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"Adaptive" Behavior of Ligand-Gated Ion Channels:
Constraints by Thermodynamics
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ABSTRACT The calcium-induced calcium release channel of the cardiac sarcoplasmic reticulum has been reported to

inactivate in a novel manner (termed "adaptation"), which permits reactivation by exposure to successively higher concen-

trations of calcium. I examined the limitations placed by thermodynamics on the possible kinetic mechanisms for such
behavior. The mechanism suggested by Gyorke and Fill, in which the affinity of a calcium-binding site decreases during
adaptation, is not thermodynamically feasible for a passive system, but requires an external input of free energy. Possible
sources of such energy are 1) metabolic energy, which is excluded by the fact that adaptation was observed in isolated
channels in the absence of ATP, or 2) coupling of ion permeation to gating, for which there is currently no evidence. I derived
a general limit on the thermodynamic feasibility of a sequence of channel activations and adaptations, irrespective of channel
kinetics, from the requirement that the free energy must decrease during the spontaneous evolution of the system from the
state existing immediately after a step increase in [Ca2+] to the state of maximum open probability that follows. The opening
of the channel must involve an increase in free energy, which must be compensated by the free energy released by the
incremental binding of calcium. This requirement leads to a complicated system of inequalities, which was simplified and
manipulated algebraically into the form of a linear programming problem. Numerical solution of this problem showed that the
sequence of adaptations of the SR channel observed by Gyorke and Fill requires the presence of at least 10 calcium-binding
sites on the channel if it is to occur in the absence of exogenous sources of free energy. This indicates either that a large
number of calcium-binding sites participate in the regulation of the SR calcium release channel, or that the existing data are

significantly flawed with respect to the low open probability in the resting state, the importance of "calcium spike" artifacts
from flash photolysis, or both.

INTRODUCTION

Excitation-contraction coupling in the heart is mediated by
a process of calcium-induced calcium release. Central to
this process is the sarcoplasmic reticulum (SR) calcium
release channel or "ryanodine receptor" (RyR), which gates
the release of SR calcium in response to trigger calcium
entering the cell during the action potential. There is a
paradox involved in this process, in that the quantity of
calcium released from the SR is smoothly graded as a
function of the amount of trigger calcium, even though the
released calcium might be expected to feed back and trigger
the release of more calcium regeneratively. There are a
variety of approaches to explaining this paradox (Stem,
1992), but all depend on understanding the kinetics of the
RyR, and, in particular, whether it inactivates.

Gyorke and Fill (1993) presented evidence for a novel
form of inactivation of the RyR that they term "adaptation."
Single RyR channels incorporated into lipid bilayers, when
exposed to a jump in cis (cytosolic face) calcium concen-
tration, displayed a rapid increase in open probability,
which then declined over several seconds. Unlike a conven-
tional inactivation process, however, a further increment in

Received for publication 6 January 1995 and in final form 26 January
1996.
Address reprint requests to Dr. Michael D. Stem, 2 Avers Court, Reister-
stown, MD 21136. Tel.: 410-252-4361; Fax: 410-252-3865; E-mail:
mstem@welchlink.welch.jhu.edu.
© 1996 by the Biophysical Society
0006-3495/96/05/2100/10 $2.00

bathing calcium was able to elicit a second transient period
of high open probability. This process could be repeated
several times.
The adaptation phenomenon remains controversial be-

cause it has only been demonstrated with calcium steps
produced by photolysis of caged calcium using nanosecond
laser pulses. This produces an overshoot of [Ca2+] lasting
microseconds because the calcium released from the pho-
tolyzed chelator (DM-Nitrophen in the experiments of Gy-
orke and Fill) takes a finite time to reequilibrate with the
remaining calcium buffers. This brief overshoot is difficult
to measure, but calculations indicate that it may be as large
as several orders of magnitude (Lamb et al., 1994). Such an
overshoot could produce a transient activation of the chan-
nel, causing the artifactual appearance of "adaptation" as the
channel relaxed to its steady-state response. However, the
adaptive response of the RyR channel remains consistent,
despite expected variations in the size of the overshoot
under different conditions, and no "adaptation" is seen when
calcium-activated K channels are studied in the same appa-
ratus (M. Fill, private communication). Because of the po-
tential importance of adaptation to the mechanism of calci-
um-induced calcium release in the heart (and probably in
brain and skeletal muscle as well), it is worthwhile to

consider what kinetic schemes could account for such be-
havior. In this paper, I will not propose any explicit kinetic
scheme for adaptation, but rather will deduce certain major
constraints that thermodynamics places on the possible form
of any such model.
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Thermodynamics of Channel Adaptation

