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ABSTRACT

Some multi-allelic data obtained by Coy~e (1976) and by SineH, LEwoN-
1IN and Ferton (1976) are analyzed for their compatibility with the neutral
alleles theory. It is found that strict neutrality appears not to be the case, but
that if further alleles were to be distinguished in the samples, neutrality could
become a possible explanation.

Section 1

HE papers by Coy~e (1976) and Sincu, LEwonTin and Fevron (1976)

indicate that, if sufficiently great effort is expended in performing electro-
phoresis under various conditions, a considerable number of different alleles can
be detected even in small samples of genes. CoyNE found 23 distinct alleles in
only 60 genes at the xanthine dehydrogenase locus of Drosophila persimilis,
while Siner, LEwonTIN and Ferron found 27 alleles in 146 genes from the
xanthine dehydrogenase locus of D. pseudoobscura using four electrophoresis
conditions, and an additional heat-sensitivity test revealed at least 37 alleles in
that sample.

The purpose of the present paper is to analyze the allele frequencies reported
in those papers to see if they are consistent with strict selective neutrality. We
find, using various statistical tests, that neutrality is not a plausible explanation
for the data. However, it will also be pointed out that if the more common
“alleles” should really be subdivided into further alleles, the strict neutrality
hypothesis may possibly be resurrected.

LewonTIN (personal communicaticn) has analyzed the data using an F
approximation for the null hypothesis distribution of the information statistic.
We here give exact results, or simulation results, for various test statistics. Our
conclusions are qualitatively similar to those of LEwonTtin, and allow us to
compare the accuracy of the F approximation.

Section 2. Results for the pooled samples

The 60 genes analyzed by Coyne (1976) may be summarized, as far as their
allelic distribution is concerned, by the numbers

115, 23, 44, 391 (1)
with the interpretation that 18 alleles were represented once each in the sample,
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three alleles were represented twice each, one allele had four representatives,
and the most common allele was represented by 32 genes. The total number
of alleles is 18 + 3 + 1 + 1 =23, and the total number of genes is (18 x 1) +
(3% 2) + (1 X4)+ (1x 32) = 60. More generally, we shall describe a sample
by symbols of the type

a a
nna, ng,

I’Lgx, . (2)

where «; is the number of alleles each having n; representatives. The total num-
ber of alleles in the sample will be written

k:a1+‘a2+a3+... (3)
and the total number of genes in the sample will be written
n=on, + an, +an;+.... (4)

Assume that the sample (2) was drawn from a large population, in which
statistical equilibrium has been reached, in which all genes (of whatever allelic
type) have the same mutation rate and all mutations produce new alleles, and
in which selection does not operate. Then, Ewens (1972) obtained the following
probability for a random sample to be of composition (2), subject to given values
of kand nasin (3) and (4),

Pr(nu,ntns, ... |kn)
n!
n‘?n?ngﬁ e allag!ag,! .. |S(')’1,C)l N ( )

where §%) is a Stirling number of the first kind (see ABramowrTz and STEGUN
1965 Table 24.3 for some numerical values). We do not use Ewens’ notation,
however; in particular, our n corresponds to his 2.

The beauty of (5) is that the conditioning on a given value of k& has made
the sample probability free of any unknown population parameters, especially
the size of the population and the mutation rate. The probability (5) has been
verified, at least as an approximation, for sampling from various population
models subject to selective neutrality. See, for instance, KarLin and McGreGOR
(1972) ; WarTeERsoN (1974a,b) ; Kerry (1977); WarTERsoN (1976) ; KinemaN
(1977).

In particular, the probability (5), when applied to the CoynE data (1), yields

60!
2°.4.32.18131 [S@]

=5.952 X 107 .

Pr(1te, 23,41, 321k = 23, n = 60) =

Similarly, the Sinen, LEwonTtin and Ferronw data (obtained before the heat-
sensitivity test was applied) had k=27 alleles in n = 146 genes, the sample
composition being

110 93 37 52 62, 81, 111, 681 , (6)
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which has probability
Pr(1%, 923 37, 52 62, 8%, 117, 68 | k =27, n=146)

_ 146!
2°375%6°.8.11.68.10131712121 [§C1]

=2.326 X 1070 .

With a slight change of notation, let (j) denote the observed number of alleles
having j representatives in a sample, let a(j) = E[a(j)] and ¢(j) = standard
deviation of «(j). Then using (4.5) in WaTTeERsoN (1974a), we may calculate
a(j) and o(j) corresponding to distribution (5) for the data sets (1) and (6).
We have:

CoyNeE data

i 1 2 3 4 5 6 7 ... 32
a(j) 18 3 0 1 0 0 o ... 1
a(j) 108 45 25 16 11 07 05 ... 0.000004
oj) 19 19 15 12 1.0 08 0.7 ... 0.002
Sinem, LEwonTiN and FELTON data
] 1 2 3 4 5 6 7 8 9 10 11 12 ... 68
«(j) 10 3 7 0 2 2 0 1 O O 1 O ... 1 e
a(j) 89422719 1411090806 05 05 04 ... 0.0004 ...
o(j) 221815 1312100909 08070706 ... 002

Note particularly that the most frequent allele in each case appears to be too
frequent and, for the Coy~E data, that the number of singleton alleles appears
too high for neutrality.

