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ABSTRACT

A theory is given that allows inbreeding coefficients to be calculated exactly
for populations with overlapping generations. Emphasis is placed on providing
equations well suited for computer iteration. Both monoecious and dioecious
populations are considered and family size is not restricted to being Poisson.
One-locus and two-locus inbreeding coefficients are evaluated, although the
reader may omit the two-locus sections. The exact treatment is shown to be
preferable to approximate treatments in that it applies to both early and late
generations for all population sizes. Inbreeding effective numbers found by the
exact treatment are compared to various approximate numbers, and the
approximate values are found to be generally very good.

BY studying inbreeding levels in populations with overlapping generations,

we hope to quantify the effects of age structure in altering the genetic prog-
ress of populations. We know that, relative to populations of the same size with
just one age class, inbreeding and hence homozygosity is delayed in populations
with several age classes. We also know that the continued presence of individuals,
generally females, over several years in breeding programs can delay the spread
of favorable genes. In another direction, we recognize that human populations
do not have discrete generations and that this should be reflected in models of
these populations. Our study offers some novel features and presents some new
results for models of populations with overlapping generations.

Most previous work has concentrated on the evaluation of inbreeding and
variance effective numbers. Previous authors include Moran (1962), Kimura
and Crow (1963a), NE1 (1970), Ner and Imarzumr (1966), Gieser (1969),
Tur~er and Younc (1969), FELsEnsTEIN (1971), Crow and Kimura (1972)
and Hire (1972a,b). Effective numbers offer a very convenient one-parameter
description of the mating structure of a population. As such they are often used
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as a basis for comparison of different populations. In populations other than
idealized ones, however, effective numbers are defined as limiting values (over
time) of rates of increase of inbreeding or drift variance. Most populations do
not maintain the same characteristics for such long time periods, and in breeding
programs interest is likely to be centered on early generations. For this reason
we concur with Jornson (1977) in concentrating on inbreeding levels in early
generations, rather than in limiting values of rates of change of inbreeding. We
differ from Jornsow, however, in restricting attention to exact inbreeding levels.

We also broaden the scope of some previous inquiries by considering both
monoecious and dioecious populations, and not restricting attention to Poisson
family size. In this we follow Hirr (1972b). The study of different gametic
sampling plans points out another resiriction in exclusive concentration on effec-
tive numbers. It has been shown (Kimura and Crow 1963b; Cockermam 1970)
that populations that avoid early inbreeding may have high final rates of
inbreeding. The ranking of populations on the basis of such final rates may be
opposite to a ranking on the basis of early inbreeding.

In other matters, such as the assumptions of constant overall population size
and stable age distribution, we follow conventional models, We allow age-specific
birth and death rates.

The one entirely new feature of this work on overlapping generations is the
treatment of inbreeding at two loci. The treatment is based on the general
methodology of WEIR and Cockermam (1969). In the absence of linkage dis-
equilibrium and selection, the two-locus inbreeding coefficient evaluated here
allows two-locus genotypic frequencies to be studied. Under the same conditions,
as might hold in control populations, we have recently shown (WEmr and
CocreruAM 1977) how the two-locus inbreeding coefficient is used in the pre-
diction of means and variances of quantitative traits. Work similar to that
presented here allows the evaluation of other two-locus parameters that can be
used to predict linkage disequilibrium (Cocreruam and WEeIr 1977).

‘We recognize that the two-locus analysis may be of more limited interest than
the usual one-locus study of inbreeding. Accordingly, the paper has been struc-
tured so that the two-locus sections may be omitted by the reader.

MONOECIOUS DIPLOIDS
Mating scheme

In all years ¢ the population consists of oV individuals belonging to various age
classes. There are ~V; individuals in the ith class, and 7 classes, so that

I M= .

Age is measured in years. Each year .V, newborn are added to the population
and all N, n-year-olds die, while a random sample of A/; —~ ;4. of the i-year-
olds die.

The mating scheme is random union of gametes and is specified by two sets of
parameters. Sampling between age classes is accommodated by parameters p;,
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where p; is the probability that a random gamete received by the newborn indi-
viduals in any year came from the ith age class in the previous year.

i£1p¢=1 )

Within age classes, we allow arbitrary distributions for the numbers of gametes
from individual members of the class. The usual approach is to assume that these
numbers, or family sizes, are independently Poisson distributed subject to the
numbers adding to the total gametic output from that class. The set of N
gametic numbers from the ith age class are then multinomially distributed. We
will return to an analysis of the different distributions in the piscussion, but
note here that we have already (Cmoy and Wrir 1977) discussed such schemes
as “minimum” and “maximum” inbreeding for recurrent selection schemes. At
present, we will assume that the gametic numbers have the same distribution
for every member of an age class, and we work with gametic sampling
probabilities (Werr and Cockermam 1969) P2(i) and P*'(i). These are the
probabilities that two gametes from age class 7 are from one or two individuals,
respectively, within that age class, and

Pr(i) + P(i) = 1.

It is common (e.g., JoENson 1977) to restrict attention to the case where any
output gamete from an age class is equally likely to have come from any indi-
vidual within that age class. In this “equal-chance” case,

Pr(i) =1/N;.

There is a need in two-locus models for trigametic and quadrigametic sampling
probabilities, in addition to these digametic probabilities.

One-locus case

We wish to determine the average inbreeding coefficient F1(¢) of members
of age class 1 in year ¢. This is the average of the probabilities of identity by
descent of pairs of genes drawn from individuals in the previous year, and each
member of a pair has probability p; of coming from an i-year-old, so that

Fi(tH1) = 2 2 pipjys, (1) . (1)

The gametic set measure ¢, (¢) is the probability of identity by descent of a gene
from age class 7 and a gene from age class j in year #, and it will be necessary
to establish transition equations for these gametic set measures.