In their original paper, Gyorke and Fill suggested a mech-
anism in which calcium binds to an activating site whose
affinity then decreases during adaptation, causing the cal-
cium to dissociate, thus making the site available for trig-
gering by a further increase in calcium. A scheme of this
kind appears in Fig. 1. The vertical positions of the states in
this diagram were chosen to suggest their relative free
energies. The relative free energies of states, which differ in
their number of bound calcium ions, depend on the calcium
concentration of the solution; the drawing shows the situa-
tion in a relatively low free calcium solution. In the absence
of an exogenous source of free energy, the low-affinity open
state must have a lower free energy than the high-affinity
open state, because the transition proceeds spontaneously in
the direction of the downward-slanting arrow. This relation-
ship is independent of [Ca2+] because both open states have
bound calcium. On the other hand, the change in free energy
upon binding of calcium (length of vertical arrows) must, by
definition, be larger for the low-affinity states than for the
high-affinity states. The low-affinity adapted state (the state
reached after dissociation of calcium from the binding site)
must therefore lie in the lowest free energy position, as
shown. But this implies that it, rather than the high-affinity
closed state, would be the resting state of the channel in a
low calcium solution. This suggests that schemes of this
kind, in which a calcium-binding site is made "reusable" by
dissociating the calcium after adaptation, can only work if
an exogenous source of free energy is provided to drive
irreversible and/or cyclic processes.

There are several possible sources of free energy that
must be considered. Metabolic energy might drive irrevers-
ible channel reactions in vivo. However, the lipid bilayer
experiments of Gyorke and Fill were conducted in the
absence of ATP. This was done to avoid the binding of
Mg2+ (a cofactor of ATP) to DM-nitrophen, but it fortu-
itously excluded any requirement for ATP-derived energy
in the adaptation process. In addition, although ATP is
known to be a powerful modulator of RyR gating, it has not
been shown to be hydrolyzed by the channel.

Ion permeation

The flux of ions permeating the channel down their elec-
trochemical gradient could provide a large source of free
energy to drive reactions. This is easier to visualize in the
case of a carrier than of a channel, but it has, in fact, been

observed in the Torpedo chloride channel (Richard and
Miller, 1990). If ion permeation energy played a crucial role
in adaptation, then one would expect that adaptation would
not occur at the reversal potential, when the electrochemical
potential of the permeating ion is the same on both sides of
the channel. Channel gating cannot, of course, be measured
in the absence of permeating ion flow, but one would expect
that, if adaptation were strongly coupled to permeation,
RyR gating kinetics would be very sensitive to the direction
and magnitude of current flow, and to the nature and con-
centration of the permeant ion. This has not been reported,
although it has not been searched for carefully.

Dissipative calcium binding and dissociation

The process of raising and lowering [Ca2+], with the con-
sequent binding and dissociation of calcium from binding
sites, is an irreversible process in which energy, supplied by
the external system (which varies [Ca2+]), is dissipated. It
cannot, therefore, be taken for granted that equilibrium
thermodynamic arguments can fully characterize the possi-
ble behavior of such a system.

I will demonstrate below that, even for a nonequilibrium
system, it is possible to generalize the themodynamic argu-
ment given above to an arbitrary kinetic model, leading to a
requirement for a large number of calcium-binding sites to
fit the data of Gyorke and Fill. The essence of the argument
is relatively simple. The open probability of the channel is
very low when it has adapted to resting steady-state [Ca21].
This implies that the free energy of the open state must lie
above the mean free energy of the channel molecule by an
amount that is large compared to kT. The bathing calcium is
then stepped to a higher value. The subsequent evolution of
the channel passes through a state of substantial peak open
probability PKi. Because this evolution proceeds spontane-
ously, the second law of thermodynamics requires that the
free energy of the system must decrease, which requires that
the free energy needed to promote the channel to the open
state must be less than that released by the incremental
binding of calcium.
The situation is shown schematically in Fig. 2, which is

built around actual data taken from Gyorke and Fill (1993).
The bathing [Ca2+] is stepped up repeatedly, as shown in
the bottom row of the figure (the rise occurs within micro-
seconds, but appears slow because of the response time of
the calcium electrode used to monitor it). After each step,

FIGURE 1 A possible kinetic
scheme embodying the suggestion of
Gyorke and Fill that adaptation is pro-
duced by a conformational change that
reduces the affinity of a calcium-bind-
ing site. The vertical position of the
states reflects their relative free ener-
gies (see text).

CAJ+

EUGHAFFrrIY
OPEN

IUGHAFFIrIf
CLOSD

LOWAFFNrY
OPEN

CA >:

LOWAFFNTY
ADAPrED

,Ahu p

Stern 2101



Biophysical Journal

P1

FIGURE 2 The sequence of events
during two sequential calcium steps
applied to a single sarcoplasmic re-
ticulum calcium release channel in a
lipid bilayer. The bottom two rows,
taken from the data of Gyorke and
Fill, show the free calcium of the
bathing medium and the ensemble
averaged open probability of the
channel. The top row is a sketch of
the free energy changes of the system
that must underlie the spontaneous
occurrence of the process. The equi-
librium and peak open probabilities
are labeled with the variables that
represent them in the theoretical der-
ivation given in the text.

