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ABSTRACT 
Recombination processes acting on tandem arrays are suggested here to have probable intrinsic 

biases, producing an expected net decrease in array size following each event, in contrast to previous 
models which assume no net change in array size. We examine the implications of this by modeling 
copy number dynamics in a tandem array under the joint interactions of sister-strand unequal crossing 
over (rate y per generation per copy) and intrastrand recombination resulting in deletion (rate c per 
generation per copy). Assuming no gene amplification or selection, the expected mean persistence 
time of an array starting with z excess copies (i.e., array size z + 1) is z(1 + y/c) recombinational 
events. Nontrivial equilibrium distributions of array sizes exist when gene amplification or certain 
forms of selection are considered. We characterize the equilibrium distribution for both a simple 
model of gene amplification and under the assumption that selection imposes a minimal array size, n .  
For the latter case, n + 1/a is an upper bound for mean array size under fairly general conditions, 
where a(=2e/y)  is the scaled deletion rate. Further, the distribution of excess copies over n is bounded 
above by a geometric distribution with parameter a/( 1 + a). Tandem arrays are unlikely to be greatly 
expanded by unequal crossing over unless a << 1, implying that other mechanisms, such as gene 
amplification, are likely important in the evolution of large arrays. Thus unequal crossing over, by 
itself, is likely insufficient to account for satellite DNA. 

HE variety of gene families existing in tandem T arrays is enormous, ranging from repeats of 
large, well-defined genetic units (such as rRNA and 
histone genes) to arrays whose individual units consist 
of as few as one or two bases. Tandemly arrayed 
sequences undergo both recombination and replica- 
tion processes producing variation in array size. Mis- 
pairing of repeated sequences between different DNA 
molecules followed by recombination generates du- 
plications and deletions. In an analogous fashion, mis- 
pairing between bases within a single DNA molecule 
followed by replication, a process known as replication 
slippage, also generates variation in array copy num- 
ber (STREISINGER et al. 1966; JONES and KAFATOS 
1982; MOORE 1983; SCHMID and SHEN 1985). Contin- 
ual production of copy number variation results in 
homogenization of arrays (SMITH 1974, 1976; TAR- 
TOF 1974; BLACK and GIBSON 1974; OHTA 1980). 

Aside from a few families producing well-defined 
products (i.e., rRNA, histones), the function, if any, 
of most tandemly arrayed gene families is unknown. 
Such families may simply exist due to chance dupli- 
cations/gene amplifications which are subsequently 
expanded by unequal crossing over and/or replication 
slippage to sizes sufficiently large to invite the atten- 
tion of molecular biologists. Satellite DNAs, which 
comprise large fractions of many genomes, have been 
interpreted in this fashion (e.g., MIKLOS 1982, 1985). 
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An important issue is how long such arrays persist in 
the absence of any selection for their maintenance. If 
arrays persist for only a short evolutionary time, ex- 
isting selectively neutral arrays within a genome re- 
flect an equilibrium between processes (such as gene 
amplification) creating new arrays and recombina- 
tional/replicational processes removing them. 

Existing models for array copy number dynamics in 
the absence of selection focus only on unequal crossing 
over (KRUGER and VOGEL 1975; PERELSON and BELL 
1977) and give the mistaken impression that some 
tandem arrays can persist for an infinite time in the 
absence of selection. These results, while mathemati- 
cally correct, are based on assumptions that are bio- 
logically incomplete. Both models assume mean array 
size does not change from generation to generation. 
As discussed in detail below, drift invalidates this for 
KRUGER and VOGEL’S model, and, more important, 
failure to consider the full range of recombination 
events in arrays invalidates this assumption for both 
models. Specifically, while both models assume recom- 
bination between different chromatids, neither con- 
siders recombination within a chromatid. As shown in 
Figure 1, such events always result in deletions. Cou- 
pled with unequal crossovers which produce no ex- 
pected change in array size, the net effect of both 
recombinational events is an expected net decrease in 
array size. Here we develop a simple model that takes 
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FIGURE 1 .-Intrastrand exchange. Tandemly arrayed genes (a) 

can potentially pair with members of themselves on the same 
chromatid (b). A recombination event following such a pair pro- 
duces a deletion in the chromosomal array and a plasmid carrying 
the deleted copies (c). Most plasmids are likely lost, but a few may 
be important in gene amplification events (see Figure 8). 

this into account, examining expected persistence 
time for a selectively neutral array and the equilibrium 
distribution in array length under amplification/re- 
combination balance. Our analysis complements those 
of CHARLESWORTH, LANGELY and STEPHAN (1 986) 
and STEPHAN (1986) who examined persistence times 
and equilibrium distributions when selection limits the 
size of an array. We also examine the distribution of 
array sizes resulting when selection retains an array 
by requiring a minimal array size. Finally, replication 
slippage, which by its very nature is likely to be biased, 
is also examined. 

EXISTING SELECTIVELY NEUTRAL MODELS 

CHARLESWORTH, LANGELY and STEPHAN (1 986) 
and STEPHAN (1 986) have provided important models 
by considering the implications of selection limiting 
array size. T o  see how selection and/or recombina- 
tional biases influence array size, we need first to 
consider properties of selectively neutral models. Two 
previous models examined array copy number dynam- 
ics in the absence of selection. PERELSON and BELL 
(1 977) assumed strictly intrachromosomal events, all 
crossovers being between duplicated sister strands of 
the same chromosome. Here is suffices to consider the 
dynamics of a single chromosomal lineage, with Xk(t) ,  
the probability at time t that an array has exactly k 
copies, describing the process. KRUGER and VOGEL 
( 1  975) assumed strictly interchromosomal crossing 
over, with Yk(t), the population frequency at time t of 
chromosomes containing arrays of size k, describing 
the process. Expected persistence times of an array 
are defined slightly differently for each model-the 
expected time for a chromosome lineage to reach 
array size one for the PERELSON-BELL model, versus 

the expected time for the population to become fixed 
for a chromosome with array size one of the KRUGER- 
VOGEL model. In both models expected persistence 
time is infinite, but for different reasons. Under in- 
trachromosomal crossovers, with probability one all 
arrays eventually become fixed at size one (i .e. ,  Xk( t )  
+ 0 for k > 1, X , ( t )  + 1 as t + w), but the expected 
time to fixation is infinite, as a few arrays reach 
arbitrarily large size before becoming fixed at size 
one. This rather strange result follows directly from 
classic gambler’s ruin problems in probability theory. 
Unequal crossing over produces no net change in 
array size (as duplications and deletions are equally 
likely). The array size at any point in time can thus be 
viewed as the current capital of a gambler playing a 
fair game against an adversary with infinite capital. In 
such cases, the gambler always loses (arrays become 
fixed), but along some sample paths, the gambler’s 
acquired winnings (array size) become arbitarily large 
before finally being lost (FELLER 1968). Biologically, 
one would imagine that selection prevents arrays from 
becoming arbitarily large, although the array size 
above which selection begins to operate is certainly 
debatable. CHARLESWORTH, LANGLEY and STEPHAN 
(1986) and STEPHAN (1986) showed that when an 
upper limit is imposed by selection, arrays are lost in 
finite time. Imposing a selective upper limit on an 
array is equivalent to imposing a reflecting barrier at 
some finite value on a random walk. Such processes 
have finite persistence times. 

