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ABSTRACT

This paper proposes a general model for interference in genetic crossing
over. The model assumes serial occurrence of chiasmata, visualized as a re-
newal process along the paired (or pairing) chromosomes. This process is de-
scribed as an underlying Poisson process in which the 1st, n 4 1th, 2n + 1th,
etc., events are to be interpreted as realized chiasmata. Chromatid interfer-
ence is described in terms of the probabilities that two successive chiasmata
involve two, three or four different chromatids. Several characteristics of this
model, e.g., the cytological and genetic mapping function and the density of
chiasmata along the chromosomes, are discussed. Some aspects of cther inter-
ference models are briefly discussed.

TWO types of interference are to be distinguished in genetic crossing over.
(1) Chiasma interference refers to the influence of a given chiasma on the
probability of occurrence of another one in its neighborhood. Positive chiasma
interference reduces this probability. In the absence of chiasma interference, the
formation of chiasmata can be visualized as a Poisson process along the chromo-
some. A powerful approach to interference theory is indeed by describing chiasma
occurrence as a renewal process that starts at a fixed point on the chromosome.
Chiasma interference is then incorporated by assuming a distribution of inter-
cept lengths that is different from the negative exponential distribution (as it is
in the Poisson process). (2) Chromatid interference refers to the configuration
of pairs of successive chiasmata. Pairs of successive chiasmata may be of three
types, i.e., two-strand doubles, three-strand doubles and four-strand doubles (see
Figure 1). If the involvement of chromatids in any chiasma is a matter of pure
chance, the frequencies of the two-, three- and four-strand doubles are 0.25, 0.5
and 0.25, respectively. Any deviation from these relative frequencies can be
referred to as chromatid interference. A
Most of the presently existing interference models deal with a renewal process
along a given chromatid. The nature of such a process is determined by both
chiasma and chromatid interference. Thus, if the probability density function
(pdf) of intercept lengths along a given chromatid contains a single parameter,
the model does not distinguish between the two types of interference. The theory
developed by Owen (1950) is based on such a model.
The idea of chiasma formation as a serial process (a renewal process) is from
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Ficure 1.—The three types of pairs of chiasmata: (a) two-strand double; (b) three-strand
double; (c¢) four-strand double.

Marrer (1936), who also introduced the concept of a “differential distance”
(see below). The theory of renewal processes was applied by Owen only to the
process along a given chromatid probably because at that time virtually no
reliable data were available on chiasma densities. Correctness of Owen’s (1950)
model could at that time be tested only by means of comparing crossover data
obtained from multiple backcross experiments. Although the chiasma density
can readily be obtained from OwEN’s theory, there was apparently no need for
doing so. During the last decade, however, data on chiasma densities along chro-
mosomes have become available (HENDERsoN 1963; Fox 1973; HuLtinN 1974).
Since the pattern of chiasma density is affected only by chiasma interference,
there is now need for a model that incorporates both types of interference in such
a way that they are “separable”. With such a model, the chiasma density and
the prediction of genetic map distances between gene loci from recombination
frequencies can be separately analyzed.

The aim of this paper is to analyze a model that accounts for both types of
interference, each described by its own parameter. The approach is to consider
first the process of occurrence of chiasmata as such, i.e., without considering the
involvement of chromatids. Chiasma interference is reflected by the character-
istics of this process. The process along a given chromatid is connected to the
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“main process” by means of a simple probability law that describes the degree of
chromatid interference. This permits a separation of the two types of interference.

ASSUMPTIONS AND DEFINITIONS

Considering the occurrence of chiasmata as such, the following assumptions
are made: (1) The process of chiasma occurrence starts at a fixed point (the
centromeric or telomeric end of a chromosome arm). (2) The distance, X,,
between this starting point and the first chiasma (the differential distance) has
pdf, fi(z). (3) The distances between subsequent chiasmata, X,, X, etc., (the
interference distances) are independent and identically distributed with pdf, f(z).

The independence of subsequent intercept lengths implies that we are con-
sidering single chiasma interference.

Positive chiasma interference operates such that the probability of occurrence
of a chiasma is reduced in the neighborhood of a given one. With sequential
formation of chiasmata, this means that only the first chiasma to be formed is
not subject to interference; it is formed without restriction. Therefore, if chiasma
interference exists, the differential distance and the interference distance will not
be identically distributed [f; (x) = f(z)].

We further introduce the following variables:

13
F.(t) = § fi(z) dr , the cumulative distribution function (cdf) of the
’ differential distance;

£
F(t) = bf f(x) dx , thecdfof the interference distance;

¥ (to,t) , the probability of at least one chiasma in the interval
(to, toH2)

z(2o,t) , the mean number of chiasmata in the interval (Z,Z, )

r{iy.t) , the recombination fraction between two gene loci at #,
and t,+t

z(2o,t) , the mean number of crossovers between these two loci;

z refers to crossovers involving a given chromatid.

