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ABSTRACT The swimming of trailing, leading, and bipolar spirilla (with realistic flagellar centerline geometries) is considered. A
boundary element method is used to predict the instantaneous swimming velocity, counter-rotation angular velocity, and power
dissipation of a given organism as functions of time and the geometry of the organism. Based on such velocities, swimming
trajectories have been deduced enabling a realistic definition of mean swimming speeds. The power dissipation normalized in
terms of the square of the mean swimming speed is considered to be a measure of hydrodynamic efficiency. In addition, kinematic
efficiency is defined as the extent of deviation of the swimming motion from that of a previously proposed ideal corkscrew
mechanism. The dependence of these efficiencies on the organism's geometry is examined giving estimates of its optimum
dimensions. It is concluded that appreciable correlation exists between the two alternative definitions for many of the geometrical
parameters considered. Furthermore, the organism having the deduced optimum dimensions closely resembles the real organism
as experimentally observed.

1. INTRODUCTION

From a simplified modeling point of view, a microorgan-
ism primarily consists of an inert cell body and a helically
(or sinusoidally) beating flagellum. As a result of its
beating, the flagellum induces a net force and a net
moment on the cell body. Hence, the entire organism
acquires an instantaneous rigid body swimming velocity
U and angular velocity fQ to maintain equilibrium. The
locomotion problem is concerned with the prediction of
U and for a given geometry of the organism, the wave
parameters of the flagellum and the properties of the
surrounding fluid.
The classical example has been that of an organism

with a spherical (or ellipsoidal) cell body such as the
spermatozoa of many mammals, many types of protazoa,
and flagellar bacteria. The modeling of such organisms
has been approached by a variety of techniques (1-3).
The present problem, however, deals with a somewhat
different class of microorganisms; namely, those with
cell bodies whose centerline curvature is helical. Many
bacteria belonging to the order of Spirochaetales or the
family of Spirillaceae fall under this category. Spirillum
volutans is one such organism and is the subject of the
present study.

This organism may possess as many as 75 flagella at
either or both ends of its helical body (4). At a given end,
the flagella are forced together by the hydrodynamic
viscous drag and rotate as a single unit (5). Hence, they
are collectively known as a flagellar bundle but will
hereafter be simply referred to as a flagellum. As the
helical cell body rotates in an opposite sense to that of

the flagellum, it spirals its way through the fluid much
like a corkscrew driven through a cork (6).
Chwang et al. (6) (hereafter referred to as CWW)

modeled the swimming of this organism by replacing the
effect of the surrounding fluid with a pair of coefficients
representing the respective hydrodynamic resistances to
motions normal and tangential to the cell body and
flagellar centerlines. This method is known as the
Resistive Force Theory (RFT) approach and was first
formulated by Gray and Hancock (7). Although it was
later refined by Lighthill (8), this approach remains
primarily limited to microorganisms which can be mod-
eled by a combination of slender bodies (i.e., bodies
possessing small curvature and cross-sectional dimen-
sions as compared with their lengths) and spheroids.
Furthermore, it fails to account for hydrodynamic inter-
action between the cell body and the flagellum. Cinemi-
crographs of spirilla (4) suggest that their cell bodies are

neither slender nor spheroidal, hence the present need
for an alternative approach.
Myerscough and Swan (9) (hereafter referred to as

MS) considered a distribution of singularities (Stokes-
lets and Doublets) along the centerlines of the cell body
and flagellum (both modeled as cylindrical filaments).
By satisfying the no-slip conditions at the boundary
(organism's surface) together with the equilibrium con-

ditions, the strengths of the singularities and the veloci-
ties U and can be solved for simultaneously. This
method, known as the Slender Body Theory (SBT)
approach, was first formulated by Hancock (10), and has
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since been refined by many other workers in the field
(11, 2, 12).

Unlike CWW, MS allowed for finite transverse compo-
nents of U and fQ which are of major significance in
modeling the locomotion of spirilla. Hydrodynamic inter-
action is also accounted for by including the relevant
image systems for the respective singularities. Both
these models, however, assume the flagellum to be a
straight, rigid rod rotating at an angle to the cell body
axis, hence, defining a conical surface of revolution.
Furthermore, the slender body assumption restricts both
models to somewhat unrealistic proportions for the
organism.
Winet and Keller (13) carried out experimental obser-

vations on the geometry of flagella and investigated its
effects on the RFT predictions of U, 0, and power
dissipation. It was concluded that a rigidly rotating
helical flagellum yields the most realistic results. On the
other hand, their observations suggested that enough
flexibility must exit to allow for the rather high curvature
bends near the cell body/flagellar junction. Electron
microscopic observations (14) resolved this paradox by
revealing the presence of a curved region called the
hook (in each flagellar filament), which is attached by a

rod to a complex flagellar basal structure.
The kinematics of swimming microorganisms were

investigated by Keller and Rubinow (15). They pre-
sented an analytical method whereby the swimming
paths (trajectories) may be determined for given instan-
taneous swimming velocities U and Q. This method
assumes that both U and are independent of the
flagellar phase angle (hence independent of time) and
that the radial components of 0 are both small com-
pared with its axial component. These are realistic
assumptions for the abovementioned case of organisms
with spherical cell bodies. Both MS and the present
study, however, show that the former of these assump-
tions does not hold for the case of S. volutans.
The present Boundary Element Method (BEM) model

is based on the formulation by Tran-Cong and Phan-
Thien (16) which, being geometry independent enables
the employment of realistic organism geometry and
dimensions (such as given by Swan [4]). Based on the
observations and calculations of Winet and Keller (13),
the geometries of the leading and trailing flagella are
refined. A numerical generalization of the method of
Keller and Rubinow (15) yields the position of the
organism at any instant (i.e., trajectory), thereby allow-
ing for a realistic definition of the mean swimming speed
U. In addition, the organism's orientation at any instant
is found giving a qualitative indication of the kinematic
efficiency of the swimming motion.

GLOSSARY

a

af
A-'
B(Bx, By,Bz )

BEM
C(CXB Cy CZ)

CB

cell-body radius
flagellar radius
a general three-dimensional rotation matrix
coordinates of the leading cell-body/flagellar
joining point (Fig. 1)
Boundary Element Method
coordinates of the trailing cell-body/flagellar
joining point (Fig. 1)
displacement vector joining the points B and
C

CWW Chwang, Winet, and Wu (6)
d1, d2 temporary parameters used in modeling flagel-

lar geometry (Fig. 2)
D, Dy, Dz respective amplitudes of the sinusoidal varia-

tions with time (Fig. 4) of the components of
linear velocity, angular velocity, and power

E(z) flagellar amplitude function (Fig. 2)
F, G joining point and turning point used in model-

ing the leading flagellar geometry (Fig. 2)
G, H known 3N x 3N system matrices resulting

from the boundary-integral formulation (20)
h flag variable distinguishing between points on

the cell body and those on a flagellum (Eq.
(11)).

