ratio
ars/a.p, and that the increase is more pronounced when the second and third
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FiGUrRe 4c.—The ratio recombinant/minority parent (ais/az) in two-factor crosses,
as a. function of the number of rounds of mating. The continuous curves refer to syn-
chronous mating (n rounds), the dashed curves to random-in-time mating (m rounds),
the dotted curves incorporate the correction for the spread in maturation time (abscissa ).
The upper curves are for unequal input, input ratio 9 to 1 (f=.8), the lower curves are
for equal input (f =0). Unlinked factors.
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TABLE 7

V ratios, Synchronous Mating.

S
|

=af%% =+l -1 - pl2
Var= a®™ < [1+ €1 - 22901 - (4 ~ p)™l/21 = 1727 °
el a(l’;z/a(f;z =1 +f-(1+¢-— 2p)(1 — p)"1/2 (no interference)

=1+ 1~ a-prhHl (complete interference)

V ratios, Random-in-time Mating.

VvV, (1 + f)(1 — e ™P)/2
Var = [(1 + D@ = e™™P) = 2fe™™/2(] — " P2)]/2(] — &~ ™)
Ver=[1+f—-(1+¢~ 2p)e"™P]/2 (no interference)

= (1 + f)(1 — e ™P)/2 (complete interference)

it

factors are closely linked than when they are unlinked. We calculate the ratio
aj01/a.21 for the two dimiting cases where the second and third factors are,
respectively, unlinked, or very closely linked. These limiting values will be
called V; and V. In the formulas to be given p is the linkage parameter p;»
for the first and second factor (equation 2). The linkage parameter pas =1/2
in case of V1. In the case of close linkage V is independent of pas in the first
approximation. Table 7 gives the general formulas for any input ratio, for
synchronous and random-in-time mating. In tables 8, 9, 10, 11 and 12 the
results of crosses involving recombination between the locus 4 and the locus 72
are shown. From these experiments we obtain estimates of the values Vi, Vy
and V, for values of f=0 and of f=.8. By assuming an average value of 5
rounds of mating and random-in-time mating corrected for spread in matura-
tion time, we first calculate (equation 10b) the value p from V, for =0, and
obtain p =.14. Using this value p we calculate, using the formulas of table 7,
all the other V values for f =0 and f=.8. Table 13 shows the calculated and
the experimental values.

Let us first consider the calculated values. Table 13 bears out the expecta-
tion that selection increases the V ratio, and that the increase is slight in the
case of unlinked factors but appreciable in the case of linked factors. The selec-

TABLE 8

Fraction of recombinants (Vj) in crosses between b and 6r,, with equal input
(f = 0). Crosses 1 and 2 are the same cross made in coupling and repulsion. Cross
1 is btry (11) X bry* (22). Cross 2 is bry (11) X h¥ry* (22).

(11 x (22)
(11) (22) (12) @n
Cross 1 683 511 169 189
Cross 2 515 486 178 170

Ratio V, recombinants to total

Cross 1 V, = (a;, + a;)/(a*r) = .23
Cross 2 V, = (ay, + aj)/(a-) = .26
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TABLE 9

Fraction of recombinants V., between b and ry with equal input (f = 0). 7, was
chosen as third unlinked marker. Crosses 1 and 2 are the same cross made in
coupling and repulsion. Each cross was repeated twice and each analyzed using
the direct method (d.m.) and the sampling method (s.m.). Cross 1 is bretr (111) X
Bry* (222). Cross 2 is brytry (111) X btry* (222).