The quantity z will be referred to as genetic map distance, whereas x will be
called cytological map distance. The (parametric) relation between r(#,,t) and
z(%,,t) 1s known as the genetic mapping function (gmf). The relation between
¥ (2o,t) and z (2,,t) will be called the cytological mapping function (cmf). Absence
of chromatid interference means that a given chromatid has probability 0.5 of
being involved in any chiasma, irrespective of involvement in preceding ones.
Therefore, in the absence of chromatid interference we have

r(tot) =y (to,t) /2.
Since a chiasma involves one of the two chromatids per homologue,

Z(to,t) :I(t(),t)/Q, (1)
irrespective of the degree of chromatid interference. Thus, if a cmf reads

Y= l[/(x), (2>’
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the transformation into the gmf, gives (assuming absence of chromatid inter-
ference)

r=y¢(22) /2. (3)
In Harpane’s classical model (i.e., a Poisson process along the chromosome,
we have

y=1-¢e’,
so that

r=1—e%)/2 .
A renewal process that started long before it is first observed is approximately
stationary. Stationary processes have a number of useful characteristics, some of
which will be used below. For a stationary process, we will write

z:(2) = tlim z(to,t) , and

g

ys(2) = lim y(z,2) .
The variable ’

h(t) =%x(0,t) 4)

i1s known as the renewal density, or, in our terminology the chiasma density.
Referring to a textbook on (continuous time) stochastic processes, the follow-

ing results will be used (cf. Cox 1962 for a monograph on the subject).
lim k() =1/p, (5)

where p is the mean interference distance, i.e.,

,L:Ofwtf(t) de .

Since

z:(0) =0, (5) leads, via (4), to

z (1) =1t/p. (6)
The distance to the first event in a stationary process has the pdf

[(1—F®)1/n .
This pdf directly leads to

4

yolh) =t f (1—F @) du. (7)
If we standardize the pdf f(z), such that u=1, the cmf (7) becomes

yi(z) = f (1 =F(w)}du . (8)

We will write

fris) =L@} = [eflx)dx

for the Laplace transform of the function f(z) with respect to the argument x.
The usefulness of Laplace transforms in renewal theory is obvious because the
transform of the pdf of the sum of n-intercept lengths simply is the n-fold conve-
lution of the transform of the pdf of a single intercept length with itself. We will
use the following results.

- _ h*(s)
LD} =h"(s) =
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a0y =2 = L0 (10)
2f1* (5)

LAEN:(NA Y=L g} =y¢*(s) :m . (11)

In (11), NV, is the number of events in the interval (0,#). Formal inversions of
expressions (9) to (11) yields explicit expressions for i(z), x(0,¢) and ¢ (z). We
will use ¢ (2) for calculation of the variance of the number of chiasmata in (0,z).

CHIASMA INTERFERENCE

Absence of chiasma interference corresponds to a Poisson process along the
chromosome, or, alternatively, a negative exponential pdf for the interference
distance. Chiasma interference can be described by means of the instantaneous
rate of occurrence, ¢(¢) (the “age-spectfic failure rate” in terms of general
renewal theory), as a function of the distance to the last chiasma. In a Poisson
process ¢ () is constant; when ¢(z) is increasing (decreasing) chiasmata are
inhibited (enhanced) near a given one. The relation between ¢(¢) and the pdf
of intercept lengths, f(2), is

F(1) = () exp{—f $(wdu} .

Thus, ¢(¢) uniquely determines f(z). One way to formulate a model of chiasma
interference is to start from a given function, ¢(¢). This approach was first
applied by FisuEr, Lyon and Owen (1947). In general, a more-or-less arbitrary
choice of ¢(#), such as hyperbolic or exponential curve, leads to a complicated
pdf. Since f(z) and ¢(¢) are mathematically equivalent, one can equivalently
set up a model by choosing an adequate form of the pdf, preferably a family that
represents some generality and yet is relatively simple, so that it allows further
analysis of the model. Such a pdf is the gamma density

f@)=rxteM /(n—1), >0 (12)

For integer values of n, this is the pdf of the distance to the nth event in a Poisson
process with intensity A. For n=1, there is no chiasma interference; for n > 1
(< 1) interference is positive (negative). For integer values of n, the analysis
of the model is greatly simplified because the process can then be visualized as
an underlying Poisson process in which after an event the next n—1 events are
suppressed; every nth event in the underlying “silent” process is counted as a
realization. The disadvantage of the restriction (n taking only integer values)
is that negative chiasma interference is then not covered by the model. However,
negative chiasma interference seems to be rare in nature. Only in the mold
Aspergillus has it been demonstrated in a limited number of crosses; cf. Fincaam
and Day 1963. Notice that chiasma interference as such can be inferred only
from either direct cytological observations or from tetrad analysis.) Therefore
we can use the pdf (12) with the restriction of n being an integer, without great
loss of generality. ‘
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The most important characteristic of the distribution of intercept lengths is its
variance relative to the mean; the smaller the ratio variance : mean, the stronger
the interference is. Standardization of (12) to p=1 is achieved by putting A=n.
Then, the variance equals 1/n, so that, by varying n, almost any variance can
be obtained.