H point of inflection of the amplitude function
E(z)

(kx, ky, kz) instantaneous direction cosines of the z-axis
(relative to the globally fixed [X, Y, Z] frame)

k cell body wavenumber
k1 parameter determining the rate at which the

flagellum grows (with axial distance) to its
maximum amplitude

kf flagellar wavenumber
I cell body length
if flagellar length
L cell body axial extension (Fig. 1)
m flag variable distinguishing between unipolar

and bipolar spirilla (equation (25))
M point defining the distal end of the flagellum

(Fig. 2)
MS Myerscough and Swan (9)
n counter variable used for reference to a given

boundary element
n unit vector along the axis of propagation
nc number of segments used to discretize the cell

body centerline
nf number of segments used to discretize the

flagellar centerline
N total number of boundary elements used to

discretize the entire organism
NA number of cell body wavelengths
PC, Pf, Pt instantaneous cell body, flagellar, and total

power dissipations, respectively
PC9 Pf, Pt mean cell body, flagellar, and total power

dissipations, respectively
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mean radial displacement (over the interval
O < t < T) of the trajectories of the points B
and C from the axis of propagation (Eq. 22)
instantaneous axial displacement of the trajec-
tory of the point C (measured along the axis of
propagation) (Fig. 6)
instantaneous radial displacement of the tra-
jectory of the point B (measured from the axis
of propagation)
instantaneous radial displacement of the tra-
jectory of the point C (measured from the axis
of propagation)
as for qc (Fig. 6)
radial component (i.e., normal to the z-axis) of
the vector r
position vector defining points on the cell
body relative to the flagellar (x, y, z) frame
(Fig. 5)
position vector defining points on the cell
body relative to the (x*, y*, z* ) axes (Fig. 1)
position vector defining points on the fla-
gellum relative to the flagellar (x, y, z) frame
(Fig. 5)
position vector defining points on the cell
body relative to the globally fixed (X, Y, Z)
frame (Fig. 5)
position of the point C (origin of the [x, y, z]
axes) relative to the globally fixed (X, Y, Z)
frame (Fig. 5)
position vector defining points on the fla-
gellum relative to the globally fixed (X, Y, Z)
frame (Fig. 5)
Resistive Force Theory
respective means of the sinusoidal variations
with time (Fig. 4) of the components of linear
velocity, angular velocity, and power
surface area of the nth flat triangular bound-
ary element
Slender Body Theory
time
traction (local force per unit area)
traction on bondary element n
period of time (set to 16'rr) over which the
trajectory of the organism is considered
namely, the interval 0 < t < T
vector defining the velocity field on the surface
of the organism
instantaneous axial velocity (along the axis of
propagation) of the point C (time derivative of
q., see Fig. 6)
velocity at the centeroid of the nth boundary
element
instantaneous swimming velocity
mean swimming speed
Total instantaneous linear velocity of points
on a leading flagellum
number of sides on the polygon used to dis-
cretize any given cross-section of the cell body

Vf number of sides on the polygon used to
discretize any given cross-section of flagellum

W total flagellar angular velocity (relative to the
globally fixed [X, Y, Z] frame)

(x, y, z) axes defining a frame at rest with respect to
the flagellum (i.e., flagellar frame)

(x*, y*', z*) a set of axes defined purely for the purpose of
modeling the cell body centerline geometry
(Fig. 1)

x(n) position vector of the centroid of the nth
boundary element relative to the point C

(X, Y, Z) axes defining the globally fixed frame of refer-
ence

Ze
zi, Zu

a
af

AO

-I
1lH

-I
'ik
0
x
p

P, Pm

'I'0

Ay, (p, 'a
0)

(A)

a

xxy

axial extension of the flagellum
lower and upper limits of integration for
calculating the flagellar length (Eq. 9)
cell body amplitude (Fig. 1)
flagellar amplitude, replaced by at for trailing
and a, for leading flagella
direction cosines of the axis of propagation
relative to the globally fixed (X, Y, Z) frame
flagellar cone half angle (Fig. 1)
flag variable distinguishing between points
lying below and those lying above the turning
point G of a leading flagellum
leading flagellar phase angle relative to the
trailing flagellum for a bipolar spirillum
fluid viscosity
inverse hydrodynamic efficiency
inverse kinematic efficiency
flagellar phase angle wt
cell body helical wavelength (Fig. 1)
instantaneous angle of precession (angle be-
tween the cell-body axis and the axis of propa-
gation)
mean and maximum angles of precession (over
the interval 0 < t < T), respectively
a parameter (used in referring points on the
cell body to the flagellar frame) related to the
initial orientation of the cell body relative to
the flagellar frame (Eq. 18)
respective phase lags of the sinusoidal varia-
tions with time (Fig. 4) of the components of
linear velocity, angular velocity, and power
Euler angles (as defined in reference 22)
magnitude of the angular velocity of the fla-
gellum relative to the cell body
angular velocity of the flagellum relative to the
cell body
instantaneous angular velocity of the cell body
mean angular velocity of the cell body

2. GEOMETRICAL MODELING

Typically, an old S. volutans possesses one flagellar
bundle at each end of its somewhat long cell body
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(possibly in excess of two wavelengths) and hence is said
to be bipolar (see Fig. 1). Generally, both flagella tend
to rotate at right angles to the cell body axis (relative to
the cell body) with the same angular velocity. As the
organism propagates (along the negative z* direction in
Fig. 1) the viscous drag bends both flagella back toward
their respective axes of rotation. An approximate repre-

sentation of the resulting flagellar centerline geometries
is illustrated in Fig. 2.

S. volutans multiplies by dividing its cell body to form
two cells with shorter cell bodies and a single flagellar
bundle. These are said to be unipolar. Depending on the
sense of the flagellar rotation, a unipolar cell may

assume a leading flagellar position (with the flagellum
drawing the cell body behind it) or a trailing position
(with the flagellum impelling the cell body in front of it).
These are often referred to as leading and trailing
spirilla, respectively.

Fig. 1 shows that the organism has a cell body of
cross-sectional radius a and length 1 which is curved to
form a helix of axial length L, wavelength X, and
amplitude aL. Both the trailing flagellum (of amplitude
a0) and the leading flagellum (of amplitude a.,) are of
cross-sectional radius af, length lf, and rotate about their
respective axes to define a somewhat conical surface of
revolution with a half cone angle y (see Fig. 2).
The centerline of the cell body, defined by the position

vector r* is given (referred to the [x*,y*, z*] axes as

defined in Fig. 1) by the equation for a left-handed helix;

r* = (a sin [kz*], a cos [kz*], z*), 0 < z* < XNA, (1)

where k = 27r/X is the wavenumber and NA = LIA is the
number of wavelengths for the body helix. This, when
referred to the (x, y, z) axes (which are parallel and fixed
with respect to the [x*, y*, z*] axes and centered at the
flagellar joining point C), becomes

r = {2a cos k( 2)] sin 2a sin

[k( 2l)]sin( )z, -L < z < 0. (2)

= 80° & 30°

= 80° & 30°

TRAILING FLAGELLA

y = 600 edgeview (7 600)

LEADING FLAGELLA

= 600 edgeview (-y = 600)

FIGURE 2 Position of flagellar centerlines at 16 distinct phase angles
0 for various cone angles y.

The position vector rf defining the flagellar centerline
may (referred to the [x, y, z] axes) be expressed in the
form

rf = [afE(z) cos (kfz + 0), afE(z) sin (kfz + 0), z],

< z < Ze, (3)

where af (i.e., af or a,), 0, and kf are the amplitude, phase
angle and wavenumber of the (right handed) flagellar
helix. E(z) is an amplitude modifying function (as shown
in Fig. 3) which is described by the line C H M, for the
trailing flagellar case, and the line F G H M, for the
leading flagellar case.

For the line CHM, the amplitude function

E(z) = 1 - exp [-(keZ)1], (4)

of Higdon (17) has been adopted, where ke is a constant
determining the rate at which E (z) grows asymptotically

FIGURE 1 Definition of axes and geometrical parameters.