The above calculations show that both sets of data are very unlikely to occur
under the neutral alleles distribution (5). But of course each possible sample
would have low probability, there being so many possible samples. Therefore,
to assess whether either of the data sets (1) and (6) afford evidence against
neutrality, we need to consider the probabilities of getting as extreme, or more
extreme, data sets. Many methods of deciding which samples are “more extreme”
have been suggested in the literature. We here concentrate on three such
methods, more to illustrate the methods than in the belief that they are really
appropriate in the present context.

The homozygosity test: The homozygosity of a sample, or a population, is
defined as the sum of the squares of all allele relative frequencies. In the notation
(2), it becomes

F=a (%)+a (%)—!-a (%)Jr

For the particular data (1) and (6), the homozygosities are ¥ = 0.2972 and
F =0.2353, respectively. It takes a considerable amount of computer time to
evaluate the significance level of these statistics by adding the probabilities (5)
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for all samples having these, or more extreme, ¥ values. By computer simulation,
however, it is very quick to generate samples having (5) as distribution and to
estimate the significance levels by the proportion of more extreme ¥ values in
the simulated samples. We ran 1000 independent samples with &= 23, n= 60
and found that no sample had an F value as large or larger than ¥ = 0.2972, as
for Coywe’s data. Again, we ran 2000 independent samples with £ = 27, n = 146
and found only 8 had as large an ¥ value as did Si~neH, LEwoNTIN and FELTON’S
data. We may conclude that both data sets depart significantly from the neutral
alleles distribution (5) in the direction of excess homozygosity (that is, a defi-
ciency in heterozygosity).

The significance of the results is confirmed by the calculation of the means
and standard deviations of ¥ under the distribution (5). Formulas for these were
given by WarrtersoN (1977) and some numerical examples in WATTERSON
(1978). In the present cases, with Coywe’s data we would expect F to be 0.0831
with standard deviation 0.0180; the observed value is nearly 12 standard devia-
tions too big. With the Sincu, LEwonTIN and FerTow data, we expect F to be
0.0984 with standard deviation 0.0278; the observed value is nearly 5 standard
deviations too big.

The information statistic: Defining the information statistic as

I=-[a*In (%) +a2”721n (_’:2_2) +...]

we find that the Coy~E and Sinem, LEwonTiN and Ferton data yield respec-
tive values of 1=2.0842 and 1= 2.2797. These may be contrasted to their
expected values 2.8029 and 2.7325, with standard deviations 0.0935 and 0.1416
respectively, the moments being computed using (4.5) in WarTeERson (1974a).
The observed values are therefore more than 7, and more than 3, standard devia-
tions below their means, respectively. This agrees with the significant results
reported above (see also Sivgu, LEwonTIN and FerTon (1977)).

The most frequent allele: In Coynre’s data, the most frequent allele was
represented by 32 = nu.. (say) genes; for the SineH, LEwoNTIN and FELTON
data, 72,.x = 68. Some significance levels for 72,,,, were given by Ewens (1973),
but for samples of 300 or more genes. A formula for the distribution of 72ma, Was
given by Warterson and Guess (1977, 4.7) and some mean values were tabu-
lated by them. For the present k,n combinations we compute that the probabili-
ties of getting nm.x as large or larger than the observed values are 0.000007 and
0.002758, respectively. Again, the extreme significance of the Coy~e data, and
the significance of the Singr, LEwonTIiN and FeLton data, is noted. For con-
firmation, in simulations of 1000 samples in each case, we found mean values
for npg.x of 10.7 and 29.8 respectively, and standard deviations of 3.2 and 9.7
respectively. The observed values of 72,.,, were thus over 6, and nearly 4, standard
deviations above their respective means.

All of the above results should be treated with extreme skepticism. Among
other assumptions, it has been assumed that the data sets are random samples
from their respective species populations, and that all alleles are accurately
detected and counted. We shall make some remarks about the latter assumption
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in the discussion below. Concerning the former assumption, we know that the
data were collected from various populations, and that these should be analyzed
separately. Fortunately, we can carry out such analyses because the authors
reported their results in sufficient detail.