For interchromosomal crossovers, a nontrival equi- 
librium distribution exists, and hence arrays persist 
for an infinite amount of time in the population. 
Specifically Yk(w) = x(1 - with x-l the initial 
mean array size. The difference in equilibrium behav- 
ior between the two models results from differences 
for the class K = 1. Under strictly intrachromosomal 
crossovers, once a chromosome enters this class it 
remains there forever. With interchromosomal cross- 
overs, a chromosome with array size one can expand 
by interacting with a chromosome with array size 
larger than 1. In the KRUGER-VOGEL model, k = 1 is 
fixed if and only if Yl(t) = 1. Newly introduced arrays 
can reach arbitary size before returning to size one, 
implying that chromosomes with more than one copy 
are always around (in an infinite population) to inter- 
act with chromosomes with array size one. However, 
the existence of this nontrival equilibrium distribution 
requires an infinite population. The KRUGER-VOGEL 
distribution is neutrally stable-if mean array size 
changes, the distribution shifts to a new geometric 
distribution parameterized by x = l/(new mean). In 
a finite population, sampling each generation contin- 
ually changes the mean, and eventually results in all 
chromosomes in the population having k = 1. Thus, 
in a finite population, the equilibrium distribution has 
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probability one at K = 1. PERELSON and BELL'S results 
are not affected by population size, as a single chro- 
mosome lineage is being followed. 

Both models depend critically on the assumption 
that recombinational events do not change expected 
array size. Given the complementary nature of dupli- 
cation/deletion produced by unequal crossing over, 
this is a reasonable assumption, provided no other 
events occur. However, if recombination occurs either 
between arrays on sister-strands or between different 
homologs, it is also likely to occur between members 
within a strand, a process we call intrastrand exchange 
(Figure l), resulting in deletion of members on that 
array. Intra-strand exchange results in deletions being 
more frequent than duplications, giving (from classical 
gamblers ruin theory, see FELLER 1968, p. 349) a 
finite persistence time for such arrays. 

FORMULATION 

T o  examine the expected persistence time of a 
tandem array and the equilibrium distribution of ar- 
ray size under gene amplification counterbalanced by 
unequal crossing over, we consider the following sim- 
ple model. A single chromosome lineage is followed 
through time, and only sister strand exchanges (which 
are unequal with probability per repeat per gener- 
ation) and intrastrand deletion events (which occur 
with probability e per repeat per generation) are al- 
lowed. We assume that any recombinational event 
alters array size by at most one copy-unequal cross- 
overs produce duplications/deletions of a single copy, 
likewise intra-strand recombination deletes only a sin- 
gle copy. The latter assumption is almost certainly 
biologically incorrect, as many repeated units would 
be expected to loop out during an intra-strand recom- 
bination, resulting in the loss of multiple copies. As- 
suming only a single copy is deleted suggests our 
persistence times are best regarded as upper limits. 

The state space is { I ,  2, . . . , a], state i correspond- 
ing to a chromatid with array size i. In the absence of 
gene amplification events, i = 1 is an absorbing state, 
as unequal exchange is assumed not to operate be- 
tween sister strands each containing only a single 
member. We focus first on persistence times, treating 
i = 1 as absorbing, and then subsequently allow gene 
duplication (transition from i = 1 to i = 2) to obtain a 
stationary distribution. 

Array size is modeled as a birth and death process, 
specified by Xi and pi, the instantaneous rates for 
transition from state i to state i + 1 and state i - 1, 
respectively. For a chromatid in state i, a recombina- 
tion event altering array size occurs with rate i(7 + e).  
At most only one type of recombination event is 
assumed to occur per cycle (either sister strand or 
intrastrand). Following a recombinational event, one 
of the two daughters is chosen at random to continue 

the lineage. With probability (1/2)y/(y + e )  the array 
gains a copy (moves from state i to state i + l),  and 
likewise loses a copy with probability [(1/2)y + e) ] /  
(y + e ) .  Putting these together gives: 

Xi = i7/2, for i 2 2, ( 1 4  

pi = i(y/2)(1 + 2e/y), for i L 2. (lb) 

To investigate the equilibrium between unequal ex- 
change and gene amplification, we assume an array 
consisting of a single member is duplicated with rate 
U per generation, implying: 

x1 = U. (2) 

PERSISTENCE TIMES 

Consider the imbedding of the above birth and 
death process into a discrete time Markov chain, each 
time step corresponding to a recombination event 
(sister-strand unequal exchange or intrastrand dele- 
tion). As above, state space is { 1, 2, . . . , CO), with state 
1 being absorbing. Let pi, be the probability of moving 
from state i to state j ,  observing for our imbedding 
t h a t p i j > O f o r o n l y j = i +  1 a n d i -  1. From(1): 

There has been some discussion as to whether i or i 2  
is a more appropriate scaling for recombination events 
(e.g., PERELSON and BELL 1977; KOCH 1979; NAGY- 
LAKI and PETES 1982). Since persistence times depend 
only on the ratio of Ailpi, either assumption gives the 
same persistence times (in terms of total number of 
recombination events). More generally, persistence 
times (measured in number of recombination events) 
are unchanged if we replace i in Xi and by g(i), an 
arbitrary (strictly positive) function of i. 

are constants independent 
of i, reducing our problem to a classic gambler's ruin, 
the expected duration of which is a standard result 
(FELLER 1968, p. 348). Let T(z) be the expected 
number of recombinational events required for fixa- 
tion starting with z excess copies (i.e., z + 1 total 
members), then: 

From (3), fit,,+, and 

(4) T(%) = %(1 + y/e). 

