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Anomalous Diffusion Due to Obstacles: A Monte Carlo Study
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ABSTRACT

In normal lateral diffusion, the mean-square displacement of the diffusing species is proportional to time. But in

disordered systems anomalous diffusion may occur, in which the mean-square displacement is proportional to some other power
of time. In the presence of moderate concentrations of obstacles, diffusion is anomalous over short distances and normal over
long distances. Monte Carlo calculations are used to characterize anomalous diffusion for obstacle concentrations between zero
and the percolation threshold. As the obstacle concentration approaches the percolation threshold, diffusion becomes more
anomalous over longer distances; the anomalous diffusion exponent and the crossover length both increase. The crossover
length and time show whether anomalous diffusion can be observed in a given experiment.

INTRODUCTION

In unobstructed diffusion, the mean-square displacement of
the diffusing particle is proportional to time. This follows
directly from the solution to the classical diffusion equation.
But in disordered systems diffusion may be anomalous: the
mean-square displacement is proportional to a fractional
power of time not equal to one. A variety of mechanisms lead
to anomalous diffusion, involving broad distributions of
jump times, broad distributions of jump lengths, or strong
correlations in diffusive motion (Bouchaud and Georges,
1988; Bouchaud and Georges, 1990; Scher et al., 1991). For
diffusion in cell membranes the relevant mechanisms are
obstruction, which can produce strong correlations, and bind-
ing, which can produce a broad distribution of jump times.
Diffusion is hindered, and the mean-square displacement is
proportional to a fractional power of time less than one. Here
we consider only obstruction; later work will treat binding.

Single-particle tracking experiments have provided evi-
dence of anomalous diffusion of membrane proteins in cells
(Ghosh and Webb, 1990; Ghosh, 1991). The low-density
lipoprotein (LDL) receptor was labeled with a highly fluo-
rescent form of LDL. Computer-enhanced video microscopy
was used to track the trajectories of individual receptors
as they moved on the cell surface. The time resolution was
Y50 s and the spatial resolution was 30 nm. The mean-square
displacement was calculated by averaging within a single
trajectory. In some trajectories, a log-log plot of the mean-
square displacement as a function of time showed anomalous
diffusion, and transitions between anomalous and normal
diffusion were observed.

Anomalous diffusion may be observable in fluorescence
photobleaching recovery experiments as well (Brust-
Mascher et al., 1993). When anomalous diffusion occurs, the
probability density for a diffusing particle is not the usual
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Gaussian distribution, but a stretched exponential (Klafter
et al., 1992), so the form of the fluorescence recovery curve
changes. Nagle (1992) has shown for one-dimensional sys-
tems that long-time tails in the jump rate of the diffusing
species affect the shape of the photobleaching recovery
curve. If such a recovery curve is analyzed by conventional
means, the diffusion coefficient and the fractional recovery
depend on the measurement time. Long-time tails may result
from transient binding of the diffusing species to immobile
species, if the distribution of binding energies is wide
enough.

Anomalous diffusion has been studied in great detail in the
percolation literature (reviewed in Havlin and Ben-Avraham,
1987; Bunde and Havlin, 1991; Havlin and Bunde, 1991;
Stauffer and Aharony, 1992), but these results are restricted
to obstacle concentrations at or near the percolation thresh-
old. For biophysical applications, we need to consider a
wider range of obstacle concentrations, from unobstructed
diffusion to the percolation threshold. We shall examine
the distance and time over which anomalous diffusion oc-
curs and how large a deviation from normal diffusion oc-
curs. The key quantity in the analysis is the ratio of the
mean-square displacement (r?) to the time ¢. Earlier work
(Saxton, 1989) examined this ratio as the distance-
dependent diffusion coefficient D*(r).

The approximations in a lattice model of diffusion are
summarized elsewhere (Scalettar and Abney, 1991; Saxton,
1993a). For purposes of this paper, the most important limi-
tation of a lattice model is that it gives no information about
dynamics on time scales less than the time required for a
tracer to diffuse one lattice constant. For example, we neglect
the decay of inertial terms, which takes place on a time scale
of 10713 s (Abney et al., 1989). Furthermore, hydrodynamic
interactions are neglected, and small errors due to the discrete
nature of the lattice may appear at distances less than a few
lattice constants.

METHODS

Diffusion calculations are carried out as described earlier (Saxton, 1987;
1992). Obstacles are placed on the lattice at random at a prescribed con-
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centration. A tracer is placed at a random unblocked point on the lattice, and
carries out a random walk on unobstructed lattice sites. Its position is re-
corded as a function of time, and the mean-square displacement (r?) is
obtained by averaging the positions over different random walks with the
same configuration of obstacles, and different configurations with the same
area fraction of obstacles. Typically, 25 or 50 different obstacle configu-
rations were used, and 200 or 400 random walks per obstacle configuration.
In each run, 128K or 2048K time steps were used (1K = 1024). Calculations
for fractal obstacles (Saxton, 1993a) and for mixtures of mobile and im-
mobile obstacles (Saxton, 1990) were described earlier.