106 Bip. Jora Voum 60 Noeme
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appropriate roots, gives d, and d2 as

1 2k2
d, = A+d2 2 1

ke~2 e +2ke'

d2 = ( 2kk) (1 - e-1/2) 1 -
2k'\

e+2k
(8)

The flagellar length If is given in general form by the
integral

FIGURE 3 Functions defining the leading and trailing flagellar ampli-
tude envelopes.

to its maximum value of 1. It is found that an appropriate
choice for ke and ze gives rise to an amplitude envelope
which realistically models the trailing flagellar geometry.
Allowing the amplitude function to grow to 0.98 and
equating y to the slope E'(z) at the point of inflection
H(1/ke , 1 - e-"/2) gives rise to the respective con-

straints

212
Ze = kX ke V-1/2 =tan -y, (5)

which for a given value of y uniquely specify ke and Ze
There remain the helical wave parameters af and kf to

be specified subject to having a constant number of
flagellar wavelengths for all given half cone angles -y. It is
found that assuming afkf = tan y (which allows for

0.27 wavelengths) yields the most acceptable qualita-
tive agreement between flagellar geometries as given by
Eq. 3 (Fig. 2) and experimental observations (see, for
example, Fig. 5 of Winet and Keller [13]). Because af =

1 is taken to be the fundamental common dimension for
all organism discretizations, -y is the only remaining wave
parameter for the trailing flagellum CH M.
For the leading flagellar case, the portion CH is

replaced by a circular arc F GH of radius d2 and center
(d1, d2). Here, Eq. 4 is replaced by

E(z) =d2+ d -(z - d )2,
1forpointsonGH. (6)

Imposing continuity of E(z) and E'(z) atH gives

(d1 - kV~) = (1 - e11)2 - 2d2(1 - e

d2h = sdi-m +e1 (7)

which, upon solving simultaneously and selecting the

if = fb \/l + [afkfE(z)]' + [afE'(z)]2dz (9)

which, given suitable choices for E(z) and the limits z,
and z., can be solved numerically to obtain the trailing
and leading flagellar lengths. For the case of bipolar
spirilla, an iterative procedure is set up whereby the
amplitude of the leading flagellum a, is determined by
equating both flagellar lengths (with all other parame-
ters maintained constant).
The instantaneous swimming velocity U, instanta-

neous angular velocity 0, and instantaneous power
dissipations (and consequently the means of these quan-
tities) of an organism are functions of the its geometry.
For unipolar trailing and leading spirilla, this geometry
at a given instant is fully specified via the nine parame-
ters: a, k, Nx, -y, If 1, af, a (as defined in Fig. 1) and the
flagellar phase angle 0 relative to the cell body. For
bipolar spirilla, the phase angle of the leading flagellum
relative to the trailing flagellum AO also needs to be
specified. Based on the similar models of Higdon (17)
and MS, these are expressed as seven dimensionless
parameters: ak, NA, y, (If/i), (a/i), (af/a), and 0.
The flagellar amplitude af is assigned a value of 1

throughout and the flagellar cone angle fy is specified
which from Eq. 5 give ke and ze. Eqs. 4, 6, and 8 then define
the flagellar amplitude functions E(z) and the flagellar
length If is calculated from Eq. 9. Next, (f/1) is specified
giving the cell body length I and the parameters k, NA, and 0

are specified. The axial extension L is calculated as

i/i 1 + (ak)2 and Eqs. 2 and 3 then define the cell body
and flagellar centerlines. Finally, the cell body and
flagellar radii are specified via the parameters (a/l) and
(af/a). The equations defining the cell body and flagellar
surfaces may be given in terms of their respective
centerline geometries, and radii a and af(3). The present
discretisation scheme, which is based on these equa-
tions, is outlined briefly in Appendix 1 but is discussed at
length by Ramia and Phan-Thien (18).
From cinemicrographs (Fig. 3 in Swan [4]) typical

values of the geometrical parameters of the organism
were estimated. These are summarized in Table 1.
Unless otherwise specified, all parameters are main-
tained constant at their default values as given in this

Ramia Numerical Model for the Locomotion of Spirilla 1061Ramia Numerical Model for the Locomotion of Spirilia 1061



TABLE 1 Typical dimensions of modeled cells

Parameter Description Default value

ak Dimensionless body helix wavenumber 0.500
NA Number of wavelengths in body helix 1.200
y Flagellar cone half angle 60.00
(if /1) Flagellar length to body length ratio 0.500
(a /1) Body radius to body length ratio 0.045
(af/a) Flagellar radius to body radius ratio 0.200

Unless otherwise specified, all dimensions are as given in this table.

table. The range through which these parameters were
varied was determined with the aid of existing models
(CWW and MS). The organism geometries representa-
tive of either extreme of the considered range are shown
in parts d and e of Figs. 7-14.

cell body about this point, and u() is the velocity at the
centroid of element n whose position is denoted by x(n).
In all cases (i.e., for leading, trailing, and bipolar spirilla)
x(n) is taken relative to the (x, y, z) axes (as defined in
Fig. 1). For bipolar spirilla this is made possible by
replacing U with U1 = U + (CA x Ql)(where (C-5 repre-
sents the displacement vector joining the points C and
B) for elements on the leading flagellum. Here, w is the
known angular velocity of the flagellum relative to the
cell body about the z-axis (i.e., w = [0, 0, w]). Due to the
Newtonian (i.e., linear) nature of the fluid, tractions
(and consequently forces, moments, swimming veloci-
ties, etc.) are directly proportional to w and the fluid
viscosity '. Hence they are each assigned a value of 1 for
all calculations and are used as normalizing factors.

Equilibrium requires that the net force and moment
on the organism must vanish. Thus,

3. BOUNDARY ELEMENT METHOD

It is generally accepted that the fluid mechanics associ-
ated with the swimming of microorganisms is governed
by the Stokes equations (3). Here, the fluid is assumed to
be Newtonian, incompressible, inertialess, and highly
viscous. The boundary-integral formulation for this so-
called Stokes flow problem has been well documented
(19, 20) and will not be discussed here. For a body
discretized into N constant boundary elements, the
boundary traction vector t (i.e., the force acting on a
given element divided by the surface area of that
element) may be related to the velocity boundary condi-
tions u via the expression (20)

Hu = Gt. (10)

Where, H and G are known 3N x 3N matrices depend-
ing only on the geometry of the boundary. Here, the
velocity and traction vectors (each of dimension 3N) are
arranged such that u1, U2 u3 are the vector components
of the constant velocity u(t) at element 1, tl, t2, t3 are the
vector components of the constant traction t) at ele-
ment 1, U4, U59 U6 are the vector components of the
constant velocity u(2) at element 2, etc.
Under steady-state swimming conditions, the velocity

field at the boundary is given by (3)

u(n) = U + (Q + hw) X x(n)
h = O for elements on the cell body,
h = 1 for elements on the flagellum,J (11)

where U is the total linear velocity of the cell body!
flagellar joining point C, 0) is the angular velocity of the

N N

S"t(n) = 0, , SntX() X t(n) = O
n ~~~~nlI (12)

where S,, is the area of element n and t n) is the traction
vector of this element. Substitution for the tractions
(from Eq. 10) and velocities (from Eq. 11) in Eq. 12
results in six scalar equations for which the six unknown
components of U and 0 can be solved. An alternative
method whereby U and may be determined from Eq.
10 and the associated equilibrium conditions has also
been considered by Ramia and Tullock (21).
The total instantaneous power P, dissipated by the

organism in swimming is given by

N

Pt = z Snt(n) . U(n)
n-I

(13)

The power dissipated by the cell body Pc or by the
flagellum Pf may also be calculated by replacing the
summation limits in Eq. 13 with the appropriate element
ranges. The typical errors (in U, Q, and P, as predicted
by Eqs. 10-13) introduced by discretizing the organism's
outer surface into N boundary elements are discussed in
Appendix 1.
The instantaneous linear velocity U has been consid-

ered, by CWW and MS, in normalized form as kU/w,
where k = 2'/ni is the wavenumber of the cell body
helix. Similarly, the angular velocity Q is normalized as
Q/w. Fig. 4 shows the present Boundary Element predic-
tions of these normalized quantities at 16 values of the
flagellar phase angle 0 for a unipolar trailing cell with
the typical dimensions of Table 1.

It is immediately apparent that, for this organism of
typical dimensions and geometry, the radial components
of linear velocity and angular velocity vary appreciably
with the flagellar phase angle through a given cycle. A

sa n m N e1 062 Biophysical Journal Volume 60 November 1991



90 180 270

(a)

0.4 -

0.2 -

0 -,

-0.2 -

360 90 180 270 360
(b)

FIGURE 4 Graphs of normalized (a) linear and (b) angular velocity components kU/w and fl/fl, respectively, vs. flagellar phase angle 0 (deg).

similar trend is also observed for the normalized power
which, for the purposes of the present section, is given as

kP/Iq(aw)2. This could only be due to the dependence of
the cell body/flagellar hydrodynamic interaction on the
flagellar orientation and is a direct consequence of the
asymmetry of the cell body. At a given instant in the
cycle, the major part of the flagellum could be at its
furthest distance from the cell body, at which point this
interaction would be minimal whilst at some other
instant in the cycle the opposite situation may exist.
These variations were not exhibited by the RFT model
of CWW because their approach inherently neglects
such hydrodynamic interactions.
The variations of linear velocity, angular velocity, and

power with time may be modeled by a sinusoidal
function of mean S, amplitude D, and phase lag 4). This
could take the form Sx + DX sin (wt - 4)x) (for the x

component of linear velocity, for example) with wt
replacing 0 and t representing time. It is found that a
least squares fit of this function with the points of Fig. 4
approximates these variations, typically to within 0.5%.