For fixed y, T(z) + a as c + 0, as expected from 
previous models (PERELSON and BELL, 1977). Persist- 
ence time depends linearly on starting position and 
on only the ratio of recombination parameters. If 
intra-sister deletion events are rare compared to sister- 
strand unequal exchanges (ie., e/? << l), 

T(z) = z(y/e) for e/y << 1. ( 5 )  
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Likewise if intra-sister deletion events are much 
more common than sister-strand unequal exchanges 
(E/Y >> 1), 

T(z) z for e/y >> 1 .  (6) 

Since (4) measures persistence time in terms of num- 
ber of recombinational events, not actual number of 
generations, arrays persist longer (in terms of absolute 
generations) in regions with reduced rates of recom- 
bination (both unequal crossing over and intrastrand 
deletion). CHARLESWORTH, LANGLEY and STEPHAN 
( 1  986) showed that when only unequal crossing over 
is considered, sequences persist longer in regions of 
reduced recombination. An instructive example (pro- 
vided by W. STEPHAN, personal communication) is to 
consider g(i) = 1 ,  that is, rates of recombination are 
independent of array size i. Under this assumption, 
the time between each recombination event has mean 
l/(y + E ) ,  and hence the actual mean time for loss of 
an array is z/e generations. Here the actual persistence 
time is independent of the rate of unequal crossing 
over y, with arrays persisting longest in regions of 
reduced e .  However, given that both intrastrand dele- 
tion and unequal crossing over use homologous re- 
combination, we expect that and E for a given 
chromosomal region to be highly correlated, so that 
reduced rates for intrastrand deletions very likely 
mean reduced rates unequal crossing over and vice 
versa. 

The exact distribution of fixation times is obtaina- 
ble. Let uz,, be the probability of fixation on the 7th 
recombinational event, starting with z excess copies. 
From FELLER (p. 368, problem 13): 

(7) 
uz,, = ( 1  + & / ~ ) - ~ ( i  I- 2 4 ~ ) ( ~ + ~ ) / ~  

. I' cosT-l(ax) sin(7rx) sin(mx)dx. 

The above analysis applies to a PERELSON-BELL 
model. The infinite population model of KRUGER and 
VOGEL can also be extended to incorporate intra- 
strand deletions. Let ie be the rate at which a chro- 
mosome with array size i > 1 loses a single copy and 
let m(t) be the population mean array size at genera- 
tion t. It can be easily shown that the change in mean 
array size in generation t ,  Am(t) = -c[m(t) - Y l ( t ) ] ,  
where Yl( t )  is the population frequency (in generation 
t )  of chromosomes carrying arrays of length one. The 
unique equilibrium is m = 1 (i .e. ,  Y l ( t )  = l), and the 
rate of approach to equilibrium is proportional to e.  

AMPLIFICATION-RECOMBINATION 
EQUILIBRIUM 

In the absence of processes capable of expanding 
arrays of size one, such arrays remain fixed. Gene 
amplification (a variety of poorly characterized proc- 

esses which amplify sequences) can create new multi- 
copy arrays (SCHMIKE 1984), allowing for an equilib- 
rium distribution of arrays sizes by balancing the 
removal of multicopy arrays by recombination with 
the input of new arrays. We model this by assuming 
an array of size one undergoes a gene duplication 
event to become an array of size two with probability 
U per generation, i . e . ,  X1 = U. 

We wish to compute = probability of being 
in state i at equilibrium, with state space as before 
(i 2 1). Define 

X 1 X 2  * * X i - ]  
Pi = for i > 1 .  (84 

p 2 p 3  * * *  pi 

A trivial modification of standard results (e.g., KARLIN 
and TAYLOR 1977, p. 135) gives: 

7ri = a1pi. (8b) 
7rl is determined from the condition that the ri must 
sum to one, giving: 

Tl  = 1 / ( 1  + , % P i ) .  (9) 

Let a (the scaled deletion rate) = 247,  fl (the scaled 
amplification rate) = 2u/y,  and 0 = 1/( 1 + a). From 
( 1 )  and (8): 

pa = f l P ( l / i ) .  (10) 
Substitution of (10) into (9) and a slight rearrange- 
ment gives 

m m c PI = @/e) c @/i. ( 1  1) 
I=2 r=2 

Recalling 0'/i = I," x ' - ldx ,  interchanging order of in- 
tegration and summation in ( 1  1)  following this substi- 
tution, and using elementary identities for a geometric 
series gives: 

m re 

which yields: 
m 

pI  = P[(l + a)ln{(l + .)/a1 - 11. (13) 
i=2 

From (9) and (1 3) 

7rl = [ l  + fl{(l + a)ln((l + a)/a)  - 1 I l - l .  (14) 
From (8) and (1  0), 

7 r i / ~ j + ~  = [(i + l)/i](l + a) for i > 1 ,  (15) 
implying (since the right hand side of (15) > 1)  that 
the distribution mode occurs at either array size one 
or two. From (8) and ( lo) ,  7r2/7r1 = @/2, giving 7r2 > 
7r1 iff 

P ' 2(1 + a), (16a) 
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FIGURE 2.-Probability equilibrium array size is length one (rl)  

as a function of the scaled deletion rate a(=2e/y) and scaled dupli- 
cation rate fl(=2u/y). The equilibrium is between recombination 
events (unequal crossing over, intra-strand exchange) removing 
array members and gene duplication creating new arrays by dupli- 
cating arrays of size one. 

or equivalently, 
U > y + 2&. ( 1 W  

A necessary condition for the distribution mode to be 
at array size two is that the rate of gene duplication 
must exceed both the rate of unequal crossing over 
and intrastrand deletion, else array size one is the 
commonest class. 

Figure 2 plots x1 for various values of a and p. If 
intrastrand deletions are rare relative to unequal 
crossing over, such that -ln(a) >> 1, 

nl = 1/[1 - p In(a)] (174 

= 1 + PIn(a) if/3Iln(a)I << 1, (17b) 

= - [p  ln(a)]-' if @ I  ln(a) I >> 1. (17c) 

If intrastrand deletion is common relative to unequal 
crossing over, such that a >> 1, 

7r1 = [ l  + p/(2a)]-l (184 

= 1 - P/(2a) if ,8/(2a) << 1, (18b) 

= 2a/p if P/(2a) >> 1. (18c) 

Using (7b), (10) and (14), the equilibrium mean 
array size, E@),  can be obtained (see APPENDIX): 

E(x)  = Tl(l  + U/&) = T*(l  + @/a). (19) 

102 

Q beta=lO 
+ beta= .1 
4 beta= .01 
9 beta1.001 

Scaled deletion rate alpha 
FIGURE 3.-Mean array size under the equilibrium produced by 

recombinational events balanced by duplication events (as in Figure 
2). 

Likewise, the equilibrium variance in array size is (see 
APPENDIX): 

(20) 
Figures 3 and 4 plot E(x)  and Var(x) for various values 
of a and p. For extreme values of a and p, asymptotic 
expressions for E(x)  and Var(x) are available. If -ln(a) 
>> 1 (intrastrand deletions very rare relative to un- 
equal crossovers) and -p In(a) >> 1, 

Var(x) = xl(@/a2)(1 + a) - E(x)[E(x)  - 11 

(21) 
E(x)  x -[a ln(a)]-' and 

Var(x) = -[a2 ln(a)]-'. 