RESULTS

In normal diffusion, the mean-square displacement {r2) of a
diffusing particle is given by

(r*) = 4Dx, )

where D is the diffusion coefficient, and ¢ is time. In anoma-
lous diffusion, we have instead

(r?) ~ £, (@)

where d,, is the anomalous diffusion exponent. If d,, = 2, we
recover normal diffusion. For obstructed diffusion, d,, > 2,
and diffusion is slowed down. Eq. 2 is obtained from theo-
retical arguments and is confirmed by Monte Carlo results
(Havlin and Ben-Avraham, 1987; Havlin and Bunde, 1991).
At obstacle concentrations below the percolation threshold,
diffusion is anomalous at short distances and normal at long
distances.

To convert the dimensionless units 7* and ¢* used in the
Monte Carlo calculations to experimental units r and ¢, we
use the lattice constant € as the unit of length, the jump time
7 as the unit of time, and Dy as the diffusion coefficient of
the tracer in an unobstructed system. Then r = €r*, t = 7t*,
D = Dy D*(C) with D*(0) = 1, and

€% =4Dr. 3)

Eq. 1 then yields (r*?) = D*(C)t*. In both sets of units, the
obstacle concentration C is an area fraction, defined as the
fraction of lattice points occupied by obstacles. We take € to
be (infinitesimally less than) the sum of the diameters of an
obstacle and a tracer, so that a pair of adjacent obstacles will
just block passage of a tracer between them. Then T is the
time required for a tracer to diffuse a mean-square distance
of €2 in the unobstructed system, and the lattice model says
nothing about dynamics on time scales faster than 7.

The form of Eq. 2 is awkward because the proportionality
constant does not have dimensions of cm?/s. Worse yet, d,,
is a function of obstacle concentration so the dimensions of
the proportionality constant vary with obstacle concentra-
tion. So it is convenient to rewrite Eq. 2 as

(r?) = 4Dt(t/7)%>"1, @

which can be transformed similarly to (r*)? = D*(C)t*%4~,
To simplify the notation, we drop the asterisks in r* and ¢*,
except in the discussion of crossover times.
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Anomalous diffusion

Anomalous diffusion has been analyzed using percolation
theory (Havlin and Ben-Avraham, 1987; Bunde and Havlin,
1991; Havlin and Bunde, 1991; Stauffer and Aharony, 1992).
At obstacle concentrations below the percolation threshold,
there is a percolation cluster, that is, a cluster of unobstructed
lattice sites that provides a continuous path for long-range
diffusion. The percolation cluster is fractal over short dis-
tances, and homogeneous over long distances (Kapitulnik
et al., 1983; Bunde and Havlin, 1991). If the fractal dimen-
sion is dg, the mass within a radius r is

dy <
mo~{ IS8 ©)

Here £ is the correlation length, a measure of the average
length of the holes in the percolation cluster. A similar cross-
over occurs in the mean-square displacement

t2/dw r<R*
o~{ 7 SR ©

where REg is the crossover length. The correlation length
and the crossover length diverge as the obstacle concentra-
tion C approaches the percolation threshold Cp

E~I1C—Cpl™, o)
Ri ~1C — Cyl~"+#2, 8)

where v = 4/3 and B = 5/36 are two-dimensional scaling
exponents. The exponent v is defined by Eq. 7, and B gives
the probability that a lattice site is part of the infinite cluster,
P(©) ~ | C — Cp | B. At the percolation threshold, & — oo,
and the percolating cluster is self-similar over all length
scales, with no characteristic length scale (as is well illus-
trated in Feder, 1988, Fig. 7.9.) Because the percolating clus-
ter is self-similar at Cp, the diffusion coefficient at Cp is
time-dependent for all times. As time increases, the diffusing
particle encounters dead ends, bottlenecks, and other hin-
drances at longer and longer length scales. A particle may
escape a small dead end only to find that it is still trapped in
a larger dead end.

Plots of mean-square displacement

If the mean-square displacement is plotted as a function of
time (Fig. 1 a), the curves appear to be linear. As the obstacle
concentration increases, the slope decreases, yielding the
usual decrease in D* with C. No structure is apparent at this
scale. At a thousandfold higher magnification (Fig. 1 b), the
lines for high obstacle concentrations show a slight curva-
ture. To test for anomalous diffusion, the data can be re-
plotted as log (r?) versus log ¢ (Fig. 1 c). Normal diffusion
yields a slope of 1; anomalous diffusion, a slope of 2/d,, <1.
A small change in slope with time can be seen for C = 0.3.