(111 x (222)

(1-) (2+) (212y (112)

Cross 1 d.m. 438 443 52 120
s.m, 38 114

Cross 2 d.m. 1362 1395 174 399
s.m. 42 110

Cross 1 d.m. Vyy = (212)/+12) = .30 Cross 2 dum. Vg = (212)/(+12) = .30
s.m. Vygy = (212)/(+12) = .25 s.m. Vg = (212)/(-12) = .28

tive influence disappears almost completely if we assume strong interference
between two exchanges within the same linkage group. _—

In addition, the calculations bring out three other features. First, that the
increases are more pronounced in the case of random-in-time mating than in
the case of synchronous mating; second, that the selective effect is greater
in the case of équal input than in the case of very unequal input; third, that
all the V ratios are almost twice as large in the case of very unequal input as
in the case of equal input. The last point can be understood qualitatively as
follows: the V. ratios measure the fraction of the minority parents in which
recombination between the first and second factor has taken place. This is
twice as high in the case of very unequal input as compared- to equal input
because we assume that mating occurs at random with respect to partner. In
the case of very unequal input, a particle of the genotype of the minority parent
‘will nearly always mate with a particle of the genotype of the majority parent,
while in the case of equal input, one half of the matings of a minority parental
type will be with the same type. The increase in the V ratios when going from
equal input to very unequal input is thus a direct consequence of the assump-

TABLE 10

Fraction of recombinants Vo between b and ry with equal input (f = 0). r, was
chosen as third marker closely linked to r,. Crosses 1 and 2 are the same cross
made in coupling and repulsion. Each cross was repeated twice and analyzed each
time using the direct method (d.m.) and the sampling method (s.m.). Cross 1 is
bratr, (111) X btrym* (222). Cross 2 is b¥ry*r, (111) X bryr,t (222).

. (111) x (222)
(1++) (2+) (212) (112)
Cross 1 d.m. 1585 1648 41 64
s.m. 46 . 78
Cross 2 d.m. 773 836 21 34
s.m. 71 118

Cross 1 d.m. Vg
s.m. Vcl

= .38
(212)/(-12) = .38

(212)/(+12) = .39 Cross 2 d.m. Vgq = (212)/(+12)
(212)/(+12) = 37 sm. Vg, =
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TABLE 11

Fraction of recombinants V; between b and ry with input 9 to 1 (f = .8). r was
chosen as third unlinked marker. Crosses 1 and 2 are the same cross made in
coupling and repulsion. The frequency of the majority parent is indicated with the
symbol (111). Cross 1 is btrgyt (111) X brytry (222). Cross 2 is brynyt (111) X
bhtrytry (222). Both crosses were analyzed by the direct method only,

(111) x (222)

(1) Q- (121) (221)

Cross 1 11123 277 82 84

Cross 2 5112 168 50 43
Cross 1 V= (121)/(-21) = .50 Cross 2 V= (121)/(-21) = .54

tion that mating is random with respect to partner, and its experimental verifi-
cation may be considered as a test of this hypothesis.

The corrections due to spread in maturation time are in every case very
small. .

The experimental results shown in table 13 agree reasonably well with the
theoretical predictions. Due to the fact that the experiments are very laborious,
the number of plaques on which some of the estimates of genotype frequencies
are based is rather small, as can be seen from the standard error of some of
the values. Three groups of values are certainly different from each other. For
=0, Vs and Vy are in the range of 24-299%, while V is certainly greater
(38% ). For f = .8 all the V values are in the range 49~35%.

The experiments thus confirm some of the theoretical predictions and are
not accurate enough to test certain others. They confirm:

(1) the increase of the V ratios in going from equal input to very unequal
input, thus supporting the assumption that mating occurs between vegetative
phages pairing at random.

(2) the selective influence of recombinations within the same linkage group,
thus supporting the assumption that entire linkage groups are involved in the
elementary acts of recombination, and suggesting that there is no strong inter-
ference between different exchanges within the same linkage group.