If intrastrand deletions are rare and duplications are 
not too infrequent (-/3 In(a) >> l),  equilibrium mean 
and variance are essentially independent of p, and 
both are very large. If a >> 1, 

( 2 W  
E(x) x 1 + @/(2a), and Var(x) = p/(2a)  

if @/a << 1 

E(x)  = 2( 1 - a/@, and Var(x) = 2a/p (22b) 
\ I  

if a lp  << 1, 

implying that when intrastrand deletions are common 
relative to unequal crossovers, mean array size at 
equilibrium is small, with a small variance. 

EQUILIBRIUM ARRAY SIZE D I S T R I B U T I O N  
UNDER SELECTION 

A second scenario for the persistence of a tandem 
array is selection which restricts the array to be above 
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10-3 10-2 10-1 100 101 1 

Scaled deletion rate alpha 
FIGURE 4.-Variance in equilibrium array size under duplica- 

tion/recombination equilibrium (as in Figures 2 and 3). 

a critical size. One notion for satellite DNA is that a 
small fraction of such sequences are essential for some 
genomic function, with the remaining copies being a 
selectively neutral surplus generated by genomic 
forces acting upon the retained array (e.g., LEWIN 
1982). In our case, requiring a certain critical array 
size, n(>l), allows unequal crossing over to expand 
that array above n. 

A simple restriction on (1) allows us to model excess 
array size. When a chromatid has less than n array 
members, it is lethal. This is the simplest model of 
selection, and captures the essence of the problem: if 
we set a lower limit, how much do recombinational 
processes expand the array above that limit? Take A, 
and p, as in (I) ,  with the restriction that A, is zero for 
i < n; pcL, is zero for i I n. The state space now becomes 
(n, n + 1, . . . to), and define T,+, as the equilibrium 
frequency of an array of length n + i ( i e . ,  i excess 
copies over the minimum level set by selection). Anal- 
ysis follows exactly as above. Define: 

Pz = 
L X n + I  . . . An+,-, 
Pn+IPn+P . . ' Pn+, 

= n/(n + i)OE, for i > 1. (23) 

with 0 = 1/(1 + a)  as before. Further, 
r n + ,  = PnPz,  (24) 

with rn determined by 

100 

10-1 

10-2 10-1 100 101 102 

Scaled deletion rate alpha 
FIGURE 5.-Probability that equilibrium array size equals n (T") 

as a function of scaled deletion rate a and n, where selection 
constrains arrays to be no smaller than n. The minimum value of 
~ . ( = a / [ l  - a]) ,  obtained in the limiting geometric distribution is 
also plotted. 

From (23)-(25), mean array size at equilibrium, E @ ) ,  
is; 

E(x)  = n7rn(l + l / a ) ,  (26) 

where, as above, CY = 247.  The series in (25) is 
bounded above, term by term, by a geometric series. 
Thus the distribution of excess copies over n is 
bounded by a geometric distribution with parameter 
(1 - e), giving 

7rn e 1 - 0 = a/(l  + a) ,  (274 

and 

(27b) 
Prob(array size 2 n + {; { 2 1) 

I o* = (1 + a)-{. 

Figure 5 plots 7rn for various values of n and a as well 
as plotting the minimal value given by (27a). Assuming 
the limiting geometric series, the maximal increase in 
mean array size is bounded above by 1/a, i.e., E(x)  I 
n = l / a ,  and, likewise, Var(x) I (1 + a)/a2. These 
results, as well as (27), hold under fairly general 
conditions: we can replace i by g(i) in ( l) ,  provided 
g(n + i) 2 g(n) (see APPENDIX for proof). The increase 
in mean array size generated by unequal crossing over 
increases with n toward a maximal increase given by 
l / a .  For small n the shift may be dramatic, but be- 
comes trival for n sufficiently large (Figure 6). If 
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FIGURE 6.-Mean array size under selection for a minimum 

array size, n (as in Figure 5). An upper limit on mean size is given 
by n + 1/a, obtained as the distribution approaches the limiting 
geometric. 

na << 1, the percent increase in mean array size over 
n is quite considerable, but becomes trivial when 
na >> 1. For example, consider a = 0.1, which gives 
a limiting increase in array size of l/a = 10. For n = 
10, E ( x )  = 17; for n = 100, E(x)  = 109 and for n = 
1000, E(x)  x 10 10. Suggestions that unequal crossing 
over, by itself, generates huge satellite DNA array 
sizes as a by-product of selection for retention of a 
much smaller array are unlikely unless a is very small. 

EXTENSION TO REPLICATION-SLIPPAGE 

The individual elements comprising a tandem array 
are most often thought of as being reasonably large 
stretches of DNA (say 2100 bp). However, arrays can 
exist on a much finer scale, such as simple sequences- 
stretches of DNA consisting of one or a few tandemly 
repeated nucleotides (TAUTZ and RENZ, 1984). Such 
short stretches are common features of eukaryotic 
genomes, and certain families (such as poly(dC-dA)) 
are widely distributed across evolutionarily diverse 
eukaryotes (HAMADA, PETRINO and KAKUNAGA 1982; 
HAMADA and KAKUNAGA 1982; ROGERS 1983; GEB- 
HARD and ZACHAU 1983; SCHMID and SHEN 1985; 
YAVACHEV et al. 1986; MORRIS, KUSHNER and IVARIE 
1986). Variation in array size of such simple sequences 
occurs (JONES and KAFATOS 1982; MOORE 1983; 
HAUSWIRTH et al. 1984). In particular, many human 
restriction length fragment polymorphisms appear to 
be copy number variation in tandem arrays of simple 

( 1  1 deletion by replication slippage 

AGC 
~ ~ ~ r e p ~ i c i t i o n  AGC AGC AGC AGC AGC (a) 
6 T C G T C G T C G  T C G T C G  

TCG 

AGC AGC AGC AGC AGC (b) 
T C G T C G T C G  T C G T C G  

(2) duplication by replication slippage 

DNA replicetion 

AGC AGC AGC e 
T C G T C G T C G  T C G T C G  (a)  

Slippage 

AGC AGC AGC 0 e 
T C G T C G T C G  T C G T C G  (b) 

AGC AGC AGC AGC AGC AGC 
T C G T C G T C G  T C G T C G T C G  (C) 

FIGURE 7.-Changes in tandem array size by replication slippage 
(other schemes are also likely). (1) Deletion: (a) repeat units may 
mispair within a single double helix. If a replication fork passes 
through while repeats are mispaired, the polymerase may skin over 
repeats, resulting in a deletion (b). (2) Duplication: DNA polymerase 
(indicated by the solid circle) is replicating through a tandem array 
(a), slippage among recently replicated repeats occurs (b), re-repli- 
cating repeats, giving a duplication (c). 

sequence (BELL, SELBY and RUTTER 1982; GOOD- 
BOURN et al. 1983; KRONTIRIS et al. 1985; JEFFREYS, 
WILSON and THEIN 1985). Several workers (e.g., JONES 
and KAFATOS 1982; MOORE 1983; SCHMID and SHEN 
1985; TAUTZ, TRICK and DOVER 1986) have proposed 
that variation in simple sequence arrays is generated 
by replication processes, rather than by (or perhaps in 
addition to) recombination processes. Just as individ- 
ual chromatids may mispair allowing for unequal 
crossing over, likewise sections of individual DNA 
strands may occasionally mispair. If this occurs when 
a DNA replication fork passes through, duplications 
and deletions can result, a process called replication 
slippage (see Figure 7). STREISINCER et aE. (1966) first 
proposed such a process to account for spontaneous 
frameshift mutants in bacteriophage T4. 