‘When two gametes are from the same age class, there is a chance that they are
both from one individual in that class, and genes on the gametes may be copies
of the same gene in that individual. Identity by descent is then assured, and to
keep track of such cases it is helpful to define the average coancestry 011‘ ], (2) as



594 S. C. CHOY AND B. S. WEIR

the probability of identity by descent of a gene from a random member /; of age
class i and a gene from a random member J; of age class j, both in year z. The
measure is averaged over all I; and J;.

If primes denote distinct individuals in the same age class then,

s, (0+1) =P2(3) 6., , (¢++1) + P2(3) 01,1 (t++1),1<i<n (2)
v,lxlij(t—f-l):()l”j(t—!-l), 1<i<j<n, (3)
and there are the obvious symmetries

P, () = ¢, (2), 011#; &= 01Jf1‘(t) )

Now an individual of age 7 in year ¢ -+ 1 was of age 1 in year ¢t — i + 2, so that
gametes from such individuals descended from parents in year ¢ — i + 1. Identity-
by-descent relations in equations (2) and (3) are preserved if we write them as

by (HH) = P2(0) 6, (1=i42) +P(0) 6y, (t—i42), 1Si<n (4)
by ) =6, (i), 15i<j<n. (5)

Genes from individuals in age class 1 may have descended from any of the age
classes in the previous year, and two genes from the same individual are equally
likely to be copies of the same gene or of different genes received by that indi-
vidual. We have then

0, 1, (t—i+2) = l: 1 +'ir§1 j=21 piPj ll/li], (t_l+1):|/2 (6)

01111‘,(t—i+2) =2, 2 pipsgs, (i) (7)

0, (=) =3 piys  (t—i+1), 15i<jsn. (8)
17 j-ia =1 L i—i

Equations (2) to (8) may now be combined to give the desired transition
equations for gametic set measures:

1,12 2 . 1 1o :
g, (141) = [1—31)2(1)]],:21 W3 Pipety, =) + 2P0, 1820 (9)
b, () = 3 s =i+, 1<i<j<n . (10)

These equations allow the determination of gametic set measures, and hence
inbreeding coefficients, in all years, but are not in a particularly convenient form
for computing as they require the storing of measures for the previous n years.
This is in contrast to the situation with discrete generations, where we always
obtain sets of measures that rest only on values in the previous generation. We
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can rearrange equations (9) and (10); however, to obtain equations which do
span just consecutive pairs of years:

1 noon 1
bt = [1-SPW & Epmn, 0 +2P) ()
b, FD = Z gy (@), 1<j<n (12)
1= 14P) Pi(i) — P*(i—1) .
gs,; (1) = T—1,Pe(=1) Yii5 5, (0) T STT— 4P (—D)] ’ 1<i<n (13)
Yuy (HD) =y, @), 1<i<j<n. (14)

In the case of equal-chance gamete formation, this set reduces to that given by
FersEnsTEIN (1971) and is an exact alternative to the set given by Jomnsow
(1977).

Equations (11) through (14) are in a form that is highly suitable for com-
puter programming. Exact treatment of inbreeding in situations as complex as
those considered in this paper of necessity requires a numerical approach. Our
hope is that readers with specific cases of overlapping-generation populations
will find equations (11) through (14) of help in their numerical studies.

If there were only one age class per generation, n = 1, equations (11) through
(14) provide

b+ =[ 1= 2P(1) ] ) +2P(D)
or
By (1) =, (- = 1 = [1—-P2(1)], i F2(0) =0

which is the usual result for discrete generations.

If all initial individuals (year 0) are not inbred and are unrelated, then the
initial values of our measures are

b O =2P(),  1<isn

¢1,; (0) =0, 1<i<j<n,
F,(0)=0
and then equations (1) and (11) through (14) provide
1 » .
Fo () =3 pPGD)

1 1 » . 4 .
i @) =g 1= ST+ 1) 3 7 PG + a2, pipiaP? (1),
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Later values will generally require numerical iteration of equations (9) and
(10), or (11) through (14), but this is also a feature of approximate treatments
such as those of Jornson (1977).

It is common to compare populations on the basis of effective numbers. The
inbreeding effective number is related to the asymptotic rate of increase r of
F,(2). This rate is the limiting value, as time increases, of

F, () —F, (+—1)

O =g ey = =D

where F;(®) =1, Since r =1/(2N) for an ideal monoecious population of size
N, we set

1
N”_Q,T .

This is the annual inbreeding effective number. Note that we would obtain the
same rate of inbreeding and effective number if we took

Fo (1) — Fo (¢—1)

r(t) :Fo (Y = F, (7—1)

This ratio uses the complement of the inbreeding coefficient, F, =1 — F,, and
Fo(*)=0. )

The generation length L for the population is defined as the average age of
the parents of newborn individuals

n .
L=z2ip

and the generation inbreeding effective number N, is /V,/L.

Several authors (e.g., Fersenstein 1971; Hirr 1972a, 1972b; JomNsoN
1977) have given analytical expressions that approximate IV, or IV,. Exact values
in specific cases can be obtained by iteration of the transition equations above,
but in any real situation interest is more likely to center on early generations
when the concept of effective numbers is of less relevance.

One-locus numerical results

We illustrate the evaluation of one-locus inbreeding coefficients in monoecious
populations by considering a population with four age classes (n = 4), each with
four individuals (N; =4, i=1,2,3,4). Equal-chance gamete formation is
assumed. We set each of the mating probabilities p; equal to —%-, and each of the
probabilities P? (i) of drawing two gametes from the same member of an age class

1
also equal to -
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Equations (11) through (14) become
4
VH)—JLE ay+_

28 i=1 '—"1 1,
¢11j (t+1) = ‘4T iil llfli’]._l(t) ? ] = 27374'
Yoy (1) =y () i=234
Yoy (EHD) =4, (@) 2<i<j<4

so that there are ten distinct-valued measures to evaluate each year. These equa-
tions utilize the equalities ¢1,, = ¢, ;, but it may be more convenient for com-
puting purposes to work with all 16 possible measures ¢, (i,j =1,2,3,4) as a
two-dimensional array. The inbreeding coefficient in any year is the average of
all gametic set measures in the previous year

ﬂmﬂ_—§§%$o.

i=1 j=1

In Table 1 we display the one-locus inbreeding coefficients for this popula-
tion and compare them with values obtained by the method of Jomnsow
(1977). This approximate method, designed for early generations, assumes that
QN;—1)/2N; = 1. In effect, JounsoN’s method linearizes the inbreeding
coefficient, so that his effective number Ny is such that

t
oN,

F.() =

The inbreeding rate r shown for the approximate F, values is therefore the limit-
ing value of the differences between F, values in successive years.
TABLE 1

Inbreeding coefficients for monoecious populations:
Four individuals in each of four age classes, one-locus case

t F, (1) F (1)

(Year) (Exact) (Approx.)