In Table 2, the values of the parameters S, D, and
resulting from the consideration of eight instants per
flagellar cycle are compared with those of 16 instants.
The largest errors are 7.37% and 9.84%, for the parame-
ter 4). These errors may be considered tolerable be-
cause they both relate to waveforms whose amplitudes
are small compared with their means. The only remain-
ing appreciable error is that of 2.01% for the normalized
sinusoidal mean of St,. This may also be overlooked as it
reduces to 0.08% when the magnitude (which is of
primary interest here) of the angular velocity vector is
considered. It is then concluded that the use of eight
instants (per flagellar cycle) may safely be adopted for
all subsequent calculations as it yields sufficient accuracy
in modeling the variation of velocity, angular velocity,
and power with flagellar phase angle (or time).

4. KINEMATICS

Let rf(t) represent any position vector in the flagellar
fixed (x, y, z) frame (i.e., fixed with respect to the
flagellum and will hereafter be referred to as the
flagellar frame), and Rf(t) be this vector referred to the
globally fixed (X, Y, Z) frame (see Fig. 5) at a given time
t. The tranformation from rf(t) to Rf(t) consists of a
translation by R (t) and a rotation by A-l(t) (15):

Rjrf(t), t] = Rc(t) + A-'(t)rf(t),

dRt) = A-(t)U(t)
dt

(14)

where U(t) is the linear velocity of the flagellar frame
defined by the instantaneous swimming velocity (such as

that depicted in Fig. 4 a whose components vary sinusoi-
dally with time) and A-l(t) is a 3 x 3 rotation matrix
which may be expressed in terms of the Euler angles
up(t), 0(t), and T(t) (Eq. 4-47 of Goldstein [22]) as

cos T cos p - cos e sin (p sin T

A-' = cos T sin p + cos 0 cos p sin T
sin e sin T

- sin T cos up - cos e sin sp cos T sin e sin up
- sinTsinqp - cos0cos pcos T - sin cos

sin 0 cos T cos I
(15)

Furthermore, these angles are in turn related to the
absolute angular velocity of the flagellar frameW via the
expression (eq. 4-47 of Goldstein [22])

W = (4 sinb sin T + 4 cos T,

upsinOcosT- sinT, pcosO+). (16)

Rearranging, and replacingW with Q + w results in the

Ramia Numerical Model for the Locomotion of Spirilla 1063

0.

-0.

5

+5*

+ kU,,/w * kU,,/w * kU./w

Il

-I i

Pe

I 1--,

+ nx/(,j * flt,/w a fl-./w
c

Ramia Numerical Model for the Locomotion of Spirilla 1 063



TABLE 2 Calculated mean, amplitude, and phase lags for the
sinusoldal functions approximating the variation of velocity,
angular velocity, and power dissipation with time (for a
unipolar trailing Spirillum with the dimensions of Table 1)

Calculated values (8 points) % errors
kU n kP kU Q kP

Quantity X w Ti(apo)2 ) w *OV2

Sinusoidal mean
S. 0.03116 0.0077 0.7870 1.31 0.74 0.59
SY 0.09716 0.0063 1.0969 0.67 2.01 0.46
S, -0.05315 0.3615 1.8839 0.71 0.08 0.53

Sinusoidal amplitude
D. 0.4263 0.08819 0.1202 0.33 0.20 0.50
Dy 0.4353 0.08761 0.2476 0.07 0.82 0.20
Dz: 0.0238 0.02643 0.3682 0.95 0.75 0.24

Sinusoidal phase lag
76.0 164.0 195.0 0.00 0.00 0.97

r~Y 180.0 76.0 194.0 0.00 0.00 0.51
-76.0 50.0 195.0 7.37 9.84 1.02

Magnitude S = (Sx + S+ 52)I2
S 0.1150 0.3616 - 0.70 0.08

Note, the power components are those of the cell body, flagellar, and
total power dissipations, respectively.

set of first order ordinary differential equations

* Isin T/sin e cos T /sin e O f|ix
(e) = (cos t - sin T ) (1 ) (17)

-cotOsintT cotOsinT 1 flz + X

where fQ is typically a sinusoidal function of time (see
Fig. 4 for example).
The numerical solution of these equations, with appro-

priate initial conditions (presently a fourth order Runge-
Kutter scheme is employed to yield a solution which has
converged to within 0.5%) for the Euler angles specifies

the rotation matrix of Eq. 15 giving the trajectory of the
point C and any point in the flagellar frame Rf from Eqs.
14.
Any position vector r in the body frame (i.e., a frame

at rest with respect to the cell body) rotates with an
angular velocity - = (0, 0, -w) relative to the flagellar
frame. When referred to the flagellar frame such a
vector is given by

rf = [r, cos (4i - wt], rL sin [ - wt], r.),

ta n'1 (18)

where r.(O) and r,(0) are the initial values of the x and y
components of r at t = 0, respectively, and r = ,+Wis its
radial component (i.e., the component normal to the
z-axis). This may in turn be referred to the globally fixed
frame via the first of Eqs. 14 giving the trajectory of any
point in the body frame, and specifically, of any point on
the cell body surface.
Although Keller and Rubinow (15) considered the

kinematics of the simpler axisymmetric cell bodied
organism, their results bear qualitative relevance to the
present study. In particular, the trajectory of the point C
describes a helix about the axis of propagation (namely
the Z-axis). Furthermore, the z-axis defines a constant
angle with the Z-axis and precesses about it with a
constant angular velocity depicting (in a frame at rest
with respect to the point C) a cone of precession (i.e., a
conical surface of revolution). Hence, without prior
knowledge of the angle of precession, it is not possible to
select a suitable set of initial conditions to ensure that
the direction of propagation lies along the Z-axis.

It is necessary to assign a nonzero initial value to the
Euler angle e because thex andz components of Eqs. 17
are both singular at e = 0. Presently, for the parameters
considered in Eqs. 17 the solution for 0(t) as a function
of time rarely varies by more than 200 (which is evident
by the results of Figs. 7-14). Hence, the initial value
O(0) = 900 ensures that this angle does not venture to
the vicinity of 00. The initial conditions associated with
the remaining Euler angles, however, are not subject
to any such constraint and are both set to zero. Thus,
up(O) = T(0) = (0) and O(0) = 900.
The unit vector along the axis of propagation n =

(ox, jy, Pz) (referred to the fixed frame) is given by

T k,^
n = (kx, ky, kz)dt, (19)

where (kx, ky, kz) represent the instantaneous direction
cosines of the z-axis and are given by the respective
elements of the third column in the transformation
matrix A-'. The upper limit of integration T represents a
time duration which must be significantly larger than
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FIGURE 5 Definition of the variables and axes associated with the
modeling of swimming kinematics.
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and an exact multiple of the flagellar period 2r (here, period (set
T = 16wr for all calculations). All such axes of propaga- displaceme
tion together with their associated trajectories and cones time). Hen
of precession are successively rotated through the angle number of
(- cos-' ,3Z) about the Z-axis and then through matically c

[rr - tan-' (P,/Ix)] about the Y-axis, such that the organism ir
resulting swimming direction is consistently aligned with however, ti
the negative Z-axis. This has the effect of simplifying the sufficient si
resolution of displacements into two components, namely small comp,
those parallel to the axis of propagation and those
perpendicular to it (as considered in Fig. 6).