Unequal crossing over may be restricted to arrays 
above a certain absolute length. Below this length, 
recombination may face topological constraints. Ar- 
rays whose repeat units are moderate to large require 
few copies to be sufficiently long, while arrays whose 
units are very small can nevertheless be subjected to 
unequal crossing over if they contain a sufficient num- 
ber of repeats. Below this threshold (if it indeed ex- 
ists), replication-slippage can generate variation in 
array length and both processes may operate simul- 
taneously at intermediate lengths. Both processes are 
likely important for families whose primary repeat 
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units are themselves composed of smaller subrepeats, 
such as satellite DNA wherein the “primary” repeating 
unit usually consists of a collection of many smaller 
repeating units, often 5-6 bases in length (SMITH 
1976; BRUTLAG 1980; SINGER 1982; MIKLOS and GILL 
1982; MIKLOS 1985). Replication-slippage may build 
up larger units upon which unequal crossing over 
subsequently acts, and indeed may be an important 
source for the initiation of new satellite DNAs. 

Unlike unequal crossing over, a single replication 
slippage event does not produce complementary du- 
plications and deletions. Rather, only a duplication o r  
a deletion occurs per event. Further, events producing 
duplications are different from events producing dele- 
tions, making it unlikely that the probability of a 
duplication exactly equals the probability of a dele- 
tion. A simple modification extends our model to 
replication slippage. Let A be the per copy per gen- 
eration rate at which replication slippage occurs. With 
probability P such an event results in an increase in 
array size by one, and with probability 1 - P results 
in a decrease in array size by one. Thus: 

If P > 1/2, the array grows without bound in the 
absence of any other forces. STREISINGER and OWEN 
(1985) review data from a number of studies on the 
rll gene of T4, all of which show a bias toward 
deletions (i.e., P < %). We can transform (28) into our 
previous results by setting a = (1 - 2P)/P, provided 
P < %. Note that we are not assuming any intrastrand 
deletion, as replication slippage is by itself a biased 
process. While the rll data are the best currently 
available, it is possible that slippage may be intrinsi- 
cally biased upward in a number of system ( i e . ,  P > 

Arrays of size one are assumed not to experience 
replication slippage. Mutation events can duplicate 
nucleotides to initiate an array. Simple point mutants 
may initiate runs of a single nucleotide, such as 
poly(dA) (NUSSINOV, 1980), and more complex arrays 
may be initiated by such processes as integration of 
template-independent synthesized DNA. Such synthe- 
sis often produces defined runs of simple sequences 
(KORNBERG 1980, pp. 143- 150; GREIDER and BLACK- 
BURN 1985), which might account for the widespread 
conservation of certain simple sequence arrays (e.g., 
LEVINSON et al. 1985). Finally, insertion and subse- 
quent removal of certain transposable elements in 
maize leaves behind a tandem duplication of 4-6 bases 
(DORING and STARLINGER 1984; SAEDLER and NEVERS 
1985; SCHWARZ-SOMMER et al. 1985). Such a mecha- 
nism may also initiate runs of simple sequences in 
other organisms. The distribution of simple sequence 

%). 

arrays within a genome may largely be a reflection of 
an equilibrium between these various mutation proc- 
esses and replication slippage. Assuming that arrays 
of size one are duplicated with probability U per gen- 
eration, we can use the equilibrium results obtained 
above by noting that /3 = U/(”). 

DISCUSSION 

Theoretical overview: Both recombination and 
replication processes potentially act on tandem arrays 
to generate length variation, and as a consequence, 
arrays may become lost ( i .e . ,  reach size one). It is 
natural to ask both how long arrays persist and what 
expected array sizes are under various evolutionary 
forces. We have examined simple models to gain 
insight into both of these questions, by assuming either 
no selection or selection simply to maintain a minimal 
array size which is otherwise not selectively con- 
strained. 

Previous selectively neutral models (KRUGER and 
VOGEL 1975; PERELSON and BELL 1977) assumed 
recombination events generating length variation pro- 
duce no net change in array size. However, the entire 
spectrum of recombination events acting on a tandem 
array is very likely to be intrinsically biased. Although 
unequal crossing over, by itself, produces no net 
change in array copy number, intrastrand exchange 
produces only deletions, resulting in an overall net 
decrease in copy number when both recombination 
events are considered. Replication processes acting on 
arrays, such as replication slippage, are also expected 
to be intrinsically biased (see REPLICATION SLIPPAGE). 
Inclusion of the natural biases in these processes 
changes the behavior of tandem arrays compared with 
predictions from unbiased models. 

First, in the absence of selection or gene amplifica- 
tion, all arrays are lost (reach size one) in finite time. 
For our simple model, the expected persistence time 
of an array starting with z + 1 copies is z ( l  + 2/a) 
recombinational events (unequal crossover and intra- 
strand exchange), where a = 2 ~ / y  is the ratio of intra- 
strand exchanges to unequal crossovers. 

If gene amplification occurs (expansion of an array 
by processes other than unequal crossovers), a nontri- 
Val equilibrium distribution of array sizes exists. Gene 
amplification creates new variation in array length, 
offsetting variation removed by recombination. Our 
model examined the simplest case-gene amplifica- 
tion acts only when the array is of size one, and acts 
by simply duplicating the array. This is the most 
conservative model for how amplification acts as we 
ignore generation of multiple copies and amplification 
from any array size other than one. If a << 1, the 
distribution of array sizes is very broad, and large 
arrays can occur, while if a 1 1, the variance is very 
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small, and the distribution of array size is centered at 
size two if duplications are common relative to recom- 
binational events, else it is centered at array size one. 
The basic implications of these results for more gen- 
eral models of amplification and recombination is that 
regardless of the strength of amplification, if a > 1 
the equilibrium mean array size is unlikely to be larger 
than the mean size of a newly amplified array. If a << 
1, mean array size can be considerably larger than the 
mean array size produced strictly by amplification 
events. 