0 0.0000 0.0000

1 0.0313 0.0313

2 0.0447 0.0449

3 0.0607 0.0614

4 0.0794 0.0810

5 0.1010 0.1041

10 0.1872 0.2025

15 0.2665 0.3025

20 0.3380 0.4025

50 0.6423 1.0025

100 0.8718 2.0025

r 0.0203 0.0200
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Two-locus case

For inbreeding at two loci, we need to consider the identity status of two pairs
of genes. If a.a’ and b,b" are two genes at the A and B loci, respectively, the gen-
eral identity measure X (ab,2’b’) has four components according to the identity
relations at each locus.

Component Identical genes
Xu a=d, b=V ,
X0 a=a
Xot b=v
Xoo none

When ab,a’b’ are uniting gametes, the measure is written as F and the one-locus
inbreeding coefficients, assumed to be the same at each locus, are F, = F,, + F;, =
Fi, - Fo,. If aba’t’ are gametes taken from age classes { and j in year ¢, the
measure X (ab,a’t’) is wriiten as ¢;;(¢), so that

FtD) = 3 3 pipigas(®) . (15)

This vector equation is analogous to (1), and adding the first and third rows
of (15) in fact gives (1). Two other gametic set measures are needed:

vigk:  ab, b’ on three gametes from age classes i,j,k, respectively;
Lijm: a,b,a,b’ on four gametes from age classes 7,7,,/, respectively.

Just as in the one-locus case, whenever more than one gamete is drawn from
a single age class, there 1s a chance that two or more gametes may originate from
one individual in that age class, and an accompanying chance of identity by
descent for genes at each locus on those gametes. Hence we need two-locus average
individual measures (WEmr and Cockermam 1969), and here we define the
digametic measure. We let i denote ‘age class i (i =1,2,...,n) and /; denote a
random member of age classi (I; = 1,2, ... .cV;). Measures are averaged over
all such random members.

81,4, aba’t’ on two gametes from individuals /;,/;, respectively.

Determination of the inbreeding measure requires an evaluation of gametic set
measures, and hence of average individual measures. A general procedure has
been established (WeIr and CockeraaM 1969), and we give details here for
the digametic measures. As before, primes denote distinct individuals within age
classes, and subscripts i,j,%.l,s range over the integers 1 to 7.

Gametic sampling probabilities are needed to express gametic set measures as
average individual measures. The analogs of equations (2), (3) are
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l//“(t—{-i) =P2(i) inl.i(hLi) + P1(1) Q,ipi(t—{-i) , 1<i<n (16)
z_//_,ij(t—{-i) =8, (+), 1<i<j<n. (17)

=47

Expression of average individual measures as gametic set measures involves the
mating scheme via the probabilities p; as in the one-locus case, but also involves
recombination between the loci. We allow the loci to be linked to an arbitrary
extent A, where A is one minus twice the recombination coefficient (0 < A < 1).

For simplicity we restrict attention to the fourth, double nonidentity, com-
ponent of all measures. The one-locus inbreeding coefficient then allows other
components of the inbreeding measure to be recovered, as for example
Fiu=Fy+2F, — 1.

To preserve double nonidentity, genes in two gametes from a single individual
must have descended from genes in the two gametes received by that individual,
but there is no restriction for genes in gametes from different individuals.

Gametes received by age class 1 may be from any of the age classes in the
previous years:

1-+A%

boo (1) == 33 pipyyen (t—i+1), 1<i<n (18)
L, b ik
1422 _
oo Isla'(t_}-i) = ( 5 ) 2% PiPx l//oojk (t—i+1)

+

=
wll
(e

2E2 PPV (t—i+1)

—

—A\? . .
+ (—2*) 2EEZ pipipips oo (E—iH1), 1Sisn (19)
1+ .
000”_ (t++1) = - 3 pr oo, H(t—z—l—l)

+ 122 23 ppove | (i), 1<i<j<n. (20)

The transition equations for the digametic set measures now follow from
combining equations (16) to (20):

Yoo, . (1) = [(1:;_)\)2 _%pz(i) ] I3 pips ¢00jk(t—i+1)

. 1Az .
+ P1(7) ‘ 23 pippy Yoo, (z—i+1)

o (1—AY? , .
+Pu(i) (T) 2222 pipepips oo (17D,

1<i<n  (21)
142 . : 1—A :
Yoo, (FFD) === 2 Pidoo, | (mibl) +—= 22 piprveo, (70D,

1<i<j<n. (22
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Just as in the one-locus situation, numerical work will require the storing of
measures for n years when equations (21) and (22) are used. Unlike the one-
locus case, however, we cannot rearrange things to arrive at a set of equations
that span only pairs of consecutive years unless the sampling probabilities P?(i)
are the same for every age class. This can be the case when every age class is
the same size. Equal P?(i) values fori =1, ... ,nlead to

5000,] (t+1) ')bo% 1,71 (t)v 1< Z)] <n H (23)

and the cases for i = 1 follow direcily from (21) and (22).