Since we assume that the first chiasma is formed without restriction, we put

n=1 (no interference) for the pdf of the differential distance. We then have as
our model

fi(D) = e
t>0.
f@)y=arpete / (n—1)!
or, after standardizing the mean interference distance to unity,
f1(2) = ne™*
t>0. (13)
f(&) =n*t"tent / (n—1)!

We now have a model with a single parameter (n) that describes the degree
of chiasma interference. With this model the occurrence of chiasmata can be
visualized as an underlying Poisson process in which the events with index
numbers 1, n+1, 2n+1, etc., are to be interpreted as chiasma. Further consider-
ations are based on this simple model.

Analysis of the model
With the model (13) we have

f1¥(s) = 0}0 e nedi = . _;ln , (14)
and
fo)=f e/ eha=(2) . as)

. s+n
Inversion of the Laplace transforms (9) to (11) is straightforward, because they
are easily written as partial fraction expansions. The probability of at least one
chiasma, ¥ (#.,t), is most easily obtained by a direct method.

The chiasma density

Since
()
* e —
h (S> 1__f*(s) [Cf'7 (9)] k4
the partial fraction expansion is of the form

n-1 Ak

h*(s) == (16)
k=0 S — Sk

where the s; are the roots of the equation f* (s) = 1; i.e., the s; satisfy

( > )”=1- (17)

Sk’l‘n
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For the coefficients Ay in (16), we find

n
Y G I S
Ak__f*,(sk) —( - 1 [y (17)] .
sk n

Inversion of (16) thus yields
h(t) =I:Ej exp(tsy) . (18)

The roots s are found from (17):

sk;l;n:exp(iQn'Iii/n), (=—1), k=01,...,n—1 .

or
sk =nexp (2rki/n) —n
=ncos (2xk/n) —n+insin 2zk/n), k=01,...,n—1. (19)
Tt is seen that complex roots occur in conjugate pairs. Writing s, = a+ib, §y=a—ib
for such a pair, we find that the contribution of a pair of complex conjugates in
(18) equals
e(a+ib)t + e(a—ib)t
= gt (it + givt)
=2 ¢ cos bt . (20)
Here
a = Re(sy) =ncos(2rk/n) —n ,
and (21)
b=1Im(s;) = nsin(2zk/n) .
As an example, consider the case n=6. Equation (17) then has roots
so=20
515 =—3 £13\/3 ,
(21a)
S2,0=—9 £ i3\/3 ,
s3=—12 .
Substitution into (18), taking into account (20), yields
h(t) =142 (e + &) cos 30/3 + ™2 .

The chiasma density, /(t), has been plotted for several values of 72 in Figure 2.
It is seen that chiasma density has a peak [/#(0) = rz] at the starting point and
that, in general, it shows a damped oscillation towards its stationary value of
unity. A wavy pattern of chiasma density, with a peak at one end of the chromo-
some arm has been observed in several organisms: Trillium (NeEwcomMsE 1941),
a locust (Henperson 1963; Fox 1973), man (Hurtin 1974) and the mouse
(DE Borr and StamMm, in preparation). It probably is a widespread characteristic
of chiasma occurrence.

It should be noted here that even in the absence of interference, chiasmata
might occur in clusters, in the sense that the chiasma density is not uniform.
Such a nonuniformity, then, merely is the reflection of “hot” and “cool” regions
along the chromosome. In the model we use here it is assumed that the instan-
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Ficure 2.—Chiasma densities (k) along the chromosome for different intensities of chiasma
interference (n).

taneous rate of occurrence depends only on the distance to the previous chiasma;
it does not depend on the position on the chromosome. Notice that the existence
of “hot” and “cool” regions does not alter the mapping functions, if we think of
a “hot spot” as being a region where the axis along which the process proceeds is
contracted. (I owe this point to an anonymousreviewer.)

The mean number of chiasmata

For the mean number of chiasmata (the cytological map distance), x(%,?),
in the interval (2,, Z,+¢) we simply have
z(to,t) = x(0,t,+2) — x(0,2,) (21b)
because means are additive. Thus, knowledge of 2(0,¢) suffices for the calculation
of (t,2).
We have [¢f. (10)]
wry —_ ()
S oN =2
Here s=0 is a double root of the equation s{1—f*(s)} =0 .
The partial fraction expansion of (22) takes the form
n-1
ey =g Ay B (23)
s s =l
where the s; are the non-zero roots of f* (s) = 1.
Substituting (14) and (15) it is found that
A, =2, and
A= (n—1)/2n .
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The coefficients By are found to be
A
— s, f*/( Sk)
= ¢, 1 n - pavend -1 = —
Sk (sk—!—n) Sk o k 1,2,...,72 1.
Inversion of (23) thus yields
n-1 .
2(00) =1+ (n=1)(2n)* + 3 expsit) (24)
— Sk
where the s are given by (19). Writing, as before, sy = a + ib, §; =a —ib for a
pair of complex conjugate roots, the contribution to (24) of such a pair equals

elatint 4+ et et (a (et + bty — jb (et — gridt)}

aTib | a=ib FFE\*¢ !