Selection can also maintain arrays. A number of 
models assume stablizing selection on array size 
(CROW and KIMURA 1970, pp. 294-296; KRUGER and 
VOGEL 1975; KOCH 1979; HOOD, HUANG and HOOD 
1980; OHTA 1981; TAKAHATA 1981), wherein arrays 
with copy number above or below a certain optimum 
are selected against. This type of model seems reason- 
able for certain arrays producing known gene prod- 
ucts, such as rRNA. Not surprisingly, the equilibrium 
distribution in array size is centered near the opti- 
mum, with variance decreasing as selection increases. 
Another possibility, considered here, is that selection 
imposes a lower limit on array size, but does not 
impose an upper limit. We assume arrays below a 
critical size, n, are lethal, but that otherwise all arrays 
are selectively equivalent. This captures the spirit of 
suggestions that highly repetitive families, such as 
satellite DNA, result from selection from some (much 
smaller) minimal array size essential for genome func- 
tion, with arrays being greatly expanded above this 
minimal size by unequal crossing over or other ge- 
nomic forces. For this model, n + l/a is an upper 
limit for mean array size. Unequal crossing over cou- 
pled with intra-strand exchanges produce at most an 
increase of l/a in mean array size. Provided na >> 1, 
the percentage increase in mean array size is small 
(see Figure 6). Small arrays can be quite sensitive to 
recombination events (as seen in our amplification 
model, which becomes the selection model with n = 
2 as P + a), but larger arrays are less sensitive. This 
places constraints on the notion that most satellite 
DNA is a byproduct of unequal crossing over greatly 
expanding some smaller required array, but still leaves 
open the possibility that gene amplification, rather 
than unequal crossing over, could generate a vast 
excess in array size. 

Evidence for intrastrand deletions in tandem ar- 
rays: There is considerable direct and indirect evi- 
dence that unequal crossovers occur in tandem arrays. 
Direct evidence comes from ribosomal gene clusters 
in yeast (PETFS 1980; SZOSTAK and WU 1980), Dro- 
sophila (TARTOF 1974; RAE 1982) and primates (ARN- 
HEIM et al. 1980), while various observations suggests 
unequal crossovers occur in satellite DNA (reviewed 
in SOUTHERN 1975; SMITH 1976; KURNIT 1979;JOHN 
and MIKLOS 1979; BRUTLAG 1980). It is difficult to 

imagine that unequal crossing over could occur with- 
out intra-strand exchanges also occurring. 

There are numerous examples of intrastrand dele- 
tion between duplicated DNA segments, for example 
the loss of yeast Ty elements by recombination be- 
tween their flanking 6 sequences (ROEDER and FINK 
1983). There is also indirect evidence for intrastrand 
deletion acting on tandem arrays. Several studies show 
a net loss in tandem arrays over time, as is predicted 
if intrastrand deletions occur in addition to unequal 
crossovers. Some families of satellite sequences cloned 
on plasmids show a strong net loss during passage 
through Escherichia coli (e.g., BRUTLAC et al. 1977; 
LOHE and BRUTLAG 1986), which has plagued at- 
tempts to clone certain satellite families. This might 
be explained by unequal crossing over and subsequent 
selection for plasmids of smaller size. However, the 
finding of a few plasmids expanding the amount of 
cloned satellite sequences complicates this interpreta- 
tion. Human fibroblast cells show a strong net de- 
crease in the amount of human alphoid satellite during 
serial passage (SHMOOKLER, REIS and GOLDSTEIN 
1980), losing roughly one fourth of this satellite be- 
fore the cultures senescence. Polymona virus often 
integrates as multiple copies in the form of a tandem 
array, and can be excised from this array by homolo- 
gous recombination (LANIA, BOAST and FRIED 1982). 
Chromosome diminution, the loss of repetitive se- 
quences from the soma of certain animals (reviewed 
in AMMERMANN 1985), is a striking natural example 
of net loss through time. Significantly, diminution in 
Ascaria involves only the loss of satellite sequences 
(ROTH and MORITZ 1981). Finally, the most direct 
evidence is the finding of circular plasmids consisting 
entirely of tandemly repeated sequences. Intrastrand 
exchanges generate circular molecules containing the 
deleted copies (Figure l), while unequal crossing over 
does not. Certain cloned human HeLa small polydis- 
persed circular DNAs are composed entirely of human 
alphoid satellite repeats (JONES and POTTER 1985). 
Yeast rDNA has been isolated on circular plasmids 
(MEYERINK, KLOOTWIKJ and PLANTA 1979). Some 
caution is required on the interpretation of circular 
plasmids in that they can be generated by gene ampli- 
fication models based on overreplication and subse- 
quent recombination (SCHIMKE 1984; SCHIMKE et al. 
1986). Thus, while no study has shown directly that 
intrastrand deletions occur in tandem arrays, a num- 
ber of observations suggest both that it is reasonable, 
and, in fact, likely. 

Our models depend critically on the magnitude of 
a. Unfortunately, only PETES (1 980) provides data for 
estimation of a, but this study suffers from small 
sample size. PETES used tetrad analysis to examine 
yeast rDNA copy variation (based on an inserted LEU2 
marker) generated at meiosis. Unequal crossover gives 
tetrads containing complementary deletions and du- 



562 J. B. Walsh 

plications, while intrastrand gives tetrads with only 
deletions. Ten out of 12 tetrads showing copy number 
changes are unequal crossover events by the above 
criteria, while the remaining two each contain two 
deleted spores. These could be either ( 1 )  two intra- 
strand deletions, (2) an unequal crossing over in a 
previous mitotic division, or  (3) a single intrastrand 
deletion in a previous mitotic division. Assuming the 
worst case as far as large values of a are concerned 
(case 2), no intrastrand deletion events are scored in 
12 trials, giving a 95% upper confidence limit for E/Y 
of 0.28, or a 5 0.56. To place E/Y 5 0.01 with 95% 
confidence, 302 tetrads showing copy number 
changes must be scored. More generally, to place a 
95% limit for E/Y 5 6 (<<I) requires a sample size 
greater than 3/6. 