Further sampling probabilities are needed for the evaluation of trigametic and
quadrigametic measures. These probabilities all refer to the origins of gametes
taken from age class i:

Pi(i) three gametes from one individual
P21(i) two gametes from one individual and one from a different
individual
P11(7) one gamete from each of three different individuals
P+(1) four gametes from one individual
P31(i) three gametes from one individual and one from a different
individual
P?2(i) two gametes from one individual and two from a different
individual
P?1({) two gametes from one individual and one from each of two
different individuals
P111(7) one gamete from each of four different individuals.
Following the general procedure of Werr and Cockeruam (1969), trigametic
and quadrigametic set measures are first expressed as average individual meas-
ures, which in turn are expanded back to gametic set measures. We now list
the resulting set of transition equaticns for gametic set measures in the special
case of equal age-class sampling probabilities

Pri) =pP>(1) for 1<i<nm.

_I_

1
voo (1) = [ Z Pi(1) +—— pn(l)] 22 pips oo, ()

+

1
+ [ S P =S P() ] 233 pipiprveo, ()

1
+__[ P (1) +P111(1)]§] 23 pipipipiboo,, (1), (24)

._l_
Pn(1):| 22 piPevoo, ()

j-1

oy, 1) = [ Lty 22

. .
+—2——P1(1) 223 pipepr oo, @), 1<j=n, (25)
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1
Vooj;11 (t+1) :'Q_"Pz(l) ? Pi l,boom_l(t)

+ [1 ‘—-;-Pza)] IE pipever (1), 1<j<n, (26)

voo, . (21+1) =1—;1 z piveo, . (D) —I—% 23 pipidoo, (D,
1<jk<n, (27)
o (@) =3 pive (@), 1<jk<n, (28)
Voo, (FHD) =wao, (D), 1<ijk<n, (29)

11;11

G D) =2 [P 2P0 ]33 pip o, 0

7
1 1 1
+ [_2__p31(1) _,_g_pzz(l) +-§—Pz11(1 :I 22 2 pipipx voo, . (2)

)
+ [ 1 p22 1 + 1 p211 1 1111 :I
2 PP+ D)+ P(A) | 2223 PiPiPP Loy (1) 5 (30)

1 1
SNCEE EYIORES SONETF TG

1
+ [?Pn(i) + Pri(1) :I 2%% PipPrp gooik;l,i—l ),
1<j<n, (31
1
boo,y g D = P(0) 3 piveo, (D)

j~1,k—1

1 .
+ [1 ‘—-—QI—Pz(i) ]%213 piPs €°°iz;j_1,k-1 (0, 1<jk<n, (32)

1 »
foo,, L, (BT = [1 —Epz(l)] 23 ppiles, L @ 1<jksn, (33)
C°°1j . (#+1) =§ Pi Cooi @, 1<jkl<n, (34)

JJ-13k-1,1-1

Zoogy g0 FHD) = ooy 410y (D), 1<ijkl<n . (35)

Since we assume equal inbreeding at each locus, the following equalities hold

vOoi;ik = VOO,,; ki ? 1 S Z7]7k S n.,
C"Oij;kz = z°°iz;kj = Cookj;il = Cookl;ij
= Looji i = Loy = Goojuyps = Goopgyys » L SLRALS R

so that equations (21) to (35) are sufficient for all (not distinct) n? digametic,
n® trigametic and n* quadrigametic measures. The numbers of distinct measures



602 S. C. CHOY AND B. S. WEIR

are n(n-+1)/2 digametic, n*(n 1) /2 trigametic and n(n?® + 18n*—13n+18) /
24 quadrigametic.

In the discrete generation case, n =1, only equations (24), (30), and (21)
with i = 1 are needed. These reduce to the equations given previously (WEIr
and CockermaM 1969).

Two-locus numerical results
The smallest population for which all possible types of two-locus measures
are required is the one of four age classes, each with four individuals. This is the
example we considered to illustrate the one-locus case, and we retain the values
1 1 .\t
of p; = X pPi) = T The other probabilities needed have the values, for

i=1.234,

p1 (Z) =. i__, ps (l) foued -116’ le(l) = __196

. 6 . 1 . 12

111 —_— 4 — 31 =

P (Z) 167 P (Z) 64’, P (l> 64‘

9 36 . 6

22 (7 — 211 (7Y — 1111 = .
Pe) =g PR@) =g, P =g -

In Table 2 we display two-locus inbreeding coefficients Fy; (¢) for this popula-
tion for a range of linkage values. For A = 1, the values have already been dis-
played as F,(t) in Table 1. In Table 2 we also show the identity disequilibrium
coefficients #,;(2) = F11(2) — [F1(2)]? for A =0. These small values represent
the identity association between unlinked genes caused by the mating system.

TABLE 2

Inbreeding coefficients for monoecious populations:
Four individuals in each of four age classes; two-locus case

1] F () nu(t)
(Year) A=0 A=1/4 A=1/2 A =3/4 A=0
0 0.0000 0.0000 0.0000 0.0000 0.0000
1 0.0156 0.0166 0.0195 0.0244 0.0146
2 0.0193 0.0213 0.0259 0.0336 0.0173
3 0.0231 0.0263 0.0330 0.0441 0.0194
4 0.0272 0.0316 0.0406 0.0558 0.0209
5 0.0317 0.0373 0.0486 0.0684 0.0215
10 0.0547 0.0620 0.0783 0.1133 0.0197
15 0.0880 0.0949 0.1116 0.1537 0.0170
20 0.1286 0.1347 0.1501 0.1935 0.0144
50 04177 0.4200 0.4263 0.4496 0.0051
100 0.7608 0.7613 0.7624 0.7674 0.0009

r 0.0400 0.0399 0.0395 0.0380
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The limiting inbreeding rates, r, also given in Table 1 are defined in terms
of the double non-identity measure:

. Foo(r) — Foo(1—1)
r=1lim
=@ Foo () — Foo(2—1)

with Foo (%) = 0. The homogeneous form of the transition equations shows that
Fy, can eventually be written as

Foo(2) o [s(M)]*

with s(A) the largest eigenvalue of the system of equations. The limiting inbreed-
ing rate is evidently 1 — s()). These final rates at which double non-identity
is decreasing give a better picture of the population than with rates defined in
terms of Fy,(t). These latter rates would be functions of both s()A) and s(1),
which tends to obscure the effects of linkage. As mentioned above, both ap-
proaches give the same result for A = 1, the one-locus case.