Close examination of the many trajectories for organ- 5. RESUL
isms of various geometries (such as in Figs. 6, a and b),
reveals that they may generally be rationalized via minor The above
refinements of the results of Keller and Rubinow (15). mean angu
Both the angle of precession p and the helical amplitude Q/a1, respe(
q, of the trajectory of C vary periodically with each dimensionlh
flagellar cycle (see Fig. 6 c where these are plotted in 1) in parts a
normalized form as functions of the normalized axial Higdon (
displacement qa/af). Geometrically, the cylinder de- P, with resi
fining the helical trajectory is replaced by the annular lating the c
volume of two coaxial cylinders within which the point C 6(ra U2 WI
is confined to move. Similarly (in a frame at rest with cal cell bc
respect to the point C), the z-axis is confined to move P, /6inia u2
within a conical shell of diminishing thickness as its hydrodynan
apex. the minimu
The time variation of the axial velocity ua describes a swimming s]

waveform whose period equals that of the flagellar Although

Y

lZ~~~~~

e Fig. 6 d where both the normalized axial
nt and velocity are plotted as functions of
ce, the mean of this waveform for an integral
flagellar cycles (here 8) represents the kine-
lefined mean swimming speed U for the
n question. For the mean angular velocity Q1,
he sinusoidal mean definition of Table 2 is
ince its radial x and y components are both
aredwith the axialz component (see Fig. 4 b).

.TS

mentioned mean swimming speed U and
lar velocity fQ are normalized to kU/l and
ctively. These are shown as functions of the
ess geometrical parameters (defined in Table
z of Figs. 7-14.
(17) normalized the total power dissipation
pect to the power consumed in rigidly trans-
cell body with a velocity U (this is given by
here a is the radius of the assumed spheri-
)dy). He argued that the resulting ratio
2may be used as a reciprocal measure of
nic efficiency as its minimum corresponds to
m power dissipated for a given square of the
;peed.
i an exact analytic expression for the power

X

(b)

(c) (qa/cl1f) (d) wt

DA .M . 1

FIGURE 6 (a) Sideview and (b) edgeview of the trajectory of the joining point C. (c) Graph of normalized radial displacement q,/af of the point C
and angle of precession p (deg) vs. normalized axial displacement q. /af. (d) Graph of normalized axial displacement q. /af and normalized axial
velocity ua /Aaf vs. dimensionless time wt (each representing eight flagellar cycles).
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needed to rigidly translate the helical cell body of a
spirillum is not possible, it is known that this power will
be proportional to U2. Hence an inverse hydrodynamic
efficiency (which was also employed by MS) may be
defined as

= kPt/,U2. (20)

This together with the normalized cell body and flagellar
power dissipations (kPF /'rU2 and kPff/qU2, respec-
tively) are plotted as functions of the geometrical param-
eters in parts b of Figs. 7-14.
The trajectories of the points B(BX, B, Bz) and

C(CX, Cy, Cz) are determined within the domain 0 <
t < T (where T = 16'r) for each of the organism geo-
metries considered. The radial displacements qB and qc
of these points from the axis of propagation are given by

qB==JBX+By and qc= C + C. (21)

A radial displacement is defined to be the mean of the
quantity (qB + qc)/2 within the domain considered, hence

=I 'Ia 2 'Ic) dt. (22)

Similarly, a mean angle of precession is defined by

1T

p(t)dt. (23)

For the proposed ideal corkscrew motion (6) the mean
swimming speed U is given identically by the magnitude
of the constant instantaneous linear velocity U which
presumably has zero radial components. In addition,
this swimming speed must match the constant cell body
helical wave speed Q/k such that the cell body is pro-

pelled through the fluid without any "apparent wave
slippage" (23). Based on this mechanism alone, every
part of the cell body would always be moving in a
direction tangential to its helical centerline. The hydro-
dynamic resistance to this type of tangential motion is
approximately between 0.5 and 0.7 times smaller than
the resistance to normal motions (6). Such normal mo-
tions are introduced by the nonzero radial components
of linear and angular velocity and are reflected by the
deviation from the conditions (/oa) = 1 and p = 0.
Hence,

Ink |1 -() (24)

may be considered to be an inverse kinematic efficiency
because the extent of its deviation from the minimum
value of zero is indicative of the digression from the
ideal corkscrew swimming motion. A similar interpreta-
tion follows for the normalized mean precession angle

jla which along with Xq kj are shown as functions of the
geometrical parameters in parts c of Figs. 7-14.

Consider the point rf = (0, 0, 1) on the z-axis in the
flagellar frame and let RC = 0 (for all t) whereby Eqs. 14
give the trajectory of this point in a frame rotating but
not translating with the flagellar frame. The maximum
radial displacement of any point on this trajectory
defines the sine of the maximum angle of precession Pm.
A cone having an axis aligned with the Z direction and
an apex angle of 2pm is referred to as the the cone of
precession. In addition, a cylinder whose surface con-
tains the cell body helical centerline is considered to be
the body cylinder (see Fig. 8 d). Typical trajectories ofB
and C, superimposed on the associated body cylinders
and cones of precession are shown in parts f and g of
Figs. 7-14.

5.1. Unipolar trailing spirilla
Fig. 7 shows the results relating to variations in the
number of cell body wavelengths NA. For very small
values of this parameter (-0.1) the cell body is nearly
axisymmetric and offers minimal resistance to rotation.
AsNAincreases, however (to 1), the cell body tends to

deviate slightly from this condition leading to a decrease
in Q/w. Here, the exceedingly large precession angles
are due to the insufficient number of cell body wave-
lengths rendering the corkscrew mechanism ineffective
(see Fig. 7f). This together with the increase in the
normalizing factor k give rise to the initial inverse
relationship between kU/w and Q/w. Beyond this point,
the associated decrease in cell body amplitude (compare
Fig. 7 d to Fig. 7 e) reduces its resistance to rotation, and
an approach of the direction of this rotation to that of
the cell body axis (compare Fig. 7f to Fig. 7g). Hence,
the slow but consistent increase in fl/w. The relatively
small values of p (for NA > 1) are further evidence of the
effectiveness of the corkscrew mechanism whereby
kU/w increases directly with fQ/o.
The graph showing the inverse hydrodynamic effi-

ciency in Fig. 7 b exhibits no optimum with the organ-
isms having fewer cell body wavelengths (i.e., NA small)
being more hydrodynamically efficient. On the other
hand, is acceptably small for NA > 1 whilst experimen-
tal observations lie predominantly in the range 2 2
NA2 1.
The inverse kinematic efficiency -'rk oscillates wildly

between low and high values as the number of cell body
wavelengths NA varies through the given range (hence
the lack of smoothness in the graphs of kU/,flQ/ and
power dissipation components shown in Figs. 7 a and b.
This is almost certainly due to the relative angular
positions of the points B and C when viewed along the
cell body axis. For an exact number of cell body wave-
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FIGURE 7 (a) Graph of normalized mean swimming speed kU/w and normalized mean angular velocity fl/w vs. the number of cell-body
wavelengths NA for unipolar trailing spirilla. (b) Graph of normalized mean power dissipation components kPI/r U2 (with P representing the
cell-body power PF, the flagellar power Pf, or the total power dissipation F,) vs. the number of cell-body wavelengths N. (c) Graph of inverse
kinematic efficiency q I' and the mean angle of precession p vs. the number of cell-body wavelengths N. (d and e) Boundary element meshes for
organisms with parameter values NA = 0.5 and NA = 3 (shown as * on the graph of part c), respectively. (fand g) trajectories (representing eight
flagellar cycles) of the leading point B and joining point C superimposed on the body cylinder and cone of precession (viewed at 300 to the plane of
the page) for the organisms shown in d and e, respectively.

lengths, B and C coincide (in this view) and any slight
rigid-body rotation of the cell body axis relative to the
Z-axis is in one case additive to and the other subtractive
from the quantity (qB + q,)/2. This is not the case for
fractional number of wavelengths and in particular for

halfwavelengths (i.e., 1/2, 11/2, 21/2 ... .), where these points
are at opposite ends of the body cylinder's cross-section.
Hence, it appears that these two cases define the
respective lower and upper bounds on q and conse-

quently on -j .
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Fig. 8 shows the results relating to variations in the
normalized cell body radius all. As this parameter
increases (other parameters remaining constant) both
the cell body and flagellar radii increase proportionately
whilst their centerline geometries remain unaltered
(compare Fig. 8 d-e). Here, the flagellar torque in-
creases with the flagellar radius, but this effect is grossly
overshadowed by the quicker increase of the cell-body
rotational inertia with the cell-body radius. Hence, Qk/w
and consequently kU/l (as a result of the corkscrew
mechanism) decrease with a/l. The opposite is the case

for the inverse hydrodynamic efficiency (Fig. 8 b) where
more power is dissipated in rotating and propelling the
thicker cell bodies and flagella. Both these trends are in
agreement with the results ofCWW where it is reported
that organisms with thin cell bodies swim more effi-
ciently than those with thicker cell bodies. The inverse
kinematic efficiency and the mean precession angle vary
negligibly with a/l throughout the considered range
reflecting the fact that the kinematics depend primarily
on the centerline geometries.