Y .

— m‘ (a COS bt _l_ b sin bt) . (25)

As an example, consider again the case n =6; substitution of (21a) into (24),
and taking into account the contribution of a complex conjugate pair (25), one
obtains

5 1

1 .
— = g2t _~ -3t
z(0,2) t+12 5 + 5 (cos 3n/3 +/3 sin 3t\/3)

+ 11—8 -9t (3 cos 3n/3 + /3 sin 3/3).

T he distribution of the number of chiasmata

Let px(t,,t) be the probability of £ chiasmata in the interval (2o, Z,+2). Let
further g;(¢) be the probability of [ events in the underlying Poisson process in
an interval of length ¢, i.e.,

qi(1) = e (mt)! /1! (26)

We now define ;65(¢) as the probability of £ chiasmata in (0,%,), such that after
the k-th chiasma j unrealized events have occurred in the underlying process.
This state of affairs corresponds to a number of 1 + (£—1) n +j events in the
underlying process (see diagram below).

Events in Poisson process, 1 2 3..n+1...2n+1 .. (k—1)nt+1 ... (A—1)nt+1+j
Chiasmata 1 2 3 k

Thus, iOe(t) = g1+ monyi(t) - (27)

) qo(t) , 7=0
Notice that  ;6,(t) =
0 ,J7>0

because with no chiasmata in (0,¢) there can be no unrealized events in the
underlying Poisson process. Now suppose that j unrealized events have occurred
after the /th chiasma in (0,f,) (/>>0). Then & chiasmata occur in (z,,2,12) if the
number of events in the underlying process in (., £,1-2) equals one of the values
n—j+(k—1)n, n—j+(k—1)nt1, ... n—j+(k—1)n+tn—1. The total probability
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of k£ chiasmata in (%,, #,F2), together with [ chiasmata ({>0) in (0, #,) thus equals

n-1 (k+1)yn—j-1

]-Eo (%) m:n—j?—(k—l)n gn(t) -
m=0

If =0, this becomes

kn

ofo(to) m:1+§k—1)n m(2) -
"

Summing over all possible values of /, one obtains

(k+1)n—j-1

kn @ n-1
Pr(tost) = obo(to) 2 Qm(t) +l§1 ].:EO 3101 (20)

m=1+ (k-1)n
mzZ0

gn(2) (28)

m=n—j+ (k-1)n
m=

where ¢;(¢) and ;8;(¢) are given by (26) and (27), respectively. In particular,
the probability of no chiasmata in (2, t,12) is

o n-1 n—j-1
P.o(to,t) = qo(tott) + E_l ].E'O i1 (20) m§0 gn(t) . (29)

Expressions (28) and (29) are useful for numerical evaluation.
The cytological mapping function

Equations (21b), (24) and (29) enable tabulation of z(#,f) and y(%.,t)
[=1—p,(2:,t)] for a given value of n. The relation between x and y, i.e., the
cytological mapping function, has been plotted in Figure 3 for several values
of n and ?,. For each value of n, two different values of ¢, were chosen, i.e., 1, = 0
and a value corresponding approximately to x(0,f,) = 0.5. In the latter case,
segments are measured from a point where cytological map distance (measured
from the starting point) approximately equals 0.5. It is seen that, especially for
large values of n, the cmf may seriously depend on the value of #,. In other words,
the relation between cytological map distance and probability of being “bound”
(i.e., having at least one chiasma) varies with the position of the segment.

Models for chiasma interference that do not take into account this position
dependency have been formulated by Barrar ef al. (1954) and Sturt (1976).
In these models the occurrence of chiasmata can be regarded as a stationary
renewal process. It is therefore worthwhile to consider here also the cmf of the
process in stationary phase; these can then be compared with the cmf’s corre-
sponding to Barrat’s and Sturt’s models. Application of (8) directly leads to

en® nél (n_k) (nx)k
k=0 k!