DIOECIOUS DIPLOIDS
Mating scheme

We now consider a diploid population which consists of -A{ males and &
females, with m male and f female age classes. We use ‘““age class i”” to refer to
male age class 7 if 1 <7 < m and to female age classi —mif m+1<i<m-+f.
The sizes of age classes are written as oM{; and <; for males and females respec-
tively, so that

m m+f
i:%dmi_dm’ i:r%+19i—9 :

Each year M+ G2 newborns enter the population, while death claims all
Mm m-year-old males, all F,,; f-year-old females, and a random sample of
Mi — Miy: (1 £1<m—1) i-year-old males and Fpii— Fmyivr (1 SIS f—1)
i-year-old females.

Since newborn males and females may have different parental age distribu-
tions, sampling of gametes between age classes is accommodated by two sets of
parameters p;,Pm+1,; where p;; (1 =1,m+1;1 <j < m+f) is the probability
that a random gamete received by a newborn individual in age class i in any year
came from the jth age class in the previous year. Because half of the genes for
an individual came from its mother and half from its father

m+f

m
Zopu=_2 pi=—, i=1Lmtl.

1
j=m--1 2

For sampling of gametes within age classes, we will assume a combined
sampling plan (Weir and Cockermam 1969). This means that any set of
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gametes from a given age class are a random sample from the total gametic
output from that class. Two gametes have the same chance of coming from the
same individual member of the age class whether they each go to male or female
offspring for example. Failure to assume the combined sampling scheme would
require us to identify gametic sampling probabilities and gametic set measures
according to the age classes that receive the gametes as well as those that give
them. In this treatment then we can use the same type of sampling probabilities
P(i) within age classes as we used in the monoecious case.

One-locus case

The average inbreeding coefficient F,, (¢+1), i = 1,m + 1, for members of age
class 7 in year ¢+ 1 is defined as the probability of identity by descent of genes
on pairs of gametes from year ¢ received by group i. These pairs of gametes are
chosen at random subject o the condition that one must be from a male and one
must be from a female. Given that a random gamete received by age class i
(i=1,m = 1) is male, there is probability 2p;;, 1 <j < m, that it is from male
age class j. Given that such a gamete is female there is a probability 2piz,
m+1 < k< m+f, that it is from female age class £, so that

m  m-f .
Fli(t+1) =4 j.él k:’rzn:+1 PijPik 1[/1770(1) , L= 1,m +1. (36)

The calculation of F,,(z) now rests on the establishment of a set of transition
equations for the gametic set measures ¢, ; (¢). As before these set measures refer
to random gametes from age classes 7 and j. The simplest sitnations are those for
which the measures refer to gametes from different age classes. A gene from an
individual in age class 1 of either sex may have descended from any age class
in the previous year, while identity relations for a gene from any other age class
may as well be made about genes from the one-year-younger age class in the
previous year:

m+-f m+§
¢11,m+1(t+1) = i§1 j§1 P1ipm+1,j l’blij (t) (37)

m-f
du, D) =3 pags (1), i=1m+1; 2<j<m+f; jFm+1 (38)
go, (tF1) =y, @), 2<0j<mtf; ijEmt1; iE ) (39)

As in the monoecious case, we can take equation (39) back until members of the
first age class in either sex are involved. For example

m+-f
da, (1) = % puis,  (=it1), 15i<j<m

but it is probably more convenient to use (39).
Two gametes from the same age class require the introduction of average indi-
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vidual measures again. Corresponding to equations (2) and (4), we have
g, (t+1) = P2(d) 6y, 1 (1) + PR 6y (t+1), 1<i<m+f (40)

=P 0ayy (et D) + PRG) 6,y (D,

1<i<m+f
where, from now on, we use
*=1if1<i<m
=m+1if m+1<i<m+f.

When two gametes are drawn from one individual in the first age class of
either sex, there is probability one-half that they are copies of the same gene and
so identical by descent, and there is probability one-half that they descend from
two individuals of different sex in the previous year:

il m+f . . «
0, (BH) =4 3 3 pp b, (G—i4i]/2, 1<i<mtf. (41)

There is no restriction though on parental age classes for genes from distinct

individuals:

m+f m+-f R
b, (H1) = 2 3 popi ey (—itit), 1<iSmetf. (42)

Combining equations (40) to (42) gives the remaining gametic set measure
transition equation

m

m+f
v () =2P () 2 S ppiy day (i)

=1 k=m—+1
L mtf mtf L 1 .
+ Pn(l) jil kzl Pp,-Pmc llllj-,k (t_l+l*) + _QT p2(1>7

1<i<m+f. (43)
As in the monoecious case, simplification results when sampling probabilities are
the same for every age class. Then (43) is appropriate as it stands fori=1,m+1
but otherwise can be replaced by

Yoy (BF1) =y, (@)

The set of equations (37) to (39) and (43) generalize those of JorNsoN
(1977) and in the discrete-generation case of m=jf=1 reduce to

Yy, (01 = {P2(1) [4a,, (O) + 4, ()] + 2, (1) +2P*(1)}/4
Y, (A1) = {P(2) [y, (1) + ¢, (D] + 24, (2) +2P*(2)}/4
Y15, (01 = [gn,, (1) + 4, (1) + 2, () 1/4
with the usual equation for Fy(¢) = y1,, (—1):

E(_l)__gﬁ(_zl [F.(z) +1]7.

] Fi(t+1) +

Pty =[ 1 2L )
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When the initial individuals, in year 0, are not inbred and are unrelated, the
initial values of the measures are

1
51/1“(0)=§P2(i), 1<i<m+f,
¢1,; (0) =0 , 1Z2i<j<m+f,
F;(0) =0 , =1lm+1.
Equations (36) to (39), (43) then provide
F, ,(1)=0, i=1m+1
F%(Q‘) =2 [Pupz m+41 2 P1iPm+1, iP? (]) +p11 E Pwp1 jP? (] 1)

 Pimss 2, p\“pm+1,]-_1pz<i~1>], i=tmt1 .