Fig. 9 shows the results relating to variations in the
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FIGURE 8 (a-c) Results as in Fig. 7 with the quantities plotted against the normalized cell-body radius (a/l). (d-e and f-g) Boundary element
meshes and the corresponding trajectories for organisms with the parameter values (a/1) = 0.01 and (a/i) = 0.1 (shown as * on the graph of part c),
respectively. The body cylinder defining the cell-body helix (viewed at 300 to the plane of the page) is also shown superposed on the mesh of part d.
(Shown as * on the graph of part c.)
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FIGURE 9 (a-c) Results as in Fig. 7 with the quantities plotted against the normalized flagellar radius afla. (d-e and f-g) Boundary element
meshes and the corresponding trajectories for organisms with the parameter values (af/a) = 0.05 and (af/a) = 1. (Shown as * on the graph of part
c.)

normalized flagellar radius afla. Here, there is an

increase in the flagellar torque with af but due to the
associated increase in flagellar resistance to counter
rotation, only a slow increase in the mean angular
velocity results. Initially, kU/w increases with fQ/w in
accordance with the corkscrew mechanism. But, this is
progressively offset by the flagellar drag and the cell-
body/flagellar hydrodynamic interaction, both being
more prominent for thicker flagella.
The normalized cell body power kPF /rIU2 increases

with afla whilst Q1/w rises and the normalizing factor U
remains essentially constant (see Fig. 9 b). The tendency

for the increase in the flagellar power kPf frqU2, how-
ever, is negated by the reduction in the apparent (i.e.,
absolute) flagellar angular velocity fl + w (with these
angular velocities having opposite senses). Hence, the
net effect is a slow but consistant increase in the total
normalized power dissipation (i.e., -j- 1).

Fig. 9 c shows that both the inverse kinematic efficiency
Inkl and the precession angle p are effectively insensitive
to variations in af la. This and other results conveyed in
this figure (Fig. 9) are analogous to those of Higdon (17)
and Phan-Thien et al. (3), where it is reported that the
swimming speed and hydrodynamic efficiency of a spher-
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ically cell bodied microorganism are not heavily depen-
dent on the flagellar radius.

Fig. 10 shows the results relating to variations in the
normalized flagellar length If/I (where I is the cell body
length). The flagellar amplitude af increases with its
length If (compare Fig. 10 d to Fig. 10 e) and its torque
increases with each of these independently. As a result,
fQI/ and consequently (due to the abovementioned
corkscrew mechanism) kU/w rise rapidly throughout the
considered range. For very low values of this parameter

(i.e., < 0.3) the absolute flagellar angular velocity Q + w
is close to w (because fQ is close to zero) and the
flagellum dissipates marginally more power than the
essentially stagnant cell body. To a much lesser extent,
the opposite is the case for very large flagella
([If/l] > 0.6), but the overall effect is a consistent de-
crease in total power dissipation (i.e.,-q-1). Hence, it
would appear that the benefits represented by the steep
rise in U and Q grossly outweigh the increase in the
power consumption associated with the rotation of

_-

I % I %==
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FIGURE 10 (a-c) Results as in Fig. 7 with the quantities plotted against the normalized flagellar length lf /i. (d-e and f-g) Boundary element
meshes and the corresponding trajectories for organisms with the parameter values (If 1i) = 0.3 and (If /1) = 1 (shown as * on the graph of part c)
respectively.
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longer flagella. This is in agreement with the correspond-
ing results of MS where a straight flagellar centerline
geometry was employed. This implies that in examining
the hydrodynamic swimming efficiency of S. volutans the
flagellar length is a prominent consideration whilst its
centerline geometry (for a given appropriately defined
cone angle -y) is relatively insignificant. However, the
hydrodynamically predicted optimum of (If/i) = 1 is
unrealistically high because such long flagella would
tend to assume a helical shape similar to those of the
spherically cell bodied microorganism considered by
Higdon (17) and Phan-Thien et al. (3).
Lower values of lf /i lead to trajectories such as in Fig.

lOf where the mean radial displacements are substan-
tially smaller than the cell-body amplitudes, whilst for
higher values the opposite is true (see Fig. lOg). Both
these trajectories result in large values of inverse kine-
matic efficiencies -k A kinematic optimum exists in the
middle of the considered range near the typically realis-
tic value (If /1) = 0.5, where q l' is a minimum and the
swimming motion best resembles that of the corkscrew
mechanism.

Fig. 11 shows the results relating to variations in the
normalized cell body wavenumber ak. Initially, the
axisymmetric cell body of zero amplitude offers minimal
resistance to rotation. As it grows in amplitude, the cell
body then deviates from this symmetry and increases its
resistance to rotation leading to a decrease in angular
velocity. Here, the linear velocity increases steadily
despite the decrease in angular velocity. This is primarily
due to the consistent increase in the normalizing factor k
being more prominent than the substantially slower
decrease in Q. For lower values of a/k (i.e., < 0.4), this is
further enhanced by the extremely small cell body
amplitudes rendering the corkscrew mechanism ineffec-
tive.
The inverse hydrodynamic efficiency decreases drasti-

cally from an originally large value (at ak = 0) to its
minimum near ak = 0.6 reflecting the contrast between
the initial nonexistence and sudden predominance of
the corkscrew mechanism. This is further portrayed by
the sharply defined minimum value of inverse kinematic
efficiency mnk near ack = 0.5. With the growth of the
amplitude a, the flagellum recedes from the cell body
axis and the flagellar torque is progressively made to act
further away from this axis resulting in a consistant
increase in precession angle. This, together with the
associated increase in the resistance to rotation of the
cell body and to counter rotation of the flagellum lead to
the steady increase in -rj-j for ak > 0.6. An extreme
example of the combined effect of these factors may be
seen in Fig. 11 g where for some instants the precession
angle is large enough to cause a backward movement of

the leading point B. Hence, it is apparent that the
kinematic optimum near ak = 0.5 is in the same vicinity
as its independently predicted hydrodynamic optimum,
which lies well within the range of experimental observa-
tions of efficiently swimming spirilla.

In CWW an alternative definition of hydrodynamic
efficiency was considered, namely P, /PP, to conclude that
the axisymmetric case ak = 0 is optimal. Based on this
definition, their conclusion is also in agreement with that
of the present study.