the open probability of the channel increases from its equi-
librium value pi to a peak value PKi, and then falls again to
the new equilibrium value pi,, The free energy changes
associated with this process are sketched in the top row.
Each time [Ca2+] is increased, the free energy of the system
increases to a new value Fmax,i as a result of the change in
free energy of the calcium solution, the channel having not
yet responded. This energy derives ultimately from the
energy invested in the system by the laser flash. Then, as the
open probability of the channel spontaneously increases, the
free energy of the whole system must decrease by an
amount AFi. On the other hand, the free energy Fmari - AFi
of the peak open state must, by definition, be larger than the
minimum possible free energy Fmini of all states with open
probability PKi. This latter value can be calculated from the
standard free energies of the channel states, without refer-
ence to the actual kinetics of the channel. Then, a fortiori,
Fmax,i > Fmini. For the process in the figure to be realizable
for a channel with a given set of states, it must be possible
to find a set of standard free energies for those states such
that this inequality is satisfied for each of the calcium steps,
subject also to the constraint that the equilibrium open
probabilities at each of the specified bathing calcium con-
centrations should, in fact, be the observed pi. As I shall
show below, for a given set of (experimentally observed)
open probabilities, this realizability condition can only be
satisfied if the number of calcium-binding sites on the
channel is sufficiently large. This is logical, because the
binding of calcium to these sites must provide the free
energy required to open the channel.
The calculation required to demonstrate this is quite long

and will only be presented in outline here. The starting point
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is the expression for the free energy F of a dilute solution of
channel molecules, the total concentration of which, a, is
assumed to be very small, together with free calcium:

F = Ifk(Ck) +fCa(CCa) (1)

f(x) = x(RT log(-) + p (2)

where the sum is taken over all possible states of the
channel (each of which constitutes a species in the "solu-
tion"), cx stands for the molar concentration of species x (for
example Ck = aPk, where k represents any state of the
channel and pk is the ensemble-average probability that the
a channel is in state k). The subscripts on the f s in Eq. 1
indicate that they are to be evaluated (from Eq. 2) using the
standard free energy Ilk of the species in question. The
procedure is then as follows:

1. The equilibrium concentrations Cki of the kth species
in the ith calcium solution ([Ca2+] = CCaji) are determined
by minimizing the free energy F, subject to the constraints
of conservation of total calcium and total number of chan-
nels. This is done by the method of Lagrange multipliers.

2. The free energy FmnXi immediately after a calcium
jump is found by inserting these equilibrium concentrations
into Eq. 1, together with the new value of free calcium.

3. The free energy Fnin,i is the minimum possible value
of the free energy at the time of peak open probability. It is
determined by varying the Ck, starting from the configura-
tion found in step 2, so as to minimize F subject to the
constraints of conservation of total calcium (in the new
solution), conservation of total channels, and open proba-
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bility PKi. For the general case this can be quite messy,
because the new value of [Ca2+] after rebinding of calcium
to the channels must be computed. Because, however, it is
assumed that channels are sparse compared to the number of
calcium ions in the solution, the computation can be carried
out to first order in a. This is equivalent to ignoring the
change of [Ca2+], RCa, which results from rebinding, when
computing the minimizing values of Ck, which is done,
again, using Lagrange multipliers. The value of SCa, which
is proportional to a, is then determined as the difference
between the old and new concentrations of bound calcium.
Equation 1 is expanded in a Taylor series to first order in
6Ca (about the ambient calcium concentration CCa,i+i) to
calculate Fmini to first order in a.

4. The difference Fm,ii-Fmin-, which is proportional to
a in this approximation, is required to be more than zero for
the process to proceed spontaneously, for each specified
calcium jump i. The spontaneous evolution of the system,
with a decrease in free energy, may proceed by any change
in the state populations, subject to the constraints that the
number of channels is constant, calcium is removed from
the solution as required to supply the bound calcium in the
various states of the channel, and the open probability
reaches the experimentally observed value. The difference
Fmax,i-Frini is an upper bound on the possible decrease of
free energy along such a path; if it is negative, there can be
no spontaneous reaction path that satisfies these constraints.

This would seem to be an impossible program for a
completely arbitrary channel. However, the problem can be
simplified by noting that the required thermodynamic states
of the system are, at each step, those that minimize F,
subject to some set of constraints. One partitions the states
of the channel into groups of states with the same number of
bound calcium ions. The minimization can then be carried
out in two stages. In the first stage, one minimizes with
respect to variations of population within a group, subject to
the constraint that the total population of the group remains
constant (call it ai). In the second stage, one minimizes with
respect to variations in ai, subject to the constraint that
lai = a, conservation of total calcium, and, when carrying
out step 3, fixed open probability PKi. If the open states are
grouped separately, then the minimizations in the first stage
are independent and do not affect the total calcium balance
(because the amount of bound calcium is the same for all
states in a group) or the total open probability. Therefore,
one can carry out the intra-group minimizations "in
advance," i.e., assume that all of the states within a group
are in mutual equilibrium. The minimization of the free
energy of a group, by the method of Lagrange multipliers,
leads to