Average inbreeding levels for the male and female in the same year can differ
because of different parental age distributions for the two sexes. It is convenient
to define an average inbreeding coefficient F,(z) for newborn in year ¢ as a
weighted average of the coefficients in each sex:

Fi(1) = [MF1, (1) + FmsiFs,, 0]/ (M Dusa)

An inbreeding effective number may be defined, as in the monoecious case,
by reference to an idealized population without age structure. An ideal dioecious
population of effective size IV, accrues inbreeding according to

1 N
F,(t+2) = 2Ne N Fl(H-l) + Fl(t)
which, for large ¢ and NV,, leads to
_ 2N,—1
Fl(t) - 1 —W

as in the monoecious case. Years and generations are the same here.
In the present case then we define the per-year effective population size as
1
N, = —
Yo 9or

where r is the limiting value, as time increases, of
F1(t) ""F1(t_1)

rit)=
@ 1—F,(z—1)
For discrete generations this becomes
1 — 1 2 2 SB

The generation length L is now defined to be the average age of parents when
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progeny are born, averaged over the four parent-progeny types (male-male,
male-female, female-male and female-female).

1 m m<+f .
L= Y I:i§1l (pui + pmy1i) T ],:E-ﬂ (j—m) (prj T pm+1.i) :] .

One-locus numerical results

To illustrate the progress of inbreeding for dioecious populations with age
structure, we consider the situation present in a control flock of sheep at Massey
University. In each year there are twenty individuals, in five equal-sized age
classes. There is one class of males and four classes of females, so that m=1,
f=4 and M =3 =4, 2<i<5. We assume a multinomial distribution for

progeny numbers, both between and within age classes (pi: = %-, pPi; = for

—8“'9
i=12 and 2<j<5 while P2(i) 2717 for 1 <i<5). All individuals in the
initial (# = 0) population are assumed to be not inbred and unrelated.

The transition equations (37) to (39) and (43) then provide

) =g B+ LSy DF——3 Sy O, i=12
"blii E%u _§j=2¢11j 2—5_6-7:2 k=2 %jk 8’ =4

ARG

k=

1 13 13
l‘[/112 (t+1) _—Zz‘blu(t) +-E- E—.z']bln'(t) +6_4'-j£‘2

1 15 . 4o
Sblij (t+1) - E‘ "I/11,j—1(t) + 8_k§2 ¢1k,j—1 (t) y 1= 19297 - 3’4‘95

iy (t+1) = Y15 1,52 @, 3<ijs5.

In each year there are 15 distinct-valued measures, or a total of 25 measures,
four of which contribute to the inbreeding coefficient in male or female offspring

13 .
Fy (#+1) =% =, Y, (), i=12.

In Table 3 we show the one-locus inbreeding coefficient and the approximate
values obtained by the method of Jounson (1977).

Two-locus case

Two-locus measures can be defined as in the monoecious case and the two-
locus inbreeding coefficient found for newborn individuals in any year. Complete
details are given by Cuoy (1978) and are available from the authors.

DISCUSSION

‘We have given a general and exact treatment of the determination of inbreed-
ing coefficients at one or two loci in populations with overlapping generations.
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TABLE 3

Inbreeding coefficients for dicecious populations:
Four individuals in each of one male and four female age classes; one-locus case

t F F, (0

(Year) (Exact) (Approx.)
0 0.0000 0.0000
1 0.0000 0.0000
2 0.0215 0.0215
3 0.0386 0.0396
4 0.0557 0.0582
5 0.0749 0.0795
10 0.1614 0.1817
15 0.2398 0.2837
20 0.3108 0.3858
50 0.6174 0.9980
100 0.8566 2.0184
r 0.0194 0.0204

Two types of identity measures are required. One type is defined for genes as
they are located in sets of gametes and the other type for genes identified by
the individuals from which they are drawn. In the one-locus case, only digametic
measures are needed, but in the two-locus case we need digametic, trigametic
and quadrigametic measures.

Linear transition equations between gametic set measures are established,
and this suggests that standard matrix techniques could be employed to discuss
the behavior of these measures, which include the inbreeding coefficients. In
fact, the number of measures required is too large for analytical work [n(n+1) /2
measures for the one-locus monoecious situation and (m+f) (m+f+1)/2 for
the one-locus dioecious situation], but it is a simple matter to code the transition
equations for computer iteration. The formal elegance of approximate methods
such as those of Jounson (1977) is thereby lost. In practice, however, the cal-
culation of inbreeding coefficients by approximate methods also required numeri-
cal treatment, so that there is no real loss.

We suggest that the exact transition equations be iterated numerically if levels
of inbreeding are required for populations with overlapping generations. This is
particularly important in early generations, when values based on effective
numbers are not appropriate. If the long-term behavior of such populations is
required, then effective numbers may be sufficient and in some cases we may
use approximate values of such numbers. We now turn to a consideration of
exact and approximate effective numbers.

Inbreeding effective numbers for Poisson family sizes

We have already demonstrated how the transition equations for gametic set
measures lead to numerical values of exact inbreeding effective numbers. It
would be desirable if analytical values for such numbers could be used, even if
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they gave only approximate values. We can use our exact results here to check on
such approximations. In particular we wish to investigate the following general
rule of Hrrr. (1972b).

“The effective sizes of random mating populations of constant size and
sex ratio with overlapping generations are equal to the effective sizes of
populations with discrete generations which have the same numbers of indi-
viduals entering the population each generation and the same variance of
lifetime family number.”