Fig. 12 shows the results relating to variations in the
flagellar cone angle -y for unipolar trailing spirilla. An
increase in -y (whilst the length If remains constant)
results in a growing flagellar amplitude (see Fig. 3 and
compare Fig. 12 d to Fig. 12 e). The flagellar torque and
consequently Qi/w increase consistently throughout the
considered range. Initially, the swimming speed also
increases (via the corkscrew mechanism) whilst the total
normalized power decreases. However, these trends are
eventually halted (in the vicinity of y = 550) and re-
versed by the flagellar contribution to drag becoming
more prominent. It may be argued that this is due to the
resistance to normal motion of a slender body being
much larger than that to tangential motion. Namely, for
larger -y the flagellum is subjected to a proportionately
greater component of motion normal to its centerline.
The precession angle increases slowly but consis-

tantly with -y throughout the considered range. This
trend is similar to those of Figs. 9 c and 10 c which may
be rationalized to be a consequence of the increasing
flagellar torque. The inverse kinematic efficiency has a
minimum at -y = 750 but, for this value -p is quite large.
Hence, there exists no clearly defined kinematic opti-
mum for this parameter. On the other hand, a hydrody-
namic optimum exists in the proximity of y = 550 where
the independent conditions of maximum swimming
speed and minimum normalized power (i.e., minimum
InH) hold simultaneously.

5.2. Unipolar leading spirilla
Fig. 13 shows the results relating to variations in the
flagellar cone angle -y for unipolar leading spirilla. The
general trends for mean angular velocity, mean swim-
ming speed, and normalized power dissipations are

similar to those of trailing spirilla (shown in Fig. 12) with
both the maximum velocity and minimum power occur-
ring near -y = 500. Here, however, cone angles < 300 may
not be investigated as the flagellum will come into
contact with the cell body at some part of its rotation
cycle. Furthermore, for y < 600 both k/Ul/ and Ql/ w are

higher than those of the trailing case. This may be due to
the amplitudes of leading flagella being greater than
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FIGURE 11 (a-c) Results as in Fig. 7 with the quantities plotted against the normalized cell-bodywavenumber ak. (d-e andf-g) Boundary element
meshes and the corresponding trajectories for organisms with the parameter values ak = 0 and ak = 3 (shown as * on the graph of part c),
respectively.

those of trailing flagella (as illustrated in Fig. 3) whereby
larger flagellar torques may be induced. The converse is
true for -y > 600 which contributes to a more severe drop
in velocities and a steeper rise in inverse hydrodynamic
efficiency.
Although a kinematic optimum is apparent at -y = 600

both the precession angle and inverse kinematic effi-
ciency vary negligibly with this parameter which is
indicative of the stability of the leading flagellar configu-
ration. This is further reflected by the slightly higher

peak swimming speed of -0.06 compared with that of
0.055 in Fig. 12.
The conclusions drawn from the results of Figs. 12 and

13 differ from those of MS where a hydrodynamic
optimum near y = 90° is reported. This could only be
accounted for by the differences in modeling the flagellar
centerline geometry. From observations (4) it appears
that upon reversing direction, the organism initially
accelerates from rest with a flagellum which has a cone

angle of almost 900 and a centerline geometry resem-
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FIGURE 12 (a-c) Results as in Fig. 7 with the quantities plotted against the flagellar cone angle X. (d-e andf-g) Boundary element meshes and the
corresponding trajectories for organisms with the parameter values y = 300 and y = 85° (shown as * on the graph of part c), respectively.

bling that of a straight line. The viscous drag forces
progressively bend the flagellum back in the axial direc-
tion and (with an opposite angular sense to its rotation)
in the circumferential direction thereby reducing the
cone angle and greatly distorting the flagellar geometry.
Hence, whilst accelerating the flagellar centerline geom-
etry is a function of time and the rotation frequency X
(which in turn varies with time). Under the equilibrium
conditions of swimming with constant speed and con-

stant angular velocity considered here, on the other
hand, there exists a steady-state geometry of the fla-
gellum and an associated constant cone angle of 60°
(see Fig. 3).

5.3. Bipolar spirilla

Fig. 14 shows the results relating to variations in the
relative flagellar phase angle (i.e., the phase angle of the
leading flagellum relative to the trailing flagellum) AO
for a bipolar cell with (If /1) = 0.3, N, = 2.0, (a/i) =

0.027 and all other parameters as specified in Table 1. It
is apparent that the angular velocity varies negligibly
throughout the range considered. This reflects the
minimal dependence of the combined torque of the two

flagella on their relative orientation. The varying extent
of flagellar/cell body hydrodynamic interaction leads to
the appreciable variations in the mean swimming speed
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FIGURE 13 (a-c) As for Fig. 7, except relating to unipolar leading spirilla, with the quantities plotted against the flagellar cone angle -y. (d-e and
f-g) Boundary element meshes and the corresponding trajectories for organisms with the parameter values -y = 300 and Y = 800 (shown as * on the
graph of part c), respectively.

and normalized power dissipation components. The
peak normalized swimming speed of nearly 0.08 for this
organism with a substantially longer cell body (- 70%
longer than the unipolar cell) compares favorably to the
corresponding velocity of the unipolar leading cell of

0.06 (which in turn is slightly higher than that of the

unipolar trailing cell). A clearly defined hydrodynamic
optimum exists near AO = 900 where the velocity is a
maximum and the total normalized power q-' is a
minimum.
The mean precession angle p is generally smaller than

that of the corresponding unipolar cell. The implications
of this may best be appreciated by noting that the
trajectories of Figs. 14,f and g bear a much greater

resemblance to the ideal corkscrew motion than those of
the most kinematically efficient unipolar spirilla shown
in Figs. 9f and 13f. An irregular spike appears in the
inverse kinematic efficiency at AO = 135° which is
associated with a complete and sudden change in the
geometrical pattern of the trajectory. However, the
effect of this change subsides when the mean quantity p
is considered. Both p and q'1 are a minimum near AO =

00 describing the kinematically optimum condition of the
two flagella rotating with the same phase angle. Hence,
it may be concluded that to maintain AO at some
appropriate optimum value and maintain a steady-state
swimming trajectory (i.e., avoid any sudden changes
such as those at AO = 1350) both flagella must rotate
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FIGURE 14 (a-c) Results as in Fig. 7 with the quantities plotted against the relative flagellar phase angle AO for bipolar spirilla. (d-e and f-g)
Boundary element meshes and the corresponding trajectories for organisms with the parameter values AO = 00 and AO = 1800 (shown as * on the
graph of part c), respectively.

with the same angular frequency. This conclusion is in
agreement with the observations of Winet and Keller
(13).

5.4. Comparison with previous
models and observations
A comparison of the present BEM predictions of the
mean swimming speed and mean angular velocity with
those of experimental observations, RFT of CWW and
SBT of MS for the typically realistic unipolar trailing
and leading cells (specified in Table 1) is as shown in
Table 3.
Swan (4) observed each of 6 unipolar cells (of typical

but varying dimensions) for at least 4 and up to 12
flagellar cycles whilst swimming in a trailing configura-
tion. For each cell kUIw and Qi/w were measured (and

calculated) for a period representing an exact number of
flagellar cycles. The same procedure was carried out on
the same six cells whilst swimming in a leading configura-
tion. The averages and standard deviations of the
resulting normalized mean swimming speeds and normal-
ized mean angular velocities are given in Table 3.

In addition to these results, MS illustrated the extent
of pitching and yawing (i.e., precession) via tracings of
such a cell at three instants separated by given constant
time intervals (their Fig. 1). A direct comparison of this
with the present predictions of precession angles is not
feasible without knowledge of the flagellar rotation
frequency w and a greater, more representative, number
of tracings per flagellar cycle.
The sinusoidal definition of the normalized mean

swimming speed kU/w assumes the mean of the instan-
taneous velocities, for a given flagellar cycle, is aligned
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TABLE 3 Comparison of predicted mean swimming speeds with angular velocities (for a unipolar trailing Spirillum with the dimensions of
table 1) with those of previous models and experimental observations.