ae-(ILij/RT)
cij =(

zi

where the sum is taken over all the states in group i. As one
might expect, this takes the form of an equilibrium canon-
ical ensemble (partition function Zi), for the group of states
i, which are in equilibrium with each other under conditions
that minimize the free energy.
The minimum free energy of the group is then found to

be Fi = fi(ai), where fi signifies the function defined in
Eq. 2, evaluated using the standard free energy ,i = RT
log(Zi). In other words, the equilibrium ensemble of
states in one group that is found in the first stage of the
global minimization is thermodynamically equivalent to
a single state with standard free energy ,i. This means
that one can represent any channel by a channel that has
n + 1 closed states (with 0,... n calcium ions bound,
where n is the maximum number of calcium ions bound
in any closed state of the original channel) and one open
state (with m calcium ions bound). The assumption is
made here that all open states have the same number of
bound calcium ions; this is not essential to the method,
but markedly simplifies the computation, which is very
large, even with this simplification.
One is now in a position to carry out the calculation

outlined in steps 1-4 above. This leads to an expression for
Fna,i -Fmin i > 0 that fills several pages and will not be
reproduced here. Fortunately, it is possible to simplify this
appreciably by a large amount of algebra (partial factoriza-
tions, use of logarithmic identities, and discarding positive
factors). This was done using the computer algebra lan-
guage Macsyma (Macsyma Corp., Arlington, MA). In ad-
dition one has the constraints that cOk = apk, i.e., the
equilibrium (i.e., adapted) open probability at each calcium
level must be the observed value. For each calcium jump,
the two constraint equations corresponding to the calcium
levels before and after the jump can be reduced to one
equation by eliminating luo, the standard free energy of the
open state, between them, i.e., the free energy of the open
state is determined, relative to other states, by the require-
ment of low resting open probability, as discussed above.
The resulting single constraint equation (for each calcium
jump k) is then used to simplify further the inequality
Fma,k - Fnin,k > 0, ultimately reducing it to a linear
inequality.
The final result of these manipulations is a pair of sys-

tems of constraints:

n

E Qkjrj >O
j=O

I Wkjrj = O,

j=O

(5)

(6)

where the variables rj are defined as

(Cca I ) -(jRT)

(7)
(4)
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and the coefficients are defined as

(Cca,\/I Cca,k )

(PK 0109 P(CCa,k+l/Cca,k)m(Pk+1 - 1) (8)

( PKk )
- PKk logy Pk

i PkCca,k+1(Pk+1 - 1)
(Pk I)C ca.k+ Dk+ 1m-j

ca,k
Wki-

Cca,

To recapitulate, I have shown that, for any channel
scheme, for the observed sequence of activations and adap-
tations to be thermodynamically allowed, the inequalities 7
and Eqs. 8 must be satisfied, where n, the upper limit of the
summations, is the maximum number of bound calcium
ions in any closed state, and m is the number of calcium ions
bound in the open state. Max(n, m) is therefore the number
of calcium-binding sites on the channel. The kinetics of a

particular channel scheme are identified here by the stan-
dard free energies ,mj of the closed states (actually effective
values for groups of closed states with j bound calcium
ions). Therefore, for the observed adaptation to be possible
for a given number of calcium-binding sites, there must
exist some set of J.j for which Eqs. 5 and 6 are satisfied. By
Eq. 7, this is equivalent to saying that there must exist a set
of rj for which Eqs. 5 and 6 are satisfied. Because ,mj may be
chosen arbitrarily, the only constraint on the choice of rj, by
Eq. 7, is

ri '- O, (10)

the choice rj = 0 corresponding to placing the free energy
of the state so high that it is energetically inaccessible (in
other words, removing the state j from the system). Finally,
note that the inequalities 5 are definite, linear, homogeneous
inequalities. Therefore, if a set of rj can be found that satisfy
Eqs. 5 and 6, they can always be scaled up by a positive
factor so as to make the smallest value of Eq. 5 equal to 1.
Therefore, so far as the existence of solutions goes, Eq. 5 is
equivalent to

n

EQkjrjJ .(1

j=O

The constraints 6, 10, and 11 form a standard problem in
the field of linear programming. A Fortran program was

written to determine the existence of solutions for 6, 10, 11

using the Simplex algorithm of linear programming,
adapted from Numerical Recipes (Press et al., 1990). The
numerical data were taken from the experiment shown in
Fig. 2. Calcium levels were 100, 200, and 500 nM. The peak
open probabilities PKi were 0.3 and 0.4. The steady-state

(adapted) open probabilities P2 and p3 were 0.06 and 0.2,
respectively. The resting (adapted?) open probability in the
starting solution with 100 nM free calcium is not distin-
guishable from zero in the figure. Openings of the channel
in this condition are very rare, amounting to an open prob-
ability Pi < 10-4 (M. Fill, private communication). The
existence of solutions to Eqs. 6, 10, and 11 is shown in Fig.
3. No solutions exist for small numbers of calcium-binding
sites. This is mainly due to the small open probability of the
channel in 100 nM free calcium, which implies that the open
state must lie at a free energy substantially above the resting
free energy of the molecule, in units of kT. For Pi = 10-4,
there must be at least 10 calcium-binding sites; for Pi =
10-3 this is relaxed to 7. Note also that the number of
calcium ions that can be bound in a closed state must equal
or exceed the number bound in the open state for a solution
to exist. This is logical, because the channel must be able to
"adapt" into a closed state even while the bathing calcium
remains elevated. This is further evidence of the nonreus-
ability of calcium-binding sites in a thermodynamically
passive system.