The experiments are not clear-cut in testing the selective influence of recom-
binations with an unlinked factor. The predicted effect is very small, the effect

TABLE 12

Frequency of recombinants V., between b and r, with input 9 to 1 (f = .8). r;
was chosen as third marker closely linked to r,. Crosses 1 and 2 are the same
cross made in coupling and repulsion. The majority pdrent is indicated with the
symbol (111). Cross 1 is bryr,* (111} X btrytr, (222). Cross 2 is btryr,t (111) x
bra*r, (222). Both crosses were analyzed by the sampling method only. ‘

(111 x (222)

(121) (221)
Cross 1 61 45
C_ross 2 47 . 45

Cross 1 Vg = (121)/(-21) = .58 Cross 2 Vg = (121)/(+21) = .50
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found experimentally is in the same direction and slightly larger than the pre-
dicted value, but the standard errors are a little too large for this to be con-
vincing. Within the group of experiments here reported, this is the only fairly
direct test of the assumption that in the elementary act of recombination not
only whole linkage groups but also entire vegetative phages are involved. It
would be quite cumbersome to do this experiment on such a scale as to verify
or exclude ‘with certainty the small theoretically predicted difference between
Va and Vs, The point in question could be tested more efficiently in four-
factor crosses with two linked factors on each of two linkage groups and de-
termining the fraction of recombinants for one pair of linked factors among
that portion of the progeny which carries the recombination for the other pair

TABLE 13

Fraction of recombinants (V) between loci b and r,.

. Calculated
Experimental
(1) (2) (3 (4)
f=0
V,a, /a, 24.5 £ .0078 .25 .26 .24
Vara,,/a.,, .29 £ .014 .27 .27 .27
Vera,/a .38 * .022 32 .25 .30 .31
f=.8 v
V,a,/a, 49 t .07 .45 .48 .43
Vura,/a 51+ .031 .47 .43 .47
Vera,,/a., .54 & .041 52 45 . .48 .50

The V ratios have been calculated on the following assumptions:

(1) Random=in-time mating, no interference.

(2) Random-in-time mating, complete interference.

(3) Synchronous mating, no interference’

(4) Random-~in-time mating, no interference, corrected for spread in maturation

time. 4

The number of matings is estimated to be 5 from the crosses with unlinked char-
acters. The linkage parameter p is estimated from the value of V, for f = 0, which
gives p = .14.
of linked factors. Suitable markers for such an experiment are not yet avail-
able in TZ.

In the case of unequal multiplicity, the theory predicts a lesser shift in the
V ratios due to selective influences, than for equal input. In this respect, the
theory is confirmed by the experiments with fair certainty. The actual value
of the shift is also of the right order, and in the right direction, but the stand-
ard errors are too large to consider this point of the theory confirmed.

DISCUSSION

In the foregoing pages we have presented a theory of genetic recombination
in phage according to which a mixed infection of a bacterium with different
genetically marked types represents not a simple genetic cross but an experi-
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ment in population genetics. The intracellular population of vegetative phages
undergoes several rounds of mating. Mating is random with respect to partners
and, presumably, random with respect to time. Superimposed on these proc-
esses is the maturation of the vegetative phages, which removes them from the
pool of multiplying and mating particles, and which is assumed to be random
with respect to genotype.

The general purpose of the theory is to explain and predict the results of
crosses (mixed infections). The variables of the experiments are the markers
and their linkage relations, the ratio between the infecting parental particles,
and the time of inspection (at normal lysis time, or earlier, in the case of
premature lysis, or later, in the case of delayed lysis).

The theory fits with some very general notions concerning the life cycle of
bacteriophages, namely, the transformation into vegetative phage and the
accumulation at a linear rate of mature phages from a pool of growing.and
recombining vegetative phages, as derived both from genetic and from bio-
chemical tracer studies. ;

The principal accomplishment of the theory is that it accounts for (1) the
occurrence of particles in the progeny which combine markers from more than
two parents, (2) the deviations from genetic equilibrium and their decrease in
the course of time, and (3) the positive correlation between different reconibi-
nations in the progeny population. This positive correlation should and does
(DoErmMAaNN and Hrrr 1953b) also show up in simple mapping experiments
with two-factor crosses. Map distances (i.e., the linkage parameters p) calcu-
lated by our equation (10b) show neither positive nor negative correlation,
suggesting that there is little, if any, interference between different exchanges
within the same linkage group.