Unipolar trailing spirilla

Values as predicted by the models or observed by experiment Percentage error

Quantity kUl/w w/w kU/lo ?T/c

RFT (CWW) 0.0933 0.2910 82.9 25.4
SBT (MS) 0.0279 0.1120 45.3 71.3
BEM (Sinusoidal mean def.) 0.1149 0.3616 125.3 7.6
BEM (Kinematic def.) 0.0540 5.8
Experimental observations (4) 0.051 + 0.011 0.39 ± 0.16

Unipolar leading spirilla
RFT (CWW) 0.0933 0.2910 117.0 51.5
SBT (MS) 0.0279 0.1120 35.1 81.3
BEM (Sinusoidal mean def.) 0.1618 0.4305 276.3 28.25
BEM (Kinematic def.) 0.0527 22.5
Experimental observations (4) 0.043 ± 0.019 0.60 ± 0.10

with the axis of the cell body. It was shown that this axis
(which is always parallel to the z-axis) consistently
defines a finite angle of precession with the axis of
propagation (Z-axis) throughout the swimming motion.
For this reason, the sinusoidal mean definition leads to
gross over estimates of the mean swimming speed.
Hence, it would appear that applying kinematics to the
results of the SBT model of MS would serve to further
magnify their discrepancy with experimental observa-
tions.

It is apparent that whilst both the RFT and the SBT
models are based on simplified organism geometries,
they do give a reasonable order of magnitude estimate of
the experimentally observed mean swimming speed and
angular velocity. The present BEM model yields a

substantially better estimate of these quantities, but only
when coupled with the relevant kinematic consider-
ations.

ganism must have a cell body with an amplitude and
wavenumber such that ak = 0.6. Its flagellum is to be of
similar length to the cell body and rotate about the
relevant axis to define a somewhat conical surface of
revolution with an approximate half cone angle of 55°.
Furthermore, both the cell body and flagellum must be
as slender as possible. Although kinematic consider-
ations lead to similar conclusions, they furnish the added
constraints of NA > 1 and If/i - 0.5. This serves to
correct the somewhat erroneous hydrodynamically de-
duced optima and validate the proposed ideal corkscrew
mechanism.

Generally, the default values, which are based on
typical estimates from cinemicrographs, vary negligibly
from their corresponding numberically estimated op-
tima. The only exceptions being the cell body and
flagellar radii which may seemingly be subject to more
prominent biophysical constraints.

6. CONCLUSION
In summary, it is concluded that the Boundary Element
Method can successfully be applied to model the locomo-
tion of spirilla and indeed of microorganisms generally.
Unlike previous approaches such as Resistive Force
Theory and Slender Body Theory, this method is not
restricted to slender bodies, hence allowing the consider-
ation of realistic organism geometries. However, averag-
ing the BEM predicted instantaneous linear velocities
throughout a given cycle proves to be insufficient as it
leads to a consistently gross overestimate of the mean
swimming speed. The necessary application of kinemat-
ics yields a substantially more realistic definition of this
speed and a quantitative measure of pitching and yawing
(i.e., precession).

Hydrodynamically, the optimum unipolar trailing or-

7. APPENDIX 1
Each point on the surface of the cell body is considered to lie on the
perimeter of a cross-sectional circle (centered about the centerline) of
given constant radius (except very near the ends where the radius
decreases sharply to zero). The length of the cell body is discretized
into nc segments, by considering a finite number of cross-sections,
which are in turn discretized into polygons of vc sides. These polygons
are then used to model the entire cell-body surface by a series of (for
example) hexagonal cylinders sealed at either end by a hexagonal
pyramid. Each of the six quadrilateral faces of the cylinders (not
necessarily flat) are further subdivided into two flat triangular bound-
ary elements. Similarly, nf segments and Vf sides are used in discretizing
the flagellum (parts d and e of Figs. 7-14 show some resulting
boundary element meshes). This results in N flat triangular boundary
elements given by

N = 2[v,(n, - 1) + mvf(nf - 1)], (25)

where m (the number of flagellar bundles) is assigned a value of 1 for
unipolar spirilla and 2 for bipolar spirilla (see also Ramia and Tullock
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TABLE Al Estimates of typical percentage errors In linear velocity, angular velocity, and power dissipation due to discretizatlon

Case and Case 1: N = 616 Case 2: N = 616 Case 3:N = 618 Case 4: N = 618
discretisation v, = 7,nc =14 vc = 9, nc = 28 vc = 9,nc = 20 vc = 9, nc = 20

scheme v, = 7,nf =32 vf= 5, nf = 14 vf= 6,nf 24 vf= 6, nf = 24

U. 0.01 0.60 0.06 0.90
UY 1.51 0.01 0.78 2.17
U. 0.37 0.16 1.85 0.44

U I 0.93 0.39 0.15 0.36

Cl, 0.36 0.04 0.19 0.09
0.00 0.23 0.10 0.21

flz 1.89 0.02 0.60 0.18

IfIl 1.87 1.55 0.60 0.19

Pt 2.23 3.14 3.43 5.20

[21] where a discretization of this organism into curved isoparametric
quadratic elements is considered).
Throughout most of the calculations carried out in the present

study, the following values were adopted:

vC = 7,nc = 14,vf = 5 and nf = 14 giving N = 312.

The only exceptions to these are unipolar trailing spirilla having in
excess of 1.5 cell-body wavelengths (i.e., NA > 1.5 in Fig. 7) and
bipolar spirilla (Fig. 14). In the former of these cases, n" is gradually
increased to 24 (see Fig. 7 e where NA = 3) to appropriately model the
increased curvature of the cell-body centerline. For the latter case,
however, a substantially different scheme is employed with:

Vc = 6,Cl= 18, Vf =5 and nf = 14 giving N= 464.

There are two major discretization errors. The first stems from the
approximation of a continuously curved surface by a finite number of
flat triangular faces. The second, however, results from the inaccuracy
of the constant boundary elements of high aspect ratios (i.e., elements
whose ratio of longest to shortest side is very large). Although both
contribute to error in all cases, the former of these effects is most
prominent for organisms with higher centerline curvature, and the
latter for the more slender organisms. To quantify the typical errors
involved, the instantaneously velocity U, angular velocity 0, and total
power dissipation P, were recalculated in four different cases (having a
zero flagellar phase angle) each with nearly twice the original number
of elements. The resulting percentage errors, normalized with respect
to U l, IQ l, and P1, respectively, are given in Table Al.
The most slender of the considered organisms is that depicted in

Fig. 8 d where all = 0.01. This is considered in the first three cases of
Table Al. In case 1, the extra boundary elements are utilized on the
flagellum, in case 2, they are utilized on the cell body, whilst in case 3,
they are evenly distributed throughout the entire organism. Amongst
these three cases, the errors in both the instantaneous linear and
angular velocities are consistently below 2%. The largest error in Pt, on
the other hand, is nearly 3.5%. This is to be expected as both U and 0
are determined from equilibrium considerations which primarily
involve a surface integral of the traction (Eq. 12) and, P, involves an
integral (over the same surface) of the dot product of traction and
velocity (Eq. 13). In the latter case, the intrinsic errors in both the
traction and velocity contribute to the error in the resulting integral. In
summary, these three cases illustrate that the errors introduced by
slender boundary elements (aspect ratios of nearly 20) are acceptably
small. This conclusion is also supported by the results of Phan-Thien et
al. (3) which were based on similar discretizations.

In case 4 of Table Al, the typical organism with the default
dimensions is considered. Here, the extra boundary elements are
evenly distributed throughout the entire organism. Similar errors to
those of the first three cases result for U and 0, whilst a larger error
results for P,. But again, the errors are generally acceptably small.
Of more importance are the typical errors involved in the mean

quantities considered in Figs. 7-14. These were determined for the
default organism by considering the eight instants per flagellar cycles
in case 4. The resulting errors are summarized here:

kU/o flIw'@1Hr 1k' P
1.03 0.14 6.60 0.27 1.20

With the exception of -q ' all of the above normalized quantities
depend primarily on Uz and E, (see reference 15 for example, where
the radial components Rk and ?Iwere assumed to be negligible
compared with IT,), both involving errors smaller than 2%. Hence the
relatively small errors in kU/w, EI/w, - ], and p. The inverse hydrody-
namic efficiency however (and other normalized power components)
involves the power dissipation with which a substantially larger error is
associated. The use of U2 as a normalizing factor is a further
contribution to the error. Albeit, the plots of rn-' vs. the various
geometrical parameters in Figs. 7-14 may safely be regarded as a
qualitative indication of swimming efficiency.
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