Section 3. Results for individual populations

In the notation (2), (3) and (4), the allele frequencies of Coy~E’s samples,
which were drawn from three populations, may be summarized as

Fish Creek: 17,21 15 with £ =9 allelesin n = 24 genes,
Mather: 19, 121 with £ =10 alleles in n = 21 genes,
Sisters: 1, 51 with % =11 allelesin n = 15 genes.

The Fish Creek sample could be equally, or more, extreme (with respect to
all the statistics F, I, and nmax) if it had consisted of 18, 16. Using the formula
(5), the probability of getting the observed sample or the more extreme one is
only 0.0042. LEwonTIN (personal communication) reports an F-approximation
significant at the 0.001 level., Both the Mather and the Sisters samples are as
extreme as possible, and have respective probabilities of only 0.0012 and 0.0262.
Again, LEwoNTIN reports significance levels < 0.001 and 0.004 using the F-
approximation.

CoyNE (1976 p. 604) remarked ‘‘Because of the small sample sizes, however,
the degrees of freedom were too small for the values to achieve significance.
Much larger sample sizes than those used here will be necessary to properly test
the data for correspondence to neutrality”. Whatever the validity of CoyNE’s
remarks for the approximate tests he used, our exact tests above show that these
samples have very significant departures from neutrality.

The Sineu, LEwonNTinN, and FELTON data were drawn from twelve distinct
populations. Two provided very small samples:

Population AU: 12,2* with k=4, n=6 ,
Population GU: 22 with k=2, n=4%,

and in each case there was only one other sample configuration possible having
the same k,n values, namely (13,3') and (1%,3'), respectively. Whichever of these
sample configurations had arisen, they could not have provided significant evi-
dence against neutrality. For most of the other populations, only the most
extreme possible sample would have been significant at the 59 level; this
actually occurred with the HR population, whose composition 1°,7* with £ =6,
n =12 has probability 0.0427. Otherwise, although the samples were fairly
extreme, they were too small to be significantly so. The exact probabilities for
getting at least as extreme a sample (as large or larger homozygosity) for all
twelve populations are compared below with the F-approximation probability
obtained by LEwoNTIN (personal communication) for the information statistic.

Population SZ SS CN SC WR CH CE MV HR AU GU BO

Probability 0.25 0.13 0.22 0.28 0.09 0.18 0.13 0.70 0.04 1 1 0.38
F approximation 0.14 0.08 0.08 0.18 0.05 0.16 0.08 0.59 0.01 0.83 1.00 0.36
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DISCUSSION

In the above analyses, I have quoted one-sided significance levels, namely the
probabilities for “neutral” samples to have as high, or higher, homozygosities
than those observed. These may be doubled if two-sided tests and significance
levels are required, at least in those majority of cases when the observed homozy-
gosity is higher than its median value. In any case, there is strong evidence of
non-neutrality in the individual populations of D. persimilis, and less strong
evidence in the D. pseudoobscura data. It is interesting to note that the F-approxi-
mation underestimates the error probability. As we have remarked before, the
conclusion relies on the data correctly indicating the allele frequencies in the
samples. But SiveH, LEwoNTIN, and FELTON found that by an additional heat
sensitivity test, they could distinguish 37 (rather than 27) alleles in the 146
genomes examined. Combining their Tables 1 and 4, we find that the pooled
sample of D. pseudoobscura had a composition, in order as listed by Sincm,
LewonTIiN, and FeLTON:

“Allele” frequency 1 1 5 3 1 1 8 1 2 5 2 1 3 3 6 2 6
Number of
aliased alleles 111111111 22111212
Total
1168 3 1 1 1 3 1 3 3 146
25 21111111 37

In particular, we see that the most frequent “allele”, whose high frequency of
68 was the main cause of the significance of the results for these data in section 2,
is really the combined total of (at least) five distinct alleles. It could well be that
if the 68 genes were appropriately redistributed among 5 alleles (and the other
aliased alleles’ counts be similarly redistributed), the significance would evapo-
rate. In fact, however, Sivem, LEwonTIN, and Ferton report that the most
common allele among the five has frequency 45. If this were observed in a sample
from a single population, with £ = 37 and n = 146, it would still be significantly
large. Unfortunately, due to some ambiguous lines with respect to heat sensi-
tivity, the detailed compositions of the twelve populations’ samples were not
found.

It is an interesting consequence of neutral allele theory that we can calculate
a probability for the above pooled data even though some ‘“‘allele” frequencies
are in fact totals for aliased alleles. Let Ny,/V,, . . . ,IV; denote the numbers of
each of % alleles in a sample size n =2 N,+N, ... TN;. We assume that both %
and rnz are given, and that the alleles are here listed in some order (for instance,
in electrophoretic order). (So far, we have ignored the ordering of the alleles.)