Our theory may be contrasted with an hypothesis suggested some time ago
by STURTEVANT (cf. HERSHEY and Rorman 1949) regarding the origin of re-
combinants: this hypothesis assumes that the progeny phage particles are
copied from patterns provided by the parental particles. Half finished copies
can switch from one pattern to another, thus producing recombinants. A formal
development of this hypothesis requires additional specifications, of which the
most important is a specification as to whether or not copies, including uri-
finished copies, in turn become patterns. We will assume that the copies do not
become patterns since otherwise the process would lead to a very rapid pro-
gressive fragmentation of the genetic material. In a formal development assum-
ing fired patterns the switching from one pattern to another would be equiva-
lent to one mating in our theory. The principal characteristic of this hypothesis
is that reciprocal recombinants are made in statistically independent acts. Tt
thus accounts elegantly for the lack of correlation between reciprocal recom-
binants observed by HErRSHEY and RoTMAN (1949). Our theory also accounts
for this lack of correlation, through the randomizing influences of multiplication
and maturation after recombination. On the other hand, this hypothesis permits
the occurrence of only one recombination per switching, which is equivalent to
one mating. It implies, therefore, complete interference in any one mating for
different recombinations within the same linkage group, and this, as we have
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shown, is.in conflict with the findings here reported and with those of DoEr-
manN and HiLr (1953b). Another implication of STURTEVANT’s hypothesis
is that the genetic composition of the intracellular phage population should be
independent of time, and this, too, is contradicted, both by experiments with
premature lysis (DoErMANN and HiLL 1953a) and with delayed lysis (LEVIN-
THAL and VisconTtt 1953).

One aspect of phage genetics which has not been accounted for by our
theory is the work of HersHEY and CHase (1951) on heterozygous phage
particles in the progeny. HErRsHEY finds that about 2% of the progeny from
a bacterium infected with equal input of two marked parents is heterozygous
with respect to any given factor. At first sight one is tempted to interpret these
particles by the assumption that a certain random fraction of the zygotes of
vegetative particles in the mating pool mature without segregating. In two-
factor crosses this leads to the prediction that heterozygosis with respect to
one of the two factors should be strongly correlated with heterozygosis with
respect to the other factor, and that this correlation should increase with the
degree of linkage between the two factors. In contradiction with this HERSHEY
finds zero correlation when the two factors are unlinked. When the factors are
closely linked HersHEY does find a correlation but not nearly as large a one
as required by our assumptions. We see no simple way of accounting for this
discrepancy and therefore consider it unlikely that the heterozygotes should be
interpreted as a sample from the zygotes in the mating pool.

We may conclude by saying that, from the point of view of this theory,
mixed infection constitutes a very complex genetic experiment, and that the
complications are mainly due to the experimental difficulties which stand in
the way of an analysis of single matings. Particularly, the idea that in the ele-
mentary mating process reciprocal recombinants are produced in exactly equal
numbers seems at present not susceptible to any direct experimental tests. On
the whole, our theory tends to place the genetics of phage very much in line
with orthodox genetical theory, as it has been worked out for higher organisms.

SUMMARY

A theory of recombination of genetic markers of phage particles during
mixed infections of bacteria is developed. The theory assumes that the paren-
tal particles upon entering the host cell become vegetative particles, that these
particles multiply, mate pairwise, repeatedly, and random with respect to
partner. Further, that maturation of vegetative particles into mature infective
particles is irreversible within the mother cell, and that the matured particles
do not multiply and do not mate.

The population genetics problem thus posed is solved quite generally for
two- and three-factor cases and worked out in detail for several special cases.