This rule refers to generation effective numbers.
For monoecious random mating populations, Hrirr (1972b) gives

Ny= (4N, —2) L/ (a2 + 2) (44)

when o2 is the variance of lifetime family size (total gametic output per indi-
vidual). Suppose that the jth newborn in any year contributes g;; gametes to
newborn individuals i years later (1 <j< Ny, 1 <i< n). The lifetime family
size of the jth newborn in any year is then

n
g= 2 8ij -
=1

For “Poisson” lifetime family sizes, the g;’s are multinomially distributed, and

o~B(et ), a=2(1-)
so that
N,=MNL, N,=WN.IL*.

When gametes are drawn with equal probabilities from each age class in each
year, p; = 1/n, we see that L = (n--1) /2, and

Ny,= (nt+1) N:./2, Ny= (nt+1)2 N./4 . (45)

Now equation (45) is for the case we have referred to as equal chance gamete
formation. In our numerical example we set n =N, =4, so that (45) gives
N, = 25 while the exact result, from Table 1, is NV = 24.62. There is a very good
agreement between exact and approximate effective numbers for Poisson family
sizes. These approximate results also follow from the work of FELSENSTEIN
(1971).

Inbreeding effective numbers for constant family sizes

Now consider the case where there is no variance among lifetime family sizes.
The discrete generations result, Hirr. (1972b), provides

No= (@CN,—1)L . (46)
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For exact inbreeding levels and effective sizes, however, it is not sufficient to
consider only lifetime family sizes. We saw that the gametic set measure transi-
tion equations required knowledge of within-age-class sampling probabilities,
which means that we need to know annual family sizes.

Some numerical cases for small monoecious populations were considered by
Croy (1978). In the examples, lifetime family sizes were set equal to two for
every newborn individual in every year but annual contributions were varied.
Mating schemes, admittedly extreme, can be constructed to give effective num-
bers quite different from the approximate result (46). Overall however, provided
random gametic union is preserved, result (46) is quite good and can be used
with confidence provided it is remembered that effective numbers may not
reflect actual inbreeding levels in early generations.

Inbreeding effective numbers for dioecious populations

For dioecious populations with equal chance gamete formation, Hirr (1972b)
gives

_ AL

N”—:/M1+91 :

(47)

In our numerical example, M; = ; = 4 and L = 1.75 to give the approximate
value V, = 24.50 while, from Table 2, we find the exact value IV, = 25.77. Agree-
ment is still good for Poisson lifetime family sizes.

For fixed equal family sizes, HiLL doubles the value in (47) and again points
out that the approximate effective number depends on the lifetime family size
and not on annual family sizes. The exact effective numbers however do not
follow this rule, and depart from it as in the monoecious case. The departures
were illustrated for some small populations by Croy (1978).

There is another possibility for dioecious populations. Family sizes may be
Poisson in one sex but constant in the other. In a beef cattle selection scheme
at North Carolina State University, the best son of each sire is selected so that
males contribute exactly one gamete to male offspring per lifetime. Other gametic
contributions need not be fixed, however, and we could envision situations where
there were Poisson lifetime family sizes for female offspring from males and
females. Annual family sizes for the catile scheme though would generally be
zero or one for females.

We pursue the North Carolina scheme to illustrate how constant family sizes
can be handled. Because matings in this scheme were also made in such a way
as to ensure minimum inbreeding, we will suppose for illustration that all indi-
viduals give exactly two gametes per lifetime.

For the control herd we further simplify matters by supposing that there are
three age classes of males and four age classes of females every year. All these
classes contain three individuals. The three oldest males mate each year and are
replaced in the following year by one son each. Each of these breeding males
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also leaves one daughter in the following year. The offspring for the three
females born in year t are as follows: ‘

Offspring
Female Number Son in Year Daughter in Year
1 42 t+3
2 t+3 t+4
3 1+ 4 t+2

In other words, males are mated three years after birth, and females mated at
two, three and four years after birth.

As we now need to keep a strict accounting of annual gametic contributions,
the sampling probabilities P(i) and gametic set measures are not appropriate
and we use another type of individual measure. For the one-locus case it is
sufficient to define the digametic measure

¢(i7i;kal)t = ¢(kvlai9]) 2

as the probability of identity by descent of a gene from the jth member of age
class i and /th member of age class £ in year ¢. The notation is deliberately differ-
ent from that used previously to emphasize that ¢ is different from the digametic
measures ¢ and . We retain ¥, (¢) for the inbreeding coefficient in year ¢.

Every breeding male (age class 3) in year ¢ gives one gamete to the male off-
spring and one gamete to the female offspring. In female age class i (5 <i<7)
female i — 4 gives a gamete to the male offspring and female it (= [3:2 —37{ +
116]/2) gives a gamete to the female offspring. Male and female gametes com-
bine at random. The inbreeding coefficients for newborn males and females are
written as Fy,(¢) and F,,(t), respectively.

The required transition equations are as follows:
8 7
OF, (t+1) = 3, 3 $(Bisii—4):

3 7
OF, (t+1) = X = $(3isii":
26 (Lis1,) e =1~+F, (t+1) , 1<i<3
26 (4ishi) i =1+F,, (t+1) , 1<i<3

2 3 6 1
86(Lisli) s =3 2 3 $(Bh3D:+3 3 3 ¢(hEk—hll-4),

1

+2 3 I $@BhL4),, 1<i<j<3

2 3 6 7
364 (4is4) 11 =3 2 3 $BE3D,+3 3 5 p(BALLE):

1=

3 K¢
+2 2 2 ¢(BALE), , 15i<j<3
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3 3
869(Lishi)ess= 3 3 pBhdDi+ X 3 ¢(kh—hLl),

+ 3 3 [6GELD o (L43E], 1503

.. 3 7 1<ik<3
66(Lisik)ian= 3 $BLi—1,E);+ 3 ¢(Li—4j—1k): , ’
P(Lu1R) e = 2 ¢ (3] )it 2 $( ] )t P
R o 1<jk<3
6¢(la]74'7k)t+1 - lgl ¢(l 17]73al)t + 1:25 ‘i’(l 1vlalal+) ? 1#1,1#4
.. L 1<i1<3
¢‘(Z775k9l)t+1 :¢’(l_177;k_17l)t 9 Zk?ii i k£ 4

In Table 4 we display the inbreeding coefficient F,(¢t) = F,, (t) = Fy,(t) for
this system. The inbreeding rate r = 0.0048 shown._there leads to an annual
inbreeding effective population size of 103.97. The generation length is L=3
years, so that Hirr’s approximate effective size is 108. Good agreement is again
found, although as we have stresssed and as JounsoN (1977) suggests, inbreeding
coefficients based on N, =108 will be misleading in early generations. Such
approximate values are also shown in Table 4.