Implications for satellite DNA: Unequal crossing 
over has generally been assumed to be the primary 
evolutionary force acting on satellite sequences-sat- 
ellites are created, homogenized and ultimately lost 
entirely through the actions of unequal crossovers. 
However, our models suggest a modified view, with 
other processes perhaps being more important. Given 
intrastrand exchange, the operation of recombina- 
tional processes (unequal crossovers and intrastrand 
exchanges) on an array leads to a net reduction in 
array size. As a consequence, the expansion of an 
array to very large size by cumulative effects of nu- 
merous unequal crossovers becomes difficult, if not 
impossible. Further, the life span of an array experi- 
encing only recombinational events can be short on 
an evolutionary time scale. We suggest that gene 
amplification plays a major role in satellite evolution. 
Here, gene amplification is a loose term covering a 
variety of poorly characterized processes that expand 
sequences in a single event, and can be either a few 
large events (i.e. expanding array size by orders of 
magnitude) or a series of smaller events. Unequal 
crossing over, by itself, can not offset the net decrease 
in array size caused by intrastrand exchanges. If in- 
trastrand exchanges occur at moderate rate, it is un- 
likely that a small array can be expanded up to the 
size of existing satellite arrays by unequal crossing 
over without some assistence from gene amplification. 
We suggest the following evolutionary scenario for 
most satellite DNAs: an initial array, created perhaps 
by both replication slippage and unequal crossing 
over, is subsequently expanded greatly by gene am- 
plification to create a new satellite. Recombinational 
processes acting on the new satellite tend to remove 
it unless counterbalanced by recurrent gene amplifi- 
cations. Selection for retention of satellite sequences 
modifies the latter suggestion, but no evidence of 
selection has been forthcoming. Direct experimental 
manipulations on amounts of satellite sequences have 
failed to demonstrate any phenotypic effects, other 

than alterations in recombination rates (JOHN and 
MIKLOS 1979; BOSTOCK 1980; MIKLOS 1985). Indirect 
molecular evidence for function has been suggested 
by the finding of specific proteins that bind to certain 
satellite sequences (STRAUSS and VARSHAVSKY 1984; 
LINXWEILIER and HORZ 1985). However, recent evi- 
dence is that at least some of these proteins bind to 
any sufficiently long (>5 bases) region of A - T  base 
pairs (SOLOMON, STRAUSS and VARSHAVSKY 1986), 
and sequencing data shows that specific structures 
thought to be involved in protein binding are very 
poorly conserved between repeats within a species 
(MIKLOS 1985). Furthermore, since satellite sequences 
persist longer in regions of low recombination 
[CHARLESWORTH, LANGELY and STEPHAN 1986; our 
equation (4)], the “function” of satellite-specific pro- 
teins may simply be to reduce recombination. 

Satellite sequences often show rapid turnover be- 
tween even closely related species-shared satellites 
are lost and new satellites can be created over very 
short evolutionary times (e.g., GILLESPIE, DONEHOW- 
EVER and STRAYER 1982; MIKLOS 1985), a pattern 
consistent with biased recombinational processes re- 
moving satellites and gene amplification creating new 
ones. Under this view, the relative homogenization of 
satellite members can be accounted for simply by 
recent common ancestory, rather than any correction 
mechanism. Unequal crossing over can spread a var- 
iant through an array, but is likely to greatly reduce 
(if not remove) the array in the process unless new 
length variation is generated by gene amplification. 

What are the possible mechanisms of gene amplifi- 
cation which might be acting on satellite sequences? 
First, it is important to note that gene amplification, 
especially in somatic cells, is not uncommon (SCHIMKE 
1984; Fox 1984). Several models (e.g., SCHIMKE 1984; 
SCHIMKE et al. 1986) invoke recombination within 
certain replication structures. Reports of nonrandom 
distribution of some satellites in the higher-order do- 
mains of chromatin structure (SMALL, NELKIN and 
VOGELSTEIN 1982) are intriguing, given that replica- 
tion is thought by some to be intimately involved with 
such structures (VOGELSTEIN, PARDOLL and COFFEY 
1980; WILKINS 198 1 ; DIJKWEL, WENINK and POD- 
DIGHE 1986; JACKSON and COOK 1986; but see MIR- 
KOVITCH, MIRAULT and LAEMMLI 1984; RATTNER and 
LIN 1985; ZAKIAN 1985 for possible complications). 
Another candidate mechanism, which is attractive in 
that it relates intra-strand exchange events to gene 
amplification, is shown in Figure 8. Here, circular 
plasmids created by intrastrand exchange integrate (at 
some low level) into arrays by homologous recombi- 
nation, either on the same chromosome or possibly 
on nonhomologous chromosomes. Foreign DNA in- 
troduced by calcium phosphate in mouse L cell cul- 
tures integrates into repetitive DNA with high pref- 
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FIGURE %--Gene amplification resulting from plasmids gener- 

ated by intrastrand exchanges. (a) Tandem array undergoes a sister- 
strand exchange, resulting (b) in deletion of some array members 
and the formation of a circular plasmid carrying copies of the array 
(c). Some of these plasmids may undergo rolling circle replication 
which amplifies a small section of the array before integration into 
an array. Periodicities can be generated by this process. 

erence (KATO, ANDERSON and CAMERINI-OTERO 
1986), suggesting that nonhomologous recombination 
may target sequences into existing satellites even in 
the absence of sequence homology. The finding of 
both circular plasmids containing monomers of the 
basic 170-bp repeat unit of human alphoid satellite 
sequences (JONES and POTTER 1985), and the subse- 
quent characterization of human alphoid satellites 
composed of circularly permutated 170-bp monomers 
(DEVILEE et al. 1986) strongly suggests such a process 
occurs. Further, if the circular plasmids contain rep- 
lication origins, rolling circle replication can greatly 
expand a short array sequence on a plasmid, allowing 
for rapid amplification (HOURCADE, DRESSLER and 
WOLFSON 1973; FLAVELL 1982). Recent reports of 
ARS sequences in Drosophilia satellites suggest this is 
plausible (MARUNOUCHI and HOSOYA 1984). WONG, 
ABRAHAMSON and NAZAR (1984) report an unusual 
tandemly arrayed cluster of cytoplasmic 5 s  RNA pseu- 
dogenes in the fungus Thermomyces lanugznosus, which 
they suggest is the result of a rolling circle-like gene 
amplification. Satellite periodicities can be generated 
by such an amplification process (Figure 8). Such 
observed periodicities are often taken as direct evi- 
dence for unequal crossing over, may but simply re- 
flect the nature of the amplification mechanism. Am- 
plification can also expand a region which has been 
acted upon by unequal crossing over (or replication 
slippage), generating hierarchical periodicities. 

In summary, we suggest that unequal crossing over, 
by itself, is insufficient to account for very large tan- 
dem arrays, such as satellite DNAs. Rather, consider- 
ation of a wider range of recombinational, replica- 

tional, and gene amplification mechanisms is required. 
The amount of bias in the processes acting on satellite 
DNAs remains an unresolved issue. The  nature of 
possible biases acting on tandem arrays is likely to be 
a complex function of array size, for example it might 
change sign as array size increases. It might be that 
intrastrand exchanges occur only after the array has 
exceeded a certain size. Likewise, gene amplification 
biases may also be a function of array size. Empirical 
elucidation of these possible biases is an important, 
but poorly explored, area of genome evolution. 