(cf., Cox 1962, p. 39). This function has been plotted for several values of n in
Figure 4.

ys(x) =1— , (30)

The variance of the number of chiasmata

In cytogenetics the ratio, R, of the mean to the variance of the number of
chiasmata is often used as a measure of interference (see SYBENGa 1975 for
several examples). In the absence of chiasma interference (n = 1 in our model),
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y
/ to=0
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1
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\ to:a
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0 1 2

X

Fieure 3.—Cytological mapping functions for nonstationary processes. ¢, is the point from
which segments ar measured. 7, == a corresponds to a point where the average number of chias-
mata, measured from = 0, approximately equals 0.5. (72 = parameter of chiasma interference;
£ — mean number of chiasmata; y — probability of at least one chiasma.)

the number of chiasmata in any segment is Poisson distributed; thus, R equals
unity in that case. With positive interference, chiasmata are more evenly dis-
tributed over single chromosomes, resulting in a decrease of the variance relative
to the mean, i.e., R>1. In order to have an impression of the value that R may
take in our model, we calculate
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n:o
14 e n:8
—n:4
—n:2
- n:t
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0 1 2

X

Ficure 4.—Cytological mapping functions for stationary processes. n = parameter of
chiasma interference; x — mean number of chiasmata; = probability of at least one chiasma.)

o*(2) =y (t) — 2(0,2) — {x(0,2) }* . (31)
From this
R=2z(0,t) / o*(2)
is calculated.
The Laplace transform of ¢ (z) is [¢f. (11)]

2 f* (s)
s{1=f* ()}
The equation s{1—f*(s) }? = 0 has roots s=0 of multiplicity 3 and n—1 roots of

multiplicity 2 that satisfy (17), so that the partial fraction expansion of (32)
takes the form

yr(s) = (32)

-1
¢*(s)=£+§-+£+z { D -+ Ex } ) (33)
s s s B (ses)? os—s
Inversion of (33) gives
v(z) = % A+ Bt +C+ Zgl exp(spt) (¢ Dy + Ey) . (34)

Straightforward application of the rules for determining the coefficients in a
partial fraction expansion yields

A =2

B =2

C = (n—1)(6n—1) / 6n®

Dy= 2 (i—+:—k) (35)

= 2(-1-1)

Sk n
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The contribution of a pair of complex conjugate roots to (34) is found to be

, {acosbt+ bsinbt | cosbt

4te { pray + —~ }

e {(az—bz) cos bt + 2absin bt a cos bt+bsinbt} (36)
a*+ b a® + b* n

where a and b are given by (21). Using (24) and (34) to (36), I have produced
graphs of the ratio R against the mean in Figure 5. It is seen that R may vary
abruptly when n is large. Variance estimates from cytological observations are
usually inefficient, and, besides, they often contain an unknown between-chromo-
some component. Taken together with the fact that R may vary widely with the
mean, estimates of R must be considered of little value as to the information they
provide on chiasma interference.

n:10

4 T ——— 12

X

Ficure 5—The ratio mean : variance (R) plotted against the mean (z) for different values
of n. .
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The segmental calculus

In this section I will indicate how the probability distribution py ok (t1,00tr),
ie., the probability that £i,..,k, chiasmata occur in subsequent segments of
lengths ¢4,..,t,, can be obtained.

Analogously to ;0 (2,) we define ;6x x, (t:,22) as the probability that in the
adjoint segments (0,z,) and (#3,2,14,) k, and &k, chiasmata occur, such that after

the k,-th chiasma j unrealized events occur in the underlying Poisson process.
Then, cbviously,

Pk (tyeotr) = 2 g (e ite) (37)
We will call the (column) vector w1th elements 09;, (t,),,Bk (t)s . snaabr, (21)
.the state vector of order 1, denoted by ). Similarly the state vector of order 2,
6'® has elements ook‘,k_(tl,tz), .« bk s (tt2). The state vectors of increasing
order can be obtained recursively as follows. First suppose k,>0; then

obk k, (Tt ﬂ gk, (L) Gmr (E2) . . Gakonta (ﬁﬂ obx, (tl)

10k, ., (12,22) Gryrr (t) G, (2 . . Garyns2(ta) 10x, (12)

ﬂ—lgkl,kz(tl,t2)_ _an2+n‘1(t2) q7zk2+n»2(t2) LI an2 (tl)_ W-lokl(tl)
(38)

or, in shorthand notation

62 — kzctz S A
Similarly, .

g = k-JC‘s 0 :.k:;cta ’ "20‘2 AR
The matrix to be inserted for the ith segment, ,.C:,, is called the “segmental
matrix” (cf. BaiLey 1961). Evidently, elements ¢,(¢) with /<0 must be taken
identically zero. Next, consider the case £,=0, k,>0. Then, the right-hand side
of (38) takes the form

q1+(k2—1)n (tg) O . . 07 _090(11)_
Griepna () 0 . . 0 0
(39)
\_anz (tz) 0 . . 0 _ }__0 _
When k,=0, k,=0 this becomes _ _
qo(tz) O . . 0 Qoo(tj_)
0 o . . 0 0
(40)
|9 0 o] L%
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Denoting the three types of segmental matrices in (38), (39) and (40) by ¢,C:,,
xD:; and E,, respectively, we have the following rule. The matrix ;,C;; is
inserted if the first chiasma occurs before the i-th segment; r, Dy, 1s inserted if
the first chiasma occurs in the i-th segment and E., is inserted if the first chiasma
occurs after the i-th segment. The first segment can be considered as being pre-
ceded by a segment with no chiasmata, which corresponds to the state vector
V'=(1,0,..,0). So if we post-multiply by V, the appropriate segmental matrix
for the first segment can be inserted (being either D¢, or Ey ).