DISCUSSION

The adaptation of the ryanodine receptor described by
Gyorke and Fill represents a novel type of behavior for an
ion channel. Its possible functional consequences are con-
siderable. Adaptation would endow the channel with a kind
of rate-sensing capability. In its ideal form, an adaptive
channel would fully adapt to any steady concentration of the
ligand, and then respond sensitively to changes in the con-
centration of that ligand, even if the change were small in
relation to the steady background level. In other words, the
ideal adaptive channel would behave like an analog differ-
entiator. There are many potential uses for such a device in
cell physiology. The work of Fabiato (1985) provides evi-
dence that the calcium-induced calcium release (CICR)
mechanism of the cardiac sarcoplasmic reticulum is sensi-
tive to the rate of calcium application, and a rate-sensitive
calcium release channel might assist in explaining the par-
adoxical stability of CICR in the intact cell despite the
positive feedback it creates (Stem, 1992). In general, there
are many situations in which signaling occurs via a mes-
senger ligand whose background concentration may be un-
known a priori. Teleologically, nature might be expected to
make good use of a molecular differentiator.
The analysis in this paper shows that there are serious

limits to the extent to which a passive molecular device such
as a channel can act like an ideal differentiator for a chem-
ical signal. At the molecular level, everything is in constant
thermal motion. For a resting channel to remain closed
despite thermal fluctuations, there must be a free energy
barrier preventing its opening; this may be pictured as a
spring holding the channel closed. Any signal that opens the
channel must provide the energy to surmount this barrier.
The free energy available from an increase in the concen-
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FIGURE 3 Solutions to Eqs. 6, 10, and
11 for various combinations of n, the
maximum number of calcium ions bound
in closed states (across), and m, the num-
ber of calcium ions bound to the open
state(s) (down). The plus signs indicate
the existence of a solution when PI =
10-4, and the asterisks show allowed so-
lutions when this is relaxed top, = l0-3.
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tration of a ligand against an already large background
concentration is small unless a large number of binding sites
for that ligand are present. The number of binding sites
required depends inversely on the ratio of the ligand con-
centration change to the background concentration. There-
fore it is not possible for a passive molecular device with a
reasonable number of ligand binding sites to serve as an
ideal differentiator, detecting small changes in ligand con-
centration against a much larger background. As the calcu-
lations above show, even the sensing of relatively moderate
concentration changes (about twofold) by the ryanodine
receptor requires a large number of calcium-binding sites.
The ryanodine receptor is a very large molecule, a homotet-
ramer of large peptides. It is not implausible that there could
be many calcium-binding sites on such a structure, and in
fact, studies using cloned hybrid proteins have suggested
the presence of as many as five calcium-binding sites per
peptide on the skeletal muscle ryanodine receptor (Chen and
MacLennan, 1994). The active involvement of so many
calcium-binding sites in the gating of the channel implies
the existence of a large number of states. This is also
suggested by the single-channel records of Gyorke and Fill,
which show channel adaptation occurring in a gradual man-
ner, even in a single sweep. The presence of many states
that are significant to the gating behavior of the channel will
make it difficult to validate explicit kinetic models of the
channel.

Gyorke and Fill have suggested that the so-called quantal
release phenomenon exhibited by IP3-gated calcium release
channels (which are homologous to ryanodine receptors)
may actually be single-channel adaptation. Photoaffinity
labeling studies have suggested the presence of a single type

of IP3 binding site (Mourey et al., 1993), and rapid mixing
kinetic studies in permeabilized cells have suggested the
cooperative involvement of four identical sites (one on each
peptide) in the rapid opening of the channel, although other,
slower binding sites may exist and might be involved in
adaptation (Meyer et al., 1990). Whether these results are
thermodynamically compatible with adaptation depends on
how low the "adapted" open probability is at each steady
level of IP3; studies of the adaptation phenomenon in single
IP3 channels are needed. It is interesting to note that many
other ligand-gated channels are coupled to a G-protein
cascade, which provides active amplification, freeing them
from the need to obtain the free energy for signal transduc-
tion from the ligand binding itself.
The advantage of the thermodynamic method of analysis