Experimental results for several two- and three-factor crosses, involving
either unlinked factors, or factors linked in various ways, are presented and
are compared with the theoretical predictions. These results are in full agree-
ment with the theory if the average number of matings per vegetative particle
is taken to be five. The experiments may be considered as supporting specifi-
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cally the assumption that mating is random with respect to partner, and that
at least whole linkage groups are involved in the elementary act of recombina-
tion. Further, interference between different recombinations within the same
linkage group, if it occurs at all, is far from complete.

A three-factor test is described for which certain genotype ratios in the case
of nonlinkage are exactly 1:1, independent of various influences which lower
this ratio in two-factor crosses in an amount that cannot well be predicted.
Experimental results are presented which confirm this 1:1 ratio.

ACKNOWLEDGMENTS

The authors wish to record their indebtedness to Dr. N. SymonDs, PROFES-
sor H. F. BoeNENBLUST, and MR. DALE KAISER, for their help in clarifying
the algebraic aspects of the problem; to Dr. A. D. HErsuEy, for providing the
genetically marked stocks and for invaluable advice concerning the execution
of the experiments; to Dr. A. H. DoErMANN, for many discussions; and to
Miss Barsara PowkrLL and to Mr. RoBerT CooN for technical assistance.

APPENDIX
A theorem on random-in-time mating (N. Symonds)

The effect of random-in-time mating for a period during which each particle mates
on the average m times is equal to that of splitting the total population into non-
intermating groups of size pi, py . ..., where p.(m) =m" e™/r!, and letting each
group undergo r rounds of synchronous mating.

The proof of this theorem rests on the fact that equation (6a), which expresses the
relation between the genotype frequencies in one generation in terms of those in the
preceding generation and which appears to be a quadratic relation is actually linear be-
cause the sums of genotype irequencies represented by the symbols involving two dots
are not variables but constants, since they represent allele frequencies.

Equation (6a) may thus be written symbolically as

2™ — a0 (0
where a represents the set of eight numbers aijx and L represents a linear operator.
When mating is random-in-time, the gene frequencies become functions of time rather
than of the number of rounds of mating n, and the recurrence relation (6a) is replaced
by a differential equation. If we choose as the time unit the time in which a particle
mates on the average once then in the time element dm the fraction a dm mates and is
replaced by the fraction I.adm. Thus the differential equation for a is
da/dm—=1a—a (2)
or
d(ae™)/dm = Lae™ (2a)
Symonds’ theorem may be stated by saying that the solution of this d:ﬁerentxal equation
which satisfies the initial condltlon is

a=23p: a®® (3)
where
a.(1') — L T a(n)

is the distribution of genotypes after r rounds of synchronous mating. To verify that
(3) is the desired solution of (2) we observe, first, that for m =0 we obtain from (3)

a(0) =a®
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since, for m=0, po=1 and all other p,=0. Second, substituting (3) into (2a)
we obtain on the left

d(ae™)/dm =2a® d(p.e™)/dm=Za® p: ™ r/m 4
and on the right .
Lae™ =LZp:a™e™ == Za®" * Vp,e™ *(5)

The two expressions (4) and (5) are equal, as may be seen by comparing the co-
efficients of the same a® in both series and noting that the fractions p. obey the
recurrence relation

pPr t/m=p: -1

The crucial step in this proof occurs in equation (5) where we make use of the
fact that the operator L operating on a sum of distributions is equal to the sum of the
distributions obtained by letting the operator operate on each term of the sum separately.
It is here that we make use of the linearity of the operator. As may be seen by
reference to the more general treatment given by GEIRINGER (1944), it is only in one-,
two-, and three-factor crosses that the recurrence formula corresponding to (6a) can
be looked upon as a linear relation. When more genetic factors are involved products
occur in the recurrence formula of which neither factor is a constant. Then the re-
currence relation is truly quadratic and the solution of the differential equation (2) is
not of the simple form (3).
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