Chromatid interference

Chromatid interference can be described by considering pairs of subsequent
chiasmata, which may be of three possible types, viz., two-, three- and four-
strand doubles (cf., (Figure 1). Let the probabilities of these types be u, v and w,
respectively. For simplicity we will assume that these values do not depend on
the distance between the successive chiasmata of a pair. (This assumption may
be an oversimplification; the effect of dependency of u, v and w on the distance
is discussed later on). It can be shown (WeinsTEIN 1958) that the probability, r,
of a given chromatid being involved in an odd number of chiasmata (r is the
recombination frequency) is given by

r(tot) = {1 = poltet) = 3 & paltat)} /2 . (41)

where « = u—w and p ;(#.,t) is the probability that the interval (Zo,f,+t) con-
tains j chiasmata as such. (Expression (41) has recently been derived anew by
SturT and SmitHa 1976). Equation (41) shows that recombination is affected by
chromatid interference only if the latter is such that u ¥ w. For this reason we
will call a=u—w the parameter of chromatid interference. The distribution
px(tot) is given by (28). The genetic map distance simply equals half the
cytological map distance:

z(tot) = x(Eosk) /2 . (42)

The genetic mapping function is given by the (doubly) parametric relation
between r(2,,¢) and z(t,t). Using (24), (28), (41) and (42), r(%,,t) and z(Zo,t)
can be tabulated for any combination of n and « (i.e., chiasma and chromatid
interference). Before considering the behavior of the gmf in the general case
(arbitrary values of 7 and «), it is worth paying attention to a few specific combi-
nations of the twe types of interference.
Absence of both chiasma and chromatid interference (n=1; «=0)

This is Haldane’s classical model with

pi(tet) =ett* / k! and
x(te,t) =1 .

Substitution into (41) leads to Haldane’s gmf:
r(zit) = (1—e*) /2.
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Absence of chromatid interference (n>1; a=0)

In this case (41) reduces to

r(tot) = {1 —po(tet)} /2 ,
whereas z(2,,f) must be evaluated as indicated above.

Absence of chiasma interference (n=1; —1<a<1; «70)
With n=1, we again have
piltot) =€t / k! .
Substitution into (41), and remembering z(t) = Y41 for this case, yields

{2 A
r(to,t) { | —e kzo B /2 (43a)
z(2,2) = 1/2 (43b)
For «<0, (43a) can be written as
r(tot) = {1 —etcos (t|a|®?)} /2,
so that the gmf becomes

r(z;ty) = {1 —e*cos (2zla|%)} /2 . (44)
For «>0, the gmf can be written as
r(z;t,) = {1 — e?* cosh (2za%)} /2 . (45)

For any value of «, except =1, the limiting value of r (as z tends to infinity)
equals 0.5. With a=1 (corresponding to the hypothetical case that all chiasmata
of a chromosome pair involve the same pair of chromatids), (45) becomes

r(zt) = (1—e*) /4 .

The limiting value of r then equals 0.25.

For a<0 (i.e., more four-strand doubles than two-strand doubles), the recombi-
nation fraction rises above 0.5; there is a damped oscillation towards the limiting
value 0.5.

Both chiasma and chromatid interference (n > 1 ; a 7 0)

For this general case, I applied numerical evaluation of (41) and (42) to pro-
duce graphs of the gmf. These are shown in Figure 6 (all distances measured
from #,=0). It is seen that a negative value of « always predicts a recombination
frequency of over 509 for certain chromosome regions. Since these have only
rarely been found in genetic experiments (see Owen 1950 for a classic example),
this type of chromatid interference probably plays a minor role in nature. With
positive values of «, recombination frequency never exceeds 509, but it does not
necessarily always increase with map distance. Crossover data that are incon-
sistent with respect to gene order (as has been found in fungi) could possibly
result from this type of chromatid interference. Another important feature of
positive « values is that recombination frequency may hardly increase over large
map distances at a level well below 509;.