As the examples considered by Cmoy (1978) show, the onset of inbreeding
may be delayed by various non-random mating schemes. This is at the expense
of higher later inbreeding and effective population sizes which are markedly
lower than the approximations. For this reason it is important to remember that
Hirw’s result is derived and stated for random mating situations.

TABLE 4

One-locus inbreeding coefficients for dioecious population:
Three individuals in each of three male and four female age classes;
Two gametes per individual per lifetime

t F,(2) Fy(2)

(Year) (Exact) (Based on N, = 108)

0 0.0000 0.0000

1 0.0000 0.0046

2 0.0000 0.0092

3 0.0000 0.0138

4 0.0231 0.0184

5 0.0231 0.0229

10 0.0461 0.0453

15 0.0679 0.0672

20 0.0903 0.0886

50 0.2128 0.2071

100 0.3814 03713

r 0.00438 0.0046
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Variance effective numbers

If genetic drift is of more interest than inbreeding, the variance effective num-
bers should be used. The simplest way of obtaining these numbers, and the
variance in gene frequencies due to drift, is by use of group coancestry coefficients
(CockeruaM 1969). If 6; is the group coancestry coefficient of a population,
then Cockermam showed that the variance of the sample gene frequency p when
the population frequency is p (so that p has an expected value of p) is

o2 =0, p(1—p) .

Furthermore, if gametes unite at random every pair of gametes received by the
group carries genes with the same probabilities of identity by descent. The group
coancestry and inbreeding coefficients are the same, as are the inbreeding and
variance effective numbers. The annual change of gene frequency variance
follows:

@ =[1- C32) T ra—p .

We refer to CockeErmam (1969, 1970) for cases such as maximum avoidance
of inbreeding where the group coancestry and inbreeding coefficients are
different.

CONCLUSION

The study of inbreeding in populations with overlapping generations has
always stopped short of an exact treatment, probably because of the apparent
complexity. We have shown in this paper that very general equations can be
written that allow inbreeding coefficients to be determined. The equations are
well suited to computer iteration, and we recommend that they be used in cases
where inbreeding coefficients or variances of gene frequencies are required.

In large populations, or in very long-term situations, it appears that published
approximate values of inbreeding or variance effective numbers may be used
with fair confidence. For small populations and in early generations, however,
we caution against their use and again recommend an exact treatment. Exact
treatments should also be used when union of gametes is not random.

We are very grateful to D. L. Jounson for providing us with a copy of his paper prior to
publication. A. L. Rae and J. STreeT of Massey University provided information on the sheep
selection scheme. E. U. Dirraro of North Carolina State University provided information on
the beef cattle selection scheme.

LITERATURE CITED

Cuoy, S. G, 1978 Inbreeding measures for recurrent selection and overlapping generations.
Unpublished Ph.D. Thesis, Massey University, New Zealand.

Cuoy, S. C. and B. S. Wrrr, 1977 Two-locus inbreeding measures for recurrent selection.
Theoret. Applied Genet, 49: 63-77.



614 S. C. CHOY AND B. 5. WEIR

Cockeruam, C. C., 1969 Variance of gene frequencies. Evolution 23: 72-84. ——, 1970

Avoidance and rate of inbreeding. pp. 104-127. In: Mathematical Topics in Population
Genetics. Edited by K. Kosima. Springer-Verlag, New York.

CocrerHaM, C. C. and B. S. WER, 1977 Digenic descent measures for finite populations. Genet.
Res. 30: 121-147.

Crow, J. F. and M. Kimura, 1972 The effective number of a population with overlapping
generations: a correction and further discussion. Am. J. Human Genet. 24: 1-10.

FerLsEnsTEIN, J., 1971 Inbreeding and variance effective numbers in populations with over-
lapping generations. Genetics 68: 581-597.

Gieser, J. T., 1969 Inbreeding in a stationary, stable population as a function of age and
fecundity distribution. Genetics 61: s21.

Hin, W. G., 1972a Estimation of genetic change. I. General theory and design of control
populations. Anim. Breed. Abstr. 40: 1-15. , 1972b Effective size of populations
with overlapping generations. Theoret. Popul. Biol. 3: 278-289.

Jomwson, D. L., 1977 Inbreeding in populations with overlapping generations. Genetics 87:
581591,

Kimmura, M. and J. F. Crow, 1963a The measurement of effective population number. Evolu-
tion 17: 279-288. , 1963b On the maximum avoidance of inbreeding. Genet. Res.
4: 399-415.

Moran, P. A. P, 1962 The Statistical Processes of Evolutionary Theory. Oxford University
Press, London.

NE1, M., 1970 Effective size of human populations. Am. J. Human Genet. 22: 694-696.

Ner, M. and Y. Imatzumr, 1966 Genetic structure of human populations. II. Differentiation
of blood group gene frequencies among isolated populations. Heredity 21: 183-190.

Turner, H. N. and S. S. Y. Youne, 1969 Quantitative Genetics in Sheep Breeding. Cornell
University Press, Ithaca.

WeIr, B. S. and C. C. CockErEAM, 1969 Group inbreeding with two linked loci. Genetics 63
711-742. , 1977 Two-locus theory in quantitative genetics. pp. 247-269. In: Pro-
ceedings of the International Conference on Quantitative Genetics. Edited by E. Porrax,
O. KempreORNE and T. B. BarLey. Jowa State University Press, Ames.

Corresponding editor: W. J. EweNs