is that it is very general. The only assumption made is that
the adapted states reached long after each calcium jump are
equilibrium states. In addition, the calculation assumed that
all open states carry the same amount of bound calcium.
This is probably not a fundamental restriction; the analysis
could be carried out using separate groups of open and
closed states at each calcium binding stoichiometry. How-
ever, this would substantially complicate an already large
algebraic problem, and it is not clear whether the final
simplifications that result in a linear system of inequalities
would exist, because these depend on substituting the equi-
librium open probability constraints in the free energy in-
equality to eliminate logarithmic terms. In view of the
requirement that large numbers of calcium-binding sites be
occupied in the open state, it seems unlikely that the addi-
tion of open states with smaller numbers of bound calcium
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ions would qualitatively change the thermodynamic results,
although such states might be kinetically important.
The calculation presented above was carried out using a

mixture of thermodynamic and kinetic concepts, and relied
on the use of the expression for the free energy of an ideal
solution, and the application of that free energy in the
slowly varying nonequilibrium states that describe the evo-
lution of the channel after each perturbation. The need to
justify this procedure may be avoided if the result is re-
garded as a theorem about kinetic models rather than actual
physical channels. The calculation relied upon the assump-
tion that the ideal free energy (Eqs. 1 and 2) is nonincreas-
ing during the free evolution of the system. As shown in the
Appendix, for any standard chemical kinetic model based
on mass action, which obeys the principle of detailed bal-
ance expected of a thermodynamically passive system, it is
possible to choose a set of "standard free energies" such that
the expression for the ideal free energy is nonincreasing.
Then the theorem may be restated as follows: No mass
action kinetic model that satisfies the detailed balance re-
quirements that the product of equilibrium constants around
any closed cycle of states is unity, and the net binding of
calcium around any such cycle is zero, can fit the data of
Gyorke and Fill, unless it allows for the binding of at least
10 calcium ions. This is a mathematical property of kinetic
models; whether it is considered to be related to the second
law of thermodynamics becomes a matter of taste. The
application of this theorem to actual physical channels de-
pends on how well they can be represented by mass action
kinetics. It is left to the judgment of the reader whether it is
likely that nonideal effects would give rise to a situation in
which a physical channel that binds, say, two calcium ions
would behave in a manner that can only be fit by a kinetic
model with more than 10 binding sites.

It must be emphasized that the validity of the analysis
above depends strictly on the fact that calcium is stepped
directly to each higher steady level without overshoot. The
presence of any overshoot in [Ca2+], particularly one of
several orders of magnitude, such as has been suggested to
occur after photolysis of caged calcium, could, even if brief,
provide the free energy to drive the channel transiently into
the open state, invalidating the above arguments. This
makes it imperative to prove that "adaptation" is not the
result of such an overshoot. Taken the other way, the need
for such large numbers of calcium-binding sites to explain
the adaptation data might be taken as evidence favoring the
possibility that adaptation is artifactual. Coupling of free
energy fluxes from ion permeation to gating could also
invalidate the argument. Richard and Miller (1990) have
observed that steady-state transition rates between open and
inactivated states of the Torpedo chloride channel depart
from detailed balance, to an extent that depends on the
transmembrane ion gradient. This indicates that free energy
is coupled from permeation to gating to maintain nonequi-
librium gating kinetics. This was a small effect that required
careful searching. If coupling of free energy from perme-
ation to gating were to make adaptation possible for an SR

channel with a small number of calcium-binding sites, then
it would have to supply a substantial fraction of the energy
for opening the channel. In this case, one would expect that
the entire phenomenon of channel opening and adaptation
would depend markedly on the electrochemical gradient
across the channel pore, tending to vanish altogether at the
reversal potential. Such an effect should be conspicuous and
ought to be sought experimentally. In the absence of evi-
dence for such strong coupling of permeation to gating, one
must assume that the qualitative features of passive gating
should be observed.
The arguments presented in this paper indicate conditions

under which adaptive gating might be thermodynamically
allowed. They give no indication of how to construct a
kinetic scheme to realize the phenomenon, or even any
assurance that one exists. Recently, several explicit models
have appeared in the literature that purport to reproduce the
adaptation phenomenon. Cheng et al. (1995) have proposed
a model in which each polypeptide in the homotetramer
possesses two cooperative calcium-binding sites that are
activating and one that is inactivating. The channel opens
whenever the number of activating domains exceeds the
number of inactivating domains. This model has a total of
12 calcium-binding sites, so it is within the thermodynamic
limits computed above. The model is able to give a good
qualitative reproduction of the data of Gyorke and Fill,
although the predicted steady-state open probability in 100
nM calcium is too large (0.04). Sachs et al. (1995) have
proposed a simple four-state model with one calcium-bind-
ing site. Adaptation is due to an allosteric transition that
switches the calcium-binding site from activating (unoccu-
pied = closed, occupied = open) to inactivating (unoccu-
pied = open, occupied = closed). This clever mechanism
can be made to produce complete adaptation, i.e., the
steady-state open probability is independent of [Ca2+]. In
the example shown in their paper, the peak open probability
after each calcium step is only about twice the steady-state
open probability. This model can be solved analytically,
which is easiest, by far, if it is assumed that the calcium-
binding reactions are rapid, in which case the model reduces
to a single, first-order, kinetic equation. In this case, it can
be shown directly that, for any calcium step i,