Other interference models

The approach to interference theory followed by Owen (1950) (see also
Bartey 1961 for a detailed description) is to consider the process of chiasma
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Ficure 6.—Genetic mapping functions for different combinations of chiasma and chromatid
interference. (z==genetic map distance; r = recombination frequency; n — parameter of
chiasma - interference; « = parameter of chromatid interference. Segments measured from

t,=0.)

determination along a given chromatid as a renewal process. As mentioned
earlier such a model does not distinguish between the two types of interference.
It is worth considering here some aspects of OWEN’s (1950) model and see how
these fit into the model presented in this paper.
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Let, as before, f,(¢) be the pdf of differential and interference distance, respec-
tively. Further, let g; (¢) and g(¢) be the pdf of the first and subsequent intercept
lengths along a given chromatid. [OweN’s (1950) analysis starts from a given
g:(t) and g(z).] Assuming as before, that « is constant, we can express g;*(s) =
L{g:(2)} and g*(s) = .L{g(?)} in terms of f,* (s) and f*(s) (see aAPPENDIX for a
derivation):

1 —af*(s)
2—(1+a)f* (s)

{+a—2af*(s)
o (1Fa)f* (s)

Both Owen (1950) and Barey (1961) for simplicity assume identity of g (z)
and g(¢) (all intercept lengths identically distributed, included the first one),
though their general theory covers other situations as well. They pay special
attention to the case that all intercept lengths (along a given chromatid) follow
a gamma distribution. In that case, the model always predicts recombination
frequencies of over 509, for certain regions (cf., BaiLey 1961). It is interesting
to verify what conditions are to be imposed on the main process in my model
for g,(2) and g(¢) to be identical. Since g,*(s) and g*(s) uniquely determine
g:(2) and g(2), identity of g,(#) and g(¢) requires identity of g,*(s) and g*(s),
or equivalently, from (46)

fi*(s) = f*(s)

&*(s) = f*(s) , and (46a)

g*(s) =f*(s)

(46b)

1+a—2af*(s)
1—af*(s)

Taking the first moment [f,*(0) = —p., f*(0) =—p, etc.] this leads to the
condition
1—2.
p = g ~. (47)

1—a

We have seen that recombination frequencies of over 509, can occur only when
2<0. This in turn implies the condition p,>p (47). Thus, the simplifying
assumption that g, (¢) and g(¢) are identical requires that for the “main” process
the mean differential distance be larger than the mean interference distance.
This is in conflict with the concept of a differential distance (MarHER 1936).

An entirely different approach to chiasma interference is to disregard the
sequential nature of chiasma formation, but to regard only the probability distri-
bution of the number of chiasmata in a segment of given length. This distribution
is assumed to be independent of the position of the segment. In the absence of
chiasma interference, this distribution is Poissonian. Several authors have formu-
lated interference by means of a distribution which, in some way, deviates from
the Poisson distribution. BARRATT et al. (1954) used the following modification
of the Poisson distribution.

et , k=0

1 —ent (Atc)® ’
eMe—1 k7 k>0

pe(t) = (47)
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where ) is a dummy variable and c is the interference parameter. For c¢=1, the
distribution is Poissonian. STurT (1976) considered a model in which a chromo-
some (or chromosome arm) always has one obligatory chiasma, while the num-
ber of “extra” chiasma is Poisson-distributed. With this formulation the total
arm length, T', enters into the distribution

(1 LYo k=0
pe(t;T) = ; (48)
; (A : (M)
Te (% 1)' ‘l‘(l ) A N > 0

In this model, the degree of interference decreases as the chromosome length
Increases; as T tends to infinity, the distribution (48) approaches the Poisson
distribution. It is straightforward to verify that the BarratT ez al. (1954 model
leads to the following inverse cmf.

z(y;e) = {—ycln (1—y)} / {1—(1—y)°} . (49)
Sturt’s model leads to the c.m.f.

e =1-(1- = )ep (-22) 60

where 1+AT is the mean number of chiasmata in the whole chromosome (arm).
The functions (49) and (50) are in general appearance very similar to the cmf
in stationary phase in my model (30).

Still another approach is to search for a gmf that satisfies two conditions; (1)
monotonically increasing and (2) asymptotically approaching the value 0.5. The
criterion for such a gmf is its general applicability. Such functions have been
designed by Kosamsr (1944) and CarTer and Farconer (1951). With this
approach the nature of the process of chiasma formation is almost completely
disregarded. Although a gmf developed along these lines may indeed fit fairly
well to many actual crossover data, it hardly contributes to a better understand-
ing of the processes during meiosis.

DISCUSSION

Describing chromatid interference I have, for simplicity, assumed that the
difference, «, between frequencies of two- and four-strand doubles does not
depend on the distance between the two chiasmata. A more natural assumption
would be that « decreases with increasing distance, resulting in absence of chro-
matid interference over long distances. This could for example, be accounted for
by assuming a relationship of the form

a(?) = «(0) et | (51)

¢ being a positive constant. Since such a relationship cannot be incorporated into
the model in a simple way, I resorted to a Monte Carlo simulation of the process,
accounting for (51). From the results of 2000 replicate runs, genetic mapping
functions were plotted (segments measured from #,=0). Figure 7 shows these
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Freure 7.—Genetic mapping functions when chromatid interference (a) decreases with dis
tance. (Solid lines = constant values of a. Segments measured from z, = 0.)

graphs for c =1n 2 (i.e., a(1) = «(0)/2) and two different values of «(0), viz.,
«(0) =1 and «(0) = —1; the chiasma interference parameter (1) here equals 4.
The gmf for constant « is also shown for comparison. It is seen (cf., Figure 6)
that, roughly speaking, the effect of decreasing chromatid interference with
distance is similar to the effect of constant chromatid interference at a lower
level. Similar results were obtained for other combinations of «(0) and 7.