Implications for simple sequence DNA: Replica- 
tion slippage has been assumed to operate on tandem 
arrays of simple sequence DNAs (see REPLICATION 
SLIPPAGE above). Such a process is likely intrinsically 
biased given that duplications and deletions are pro- 
duced by different pathways. The r 13 1 site in the rll 
gene of T 4  shows a bias in favor of deletions (a = l), 
while another site in the same gene (rll7) does not 
(STREISINGER and OWEN, 1985). If eukaryotic simple 
sequence arrays show the same bias as r131, our 
results predict arrays should be lost after a moderate 
number of replication slippage events. High degrees 
of length polymorphism occur in some human simple 
sequence arrays, and estimates of per generation rates 
of length variants are on the order of 1 0-4 per kilobase 
of array (JEFFREYS, WILSON and THEIN 1985), sug- 
gesting that slippage is reasonably frequent. Studies 
on the persistence of simple sequence arrays are few. 
A comparison of human and chimpanzee (1 globin 
introns finds two shared blocks of simple sequences 
which have persisted since at least the human-chimp 
split (WILLARD et al. 1985; SAWADA et al. 1985). A 
12-base sequence is repeated 39 times in both human 
and chimp, the structure of these repeats strongly 
suggests numerous events have occurred on these 
arrays since their divergence. A 5-base repeat occurs 
52 times in human and 26 times in chimp and also 
shows evidence of multiple slippage events. If repli- 
cation slippage is acting on these arrays, and has the 
same bias as seen in the rll genes (i .e. ,  a = l),  each 
array should persist for =3z replication slippage 
events. Assuming the larger repeat size represents the 
ancestoral array, 32 = 1 14 for the 12-base repeat and 
3% = 153 for the 5-base repeat. While it is difficult to 
estimate how many replication events have occurred 
on each array, the {1 data may not meet our expec- 
tations, especially the 12-base repeats. One immediate 
explanation is that slippage bias is different from the 
rll estimate. Assuming the bias estimate is correct, 
then either recurrent gene amplification or selection 
may be required to explain the persistence of these 
arrays. 

Although simple sequence DNAs are often common 
in eukaryotes, they are usually rare to absent in eu- 
bacteria and archaebacteria (MORRIS, KUSHNER and 
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IVARIE 1986). These differences could reflect in- 
creased selection for a streamlined genome in prokar- 
yotes (DOOLITTLE 1978), differences in underlying 
mutational processes or differences in bias. Given that 
the rll data show a very strong negative bias, the 
absence of most simple sequence DNAs in prokaryotes 
could be entirely do to bias. If this is true, we expect 
that biases in replication slippage in eukaryotes will be 
much less extreme. 

There are examples of simple sequences having 
functional roles. Several simple sequence arrays are 
known to be involved in gene expression, either by 
directly binding proteins (BUSBY and REEDER 1983; 
DYNAN and TJIAN 1985; WEBER and SCHAFFNER 
1985; TREISMAN and MANIATIS 1985), altering 
mRNA stability (SHAW and KAMEN 1986) or having 
less well defined roles (STUART et al. 1984; STRUHL 
1985; MELTON et al. 1986). Other sequences are in- 
volved in aspects of chromatin structure (BONVEN, 
GOCKE and WESTERGAARD 1985; LILLEY 1986; Koo, 
Wu and CROTHERS 1986) and recombination (SLIGH- 
TOM et aE. 1985). Just what fraction of simple se- 
quences have function roles remains an open question. 
The view we favor is that the majority of such se- 
quences are simply byproducts of DNA metabolism. 
Estimates of the inherent biases (or lack thereof) for 
eukaryotic simple sequences of different composition 
are desperately needed, and would provide an impor- 
tant step toward a fuller understanding of the evolu- 
tionary forces experienced by such sequences. 

I thank MICHAEL TURELLI, WOLFGANG STEPHAN, CHUNG-I WU 
and JOE FELSENSTEIN for used comments and criticisms. Special 
thanks to WOLFGANG STEPHAN for clarifying an important point. 
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APPENDIX 

Mean under amplification/recombination equilibrium 
By definition, 

m m 

E(x)  = ia, = a1 + 2 za, = al 1 + 2 ip, , (Al )  ,= 1 r=2 I? 1 
where the last equality follows from [8b]. From [lo]: 

m m c. iP, = B c [1/U + all' = P/a, (-42) 
r=2 I" 1 

which follows from basic identities for a geometric series. Com- 
bining (Al)  and (A2), we obtain 

E(x)  = *1(1 + @/a) = Xl(1  + U/&). (A31 

Variance under amplification/recombination equilibrium 
We proceed by computing E@*).  Following along the lines 

of(A1), 
m m / m \  

I= 1 ,=2 

where from (1 0) and defining B = 1/( 1 + a), 
m m 

1 i2p, = ( P / B )  2 iB' = (/3/B)B2(2 - 8)/(1 - B)', (A5) 
2=2 2=2 

m 

the last equality follows from the identity 2 ix' = x/( 1 - x)'. 
2=0 

Combining (A4) with (A5) and simple factoring gives 

(-46) E(x2) = a l [ l  + (B/a2)(1 + 241. 

T h e  equilibrium variance, Var(x) = E(x2)  - [E(x)]*.  From (A3) 
and (A6), 

Var(x) = + (p/a2)(1 + 2a)l - [aI(I  + P/a)]' 

= .1[(1 + P/.) + (B/a2)(1 + a)] 

= E(x)  + a1(P/a2)(1 + a)  - [E(X)]2, 

- [Sl(l + P/4 l2  

which rearranges slightly to give (20): 

Var(x) = al(p/a2)(1 + a) - E(x) [~(x)  - 13. 

Limiting distribution under selection 

Consider the general form of our  model: 

h = g ( i ) 7 / 2 ,  

P, = g(i)(y/2)(1 + 2c/y) 

for i 2 n, 

for i > n, 
which gives 

p, = B'g(n)/g(n + i) 5 IT. (AB) 

provided that g(n) 5 g(n + i) V i 2 1 ,  which holds if rates of 
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~,,+JR, 5 8' for i 2 1, (-410) 

implying the probability an array has i (2.1) excess members is 

recombination do not decrease as array size increases, a very 
reasonable biological assumption. From (A8), 

D) m 

1 + E: LIZ 5 c. 8 '=  1/(1 - 0 ) .  (A9) bounded above by a geometric distribution (with parameter 
1 - e), giving (27b). Assuming the limiting geometric gives 
E(x)  5 n + 1/a and Var(x) 5 (1 + .)/a'. 

I= 1 F-0 

(A9) in conjunction with (25) gives (27). From (A8) and (24), 