PKi Cca,i+ I

Pi Cca,i
(12)

where the meaning of the symbols is as before. In particular,
a calcium step from 100 nM to 200 nM could, in the Sachs
model, produce at most a twofold transient increase in open
probability over the resting value, as compared to the ob-
served increase of about a factor of 3000. This emphasizes
an important point: although the thermodynamic analysis
above is perfectly general, the need for a large number of
calcium binding sites is a consequence of the specific values
of the observed open probabilities. In particular, it is the
combination of very low adapted open probability with
relatively large transient open probability that requires a
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large free energy input to achieve, and this, in turn, requires
a large number of binding sites if the ratio of the [Ca2+]
after and before the step is modest. This dependence on
ratios is a consequence of the logarithmic dependence of
free energy on concentration. The Sachs model is not,
therefore, able to reproduce the observed data, so it does not
offer a counter-example to the theorem. It is possible that,
by replacing the single calcium-binding site in this model
with a site binding multiple calcium ions in a highly coop-
erative manner, one might obtain a model that can more
closely fit the observations, while still requiring only a small
number of kinetically important states. This would be very
valuable in modeling excitation-contraction coupling, in
which the need to consider large numbers of states of each
release channel introduces great complexity. Tang and Oth-
mer (1994) have proposed a different four-state model,
which they have embedded in a complete model of excita-
tion-contraction coupling. In their paper, the behavior of
this channel is displayed for large [Ca2+] steps. If their
model is exercised with the actual [Ca2+] steps used by
Gyorke and Fill, it performs very poorly, giving a large
resting open probability (about 0.14 in 100 nM [Ca2+]), and
only a slight amount of adaptation after each step. This
model therefore is also not in conflict with the thermody-
namic predictions.
The requirement for a large number of calcium-binding

sites depends strongly on the very small open probability
that has been observed by Gyorke and Fill in 100 nM
calcium. As a check on their observation, one may esti-
mate the adapted open probability from the frequency of
calcium sparks (Cheng et al., 1993) observed by confocal
microscopy of intact cardiac myocytes loaded with the
fluorescent probe fluo-3. If sparks are assumed to repre-
sent single openings of the calcium release channel, or
regenerative events initiated by a single opening, then the
observed frequency of sparks (- 100/s/cell), together
with an estimated open duration of 10 ms and an esti-
mated number of 105 SR release channels per cell, would
give an average open probability of i0-5 for the release
channel in situ in a resting myocyte whose cytosolic
[Ca2+] is roughly 100 nM. One must, therefore, take
seriously the very low resting open probability observed
by Gyorke and Fill, with its implication of a high degree
of cooperativity in the activation of the channel by
calcium.
The process of modeling channel adaptation is still in its

infancy, and it is premature to debate the validity of partic-
ular explicit models. In view of the large number of states
that are likely to be required, explicit modeling of calcium
release channels will have to be undertaken very carefully,
and with extensive experimental underpinning. If it is con-
firmed that the ryanodine receptor is truly able to switch
repeatedly between the extremes of open probabilities
suggested in the data of Gyorke and Fill in response to
modest steps in [Ca2+], one must anticipate the participa-
tion of a substantial number of calcium-binding sites in its

APPENDIX: NONINCREASING PROPERTY OF
THE "IDEAL FREE ENERGY" OF MASS ACTION
KINETIC MODELS

The "thermodynamic" proof given in the text relies upon the use of an

expression for the equilibrium free energy of an ideal solution and the
application of that expression to a system that is in a slowly evolving,
nonequilibrium state. We show here that it is not necessary to justify this
procedure, if we assume instead that the system can be modeled as a

solution reacting according to the differential equation of mass action
kinetics, obeying the principle of detailed balance applicable to passive
thermodynamic systems. From such a model, one can derive a set of
standard free energies ,u; for the components, such that the ideal expression
for the free energy of the system given in Eq. 1 is always nonincreasing
during the free evolution of the concentrations of the components accord-
ing to the differential equations of the kinetic model. This means that one
can interpret the theorem proved in the text as a mathematical theorem
regarding the possible solutions of the differential equations of such a

kinetic model, without regard to the applicability of equilibrium thermo-
dynamics to the physical system that is being represented.

Consider the ideal "free energy" F of the system given, by definition
now, by Eqs. 1 and 2 in the text. The rate of change of F is given by

dF NC aFdci
dt Ieac dt' (13)

where ci are the molar concentrations of the components of the solution,
whose evolution is governed by the differential equations of the kinetic
model:

dci Nr

dt = E -

i=l

(14)

in which v jj and v-ij are the (positive) stoichiometric coefficients of the
ith reactant on the left and right sides of the jth reaction, whose overall rate
is Rj, and Nr is the total number of reactions in the model. The rate Rj of
the jth reaction is given by

(15)

where Nc is the total number of reactants in the system, and kj, and kj- are

the forward and backward rate constants of the jth reaction. This assumes

that the model obeys mass action kinetics in which the unidirectional rate
of a reaction is proportional to the product of the concentrations of the
reactants entering into it. This assumption, which is commonly used in
constructing models for biochemical phenomena, is stronger than the
assumption of the law of mass action for the equilibrium of a (bidirection-
al) reaction, which can be proved from statistical mechanics for the case of
ideal (i.e., dilute) solutions (Landau and Lifshitz, 1958).