So far I have described chiasma interference solely in terms of a mathematical
model. The pdf of intercept lengths was intentionally chosen to reflect the well-
known phenomenon that an existing chiasma reduces the rate of occurrence in its
neighborhood relative to the overall rate of occurrence. How can this effect be
brought about by the biological (biochemical) process of chiasma formation?
Fox (1973) proposed the following model. A “‘chiasma determining mechanism”
(CDM) moves along the chromosome at constant speed. For a chiasma to be
formed, the CDM must be triggered in some way. Fox (1973) considers the
following alternatives for the triggering mechanism: (1) trigger signals reach
the CDM from outside the chromosome; (2) triggers are located on the chromo-
some, switching on the CDM as it passes. In the latter case, the chiasma density
merely reflects the density of triggers. Neither possibility satisfactorily explains
the great similarity between chiasma densities of all chromosomes of Schistocerca
gregaria studied by Fox. (In all chromosomes, chiasma density has a wavy
pattern with a peak near the telomeric end.) On the one hand, a similar distri-
bution of triggers over all chromosomes seems highly improbable. The great
similarity between chromosomes of different length can, on the other hand, not
be explained by signals arriving from outside. This would mean that the rate of
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arrival changes with time, but the rate of change is different for chromosomes of
different length. If the rate of change were the same for all chromosomes, short
chromosomes would be too short to have the second peak that occurs in long ones.

The following slight modification of the Fox model partially explains the great
similarity between all chromosomes. The CDM is an (enzyme) complex that
remains ‘“‘occupied” for a variable period (the busy period) to finish a chiasma.
The process of chromosome pairing proceeds along the chromosome at constant
rate and the CDM can only be triggered as long as pairing has not yet been com-
pleted. After completing a chiasma the CDM jumps forwards to the site of pair-
ing where the probability of being triggered per unit length is constant. Then
the distance between two successive chiasmata is the sum of two random vari-
ables: (1) the “jump distance” over which pairing proceeds during the busy
period, and (2) the distance over which the free CDM moves before it is triggered
again. This model explains the high density near the starting point; for the first
chiasma there is no preceding busy period. The similarity between chromosomes
of different length could be due to an adjustment of the rate of the whole process
(i.e., pairing and chiasma formation) to the chromosomal length. Different chro-
matin concentrations might be responsible for the latter. This model closely
parallels the formulation that I used for my mathematical model. The “busy
period” corresponds to the n—1 unrealized chiasmata in the underlying Poisson
process. Chromatid interference («>0) could be due to the tendency of the CDM
to remain associated with the same pair of chromatids.

The model described above is a speculative one. It does not account for the
possibility that the process of pairing and chiasma determination may start
simultaneously at several sites and proceed in both directions. Nevertheless the
general framework allows the formulation of a mathematical model, the analysis
of which contributes to a better understanding of the control of chiasma determi-
nation and its consequences for chromosome mapping.

I am grateful to J. SyBeNca for drawing my attention to the subject. I thank T. A. Burszanp

(Division of Mathematical Statistics, Agricultural University) and the reviewers for their valu-
able comments and discussion.
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APPENDIX

Let p be the probability that a given chromatid is involved in a chiasma, given that it was also
involved in the preceding one. Then p is also the probability that a given chromatid is not in-
volved in a chiasma, given that it was not involved in the preceding one. If i, v and w are the
probabilities of two-, three- and four-strand doubles, then p=u -+ %v and g=1—p =
Yo =+ w. With u — w =, we have p==1% (1 + a). Let ¢,(s) and ¢(s) be the Laplace trans-
forms of f,(¢) and f(z), respectively. Now consider the distance to the first chiasma involving
a given chromatid and denote the Laplace transform of its pdf by ¥, (s). Then, by the rules for a
compound distribution (and dropping the argument), we have

¥, =%¢; +%qp, ¢+ Yogp b 82+ ... Yagpr @ en T 1L (A1)
The first term in this expression arises from the fact that a given chromatid is involved in the
first chiasma with probability 0.5. The terms of the form 0.5 gp" ¢, ¢» + L state that with
probability 0.5 gp® the distance to the first chiasma involved equals the sum of the distance to
the first one, plus 7 - 1 subsequent intercept lengths. Expression (A1) reduces to

1— a9
Py .
2— (1+a)o
Next consider the distance between two successive chiasmata involving a given chromatid.
Analogous to the above reasoning we can write
I — p¢+q2¢2—l~q2p¢3+ L. +q2pn¢n+2+ .
1+ a— 2a¢

=g A3
P i tae (43)

(A2) and (A3) are the required Laplace transforms.

¥ =

(A2)