The joint probability of getting a particular sample, under neutrality, is (see
‘WatTerson 1974a, 2.26)

k
Pr(N.=n,N, = n, ... Ny =mjk,n) = jgl f1(n;) (7)

‘fk (n)
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where n,n., ... > 0and ny +n, + . ...+ n = n. Here fi(n) is a “first type
Stirling distribution”

filn) = 21810 g/ (—log(1=$)1 n =k, k+1,...

where ¢ is an arbitrary parameter, 0 < ¢ < 1, which cancels out from (7). In
particular, f(.) is the logarithmic distribution, parameter ¢. If we now add some
of the allele numbers together, e.g., let

kl k1+k2 k1+k2+k3’
$=3N,S=3 NiS=3 N;,.
j=

=k, +1 i=k +k,+1
be the totals of ky,k.,ks, . .. allele counts, then (7) is replaced by
Pr(S,=s,8,=s,... ]%Sj:n, %k,-:k)
I]Ifkj (s5)
RO

In particular, the probability of the aliased-alleles data above, in their listed
order, is

LA T [f(2) ] £(2) [HB3) ] f(3)
f1(8) f2(5) [f2(6)]1* f1(8) fo(11) f5(68) /fsz (146)

= <w1,1)10 (w1,2>2 W32 (w1,3)6 Wy 3 W15 W25
(w2,6)2 Wy s Wa 11 Wi 63 / W37,146
= 3.547 x 10-2¢

where, in Ewen’s (1972) notation,
wyn =k |S®|/n!l .

However, it is not clear how neutrality should be tested, because it is an open
question as to which possible samples would be “more extreme” than the observed
one. The difficulty may be overcome eventually by the complete sequencing of
all genes so that their alleles will be fully distinguished.

Averages of sample homozygosities have often been used as statistics for esti-
mating ® = 4V, where IV, is the effective population size and u is the mutation
rate per gene per generation. For instance, SiNngH, LEwoNTIN and FELTOoN (1976,
p. 625) estimated @/4 as 0.68 on the basis of a maximum heterozygosity of 0.73
(homozygosity 0.27). Assuming neutrality, the population homozygosity, F, has
an expected value 1/(1 + @) so that an intuitively reasonable estimate of ® would
be F*—1. Using the sample homozygosity, F, suggests an estimate ® = F-'—1,
but this has been shown, by Kirsy (1975), to have a much greater mean-square
error as an estimate of © than does the maximum likelihocd estimate, é, based on
%k and n alone (see Ewrns 1972). Moreover, under neutrality, F does not have
mean 1/(1 -+ ®), but rather n* + (1 —rn1) /(1 -+ 0), sce Ne1 and Rovcroup-
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HURY (1974) and WarTterson (1977, 4.3.1), and this suggests the use of the
estimators ® = n(1 — F)/(nF — 1), which is greater than © but will have a
similarly large variance.

For the twelve samples analyzed by Sinem, LewonTIiN and FELTON (using
their criteria 1-4, but not heat sensitivity) we find the following estimates:

Population SZ S§ CN SC WR CH CE MV HR AU GU BO

é 11.65 1.32 1.14 490 343 6.22 1.32 7.88 4.11 4.06 0.88 2.68

] 526 0.65 059 336 1.72 3.59 0.65 526 1.67 2.60 1.00 2.13

® 10.14 0.72 0.71 4.87 2.14 5.18 0.7210.14 2.14 6.50 2.00 2.88

In the neutral case, all three estimatorss are biased, 6 and being slightly too
large on the average and ® too small. Their biases are also subject to any selective
influences. As pointed out to me by Ewens, the homozygosity tests of neutrality
used above are, in effect, tests for the compatibility of 6 and . Prehmmary
calculations suggest that E (®) is more reduced by deleterious alleles than is E (®)
when @ and/or selection increase. Further work is needed to see whether the
substantially smaller mean-square error of ® compared with ® (or ®) is main-
tained from the neutral case into non-neutral cases.

One clear advantage © has over © and @ is that 6 requires knowledge of only
the number of alleles in the sample together with the sample size, whereas ® and
rely on knowing also the allele frequencies. In the pooled sample studied by
SineH, LEwonTiN and Ferron, there were 37 alleles distinguished in the 146
genes using the five criteria; had the sample been from a single population,
we could calculate 6 = 15.65, whereas, not knowing # exactly, we could not
calculate @ or o,

I cannot see much point in averaging the sets of twelve estimates 6 (or ® or 0)
or estimating a parameter @ by first averaging the twelve homozygosities. There
seems to be no reason why the effective sizes of twelve populations and hence
their ® values should be equal. Had the samples been taken from one population

at one time, it would be better to pool them first and treat them as a single large
sample.

I thank Proressor W. J. EweNs for much advice in the analysis of these data, and Mgs.
M. Wu for help with the computing. I especially thank Proressor R. LEwoNTIN for sending
me his analysis of the data. Thanks are also due to the referee for some helpful comments.
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