Combining Eqs. 14 and 15, and interchanging the order of summation,
one finds

dF N, .

dt
j=l

(16)

where

Nc

i ViJ
i=l

- v, 7)(lo(09c) +/xi
(17)

Xi (fj cl kj -)

regulation.
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is the rate of free energy change attributable to the action of thejth reaction.
One is interested in the sign of this expression, which will not be altered by
pulling out a positive factor P equal to the first term in the last summation
in Eq. 17:

(18)
where vij = vij - vij is the signed stoichiometric coefficient of the ith
reactant in the jth reaction, as it would be written in a single-sided form.
We now make the assumption (to be justified later) that the ratio of

forward and backward rate constants (i.e., the equilibrium constant) of a
reaction is given by the expression that applies to an ideal solution in
thermodynamic equilibrium (Landau and Lifshitz, 1958):

kj+ °0 ii)(9

Using this and simple logarithmic identities, one finds

A = - exp[i vii (109(]+

(20)

x E vij(ig(g) + Ii).

This can be made more compact by defining symbols qj given by

( (ci ) )(21)vi 109(io() + pj qj, (1

which puts (20) in the form

= -Pqj(l -e-). (22)

Recalling that the factor P is positive, it is easily seen that the expres-
sion on the right-hand side of Eq. 22 can never be positive for real qj. The
ideal free energy F, the rate of change of which is given by Eq. 16, can
never increase.

It was assumed above that the equilibrium constants of the reactions are
given by the ideal thermodynamic expression in Eq. 19. But because the
starting point here is a kinetic mathematical model rather than a physical
system or a thermodynamic model, we are at liberty to choose the "stan-
dard free energies" that enter into Eq. 2 so as to satisfy this requirement.
Rearranging Eq. 19 by taking logarithms of both sides yields

i=1~~~~~'~11iji = lo1 kl (23)

which is a set of linear equations for x,i. Provided that these equations
are consistent, one can always find at least one solution. The require-
ment for consistency is the algebraic statement of the requirement for
the model of a passive system to obey detailed balance. This can be seen
more clearly in the case of the system actually being considered, a
channel that can be in multiple states, interacting with a solution of
calcium ion. The reactions, in this case, are the transitions from one

state of the channel to another, which may be accompanied by binding
or release of one or more calcium ions. Each of these reactions give rise
to one equation of Eq. 23, the left-hand side of which has two or three
terms: a stoichiometric coefficient of +1 for the starting state, -1 for

the final state, and, possibly, a coefficient for calcium ion. These
equations can be directly solved by "walking" the state diagram as
follows: 1) choose a value for the standard free energy of one of the
states of the channel; 2) use an equation from Eq. 23 in which that state
appears and solve for the standard free energy of the state to which the
transition takes place; 3) continue "walking" from state to state, solving
the relevant equation from Eq. 23 for the standard free energy of the
state arrived at by each transition. Because the state diagram is con-
nected, one will obtain, in this manner, values for all of the ,i (the value
for gca can actually be chosen arbitrarily). This scheme will result in a
consistent solution to Eqs. 23, provided the sums of the logarithms of
the equilibrium coefficients (i.e., the logarithm of the product of equi-
librium coefficients) and the number of calcium ions bound are inde-
pendent of the path taken to reach a particular state. This is equivalent
to the statement that the product of equilibrium coefficients around a
closed path through the state diagram equals 1, and the net cumulative
binding of calcium around such a path is zero. These are statements of
the usual notion of detailed balance, which is expected to apply to any
passive kinetic model.

It has therefore been proved that, starting from a passive, mass action
kinetic model, one can find a set of piL such that the "ideal free energy
function" given in Eqs. 1 and 2 is always nonincreasing during the free
evolution of the model. This is all that was required for the "thermo-
dynamic" proof given in the text. Whether this function is a good
approximation to the true thermodynamic free energy of an actual
physical channel is a separate question that will not be dealt with here.
A more interesting physical question is whether a passive molecular
system that binds only a few calcium ions can appear to display reaction
kinetics of high order in calcium. Such enhancement of cooperativity
could be produced, for example, by positive feedback of calcium
passing through the channel, but this makes use of the free energy of
permeation and would not be applicable to the experiments of Gyorke
and Fill, which were done with cesium as the current carrier. Obviously,
such a hypothetical "enhanced cooperativity" system could not be
represented by mass action kinetic equations. Whether statistical me-
chanics sets fundamental limits on such a nonideal phenomenon in a
nonequilibrium system must be investigated.
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