To obtain a clear picture of the time dependence, we re-
move the linear dependence and plot log[(r2)/t] as a function
of log ¢ (Fig. 1 d). Then normal diffusion yields a line of slope
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FIGURE 1 (a)Mean-square displacement (r?) as a function of time ¢ for diffusion of a point tracer on a triangular lattice in the presence of point obstacles
at the indicated obstacle concentrations C. Both (r?) and ¢ are scaled by a factor of 10°. Little structure is apparent. (b) The same data replotted at a thousandfold
higher magnification. Here (r?) and ¢ are scaled by a factor of 10%, and a slight change in slope with time is evident for C =0.30. (c) The same data replotted
as log (%) as a function of log . Again, the slight change in slope with time is evident for C =0.30. (d) The same data replotted as log [(r?)/f] as a function
of log 1. The method of data analysis is shown for several concentrations. The horizontal lines are the average value of log [(r?)/f] for large ¢. The slanted
lines are least-squares fits of a straight line to the Monte Carlo results for small ¢. A few initial points are sometimes excluded from the least-squares fit.
(Presumably the deviation for these points is due to the discrete nature of the lattice.) The intersection of the two lines defines the crossover time ¢}, and
R is obtained from Eq. 9. Also shown are results for C = 0.60 and 0.70, above the percolation threshold.

0, and anomalous diffusion yields a line of slope 2/d,, — 1.
At short times, diffusion is anomalous; at long times, dif-
fusion is normal. The crossover from anomalous to normal
diffusion occurs at a crossover time t¥,; the corresponding
crossover distance is

*
RCR

\/D*(C, ®)tEg, )

where D*(C, ) is the limiting value of (r"?)/¢" for large ¢*.

The anomalous diffusion exponent d,,, the crossover time
t¥g, the crossover length R¥;, and the limiting value of the
diffusion coefficient D*(C, ) are all functions of obstacle
concentration. As the obstacle concentration increases, the
crossover length increases. At the percolation threshold, &
and R¥; become infinite (Egs. 7, 8). The percolation cluster
of unobstructed sites becomes a fractal on all length scales,
and diffusion is anomalous over all distances (Fig. 1 d, C =
0.5). Above the percolation threshold (Fig. 1d, C = 0.6,0.7),

diffusion is anomalous for short times; the limiting behavior
for large times is discussed later.

The existence of a crossover time is not an artifact of the
finite lattice size used in the Monte Carlo calculations. Fig.
2 shows plots of log[(r?)/t] versus log ¢ for several inde-
pendent runs at the same obstacle concentration for different
times and different lattice sizes. This figure shows the mag-
nitude of the statistical error at moderate concentrations, and
more importantly, it shows that runs for different lattice sizes
yield the same crossover length.

Anomalous diffusion requires the presence of immobile
obstacles. Fig. 3 shows the behavior of a mixture of mobile
point tracers and immobile point obstacles as the proportion
of mobile and immobile species is changed at fixed total
concentration (Saxton, 1990). If all the particles are mobile,
diffusion is approximately normal. As the concentration of
mobile particles decreases, diffusion becomes more anoma-
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FIGURE 2 Log[(r?)/1] as a function of log ¢ for diffusion of a point tracer
on a triangular lattice in the presence of point obstacles at C = 0.25.The
vertical scale is expanded tenfold compared with Fig. 1 d. For a lattice size
of 32 X32, the run time was 4K (1K = 1024); for 64 X64, 16K; for 128
X128, 64K; and for 256 X256, 256K. Another run used a 32 X32 lattice
and a 256K run time. As the run times were increased, fewer tracers were
used, so the noise levels in the curves are different.
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FIGURE 3 Log[(r?)/t] as a function of log ¢ for diffusion in a mixture of
mobile point tracers (concentration Cy,) and immobile point obstacles (con-
centration C) at a fixed total concentration Cy, + C; = 0.5 on the triangular
lattice (Saxton, 1990). The percolation threshold is 0.5.

lous. Abney et al. (1989) used a generalized Smoluchowski
equation to examine the diffusion coefficient for mobile par-
ticles on the continuum; the diffusion coefficient reaches
itssteady-state limit within one or two times the average in-
terparticle distance. This result supports the use of a lattice
model over longer distances.

At a given obstacle concentration, the shape of the curves
of log[(r?)/] versus log ¢ depends on the lattice and the type
of obstacles. Fig. 4 a shows the curves for point obstacles and
hexagonal obstacles of radius 1, 2, 4, 8, and 16 on the tri-
angular lattice at a fixed obstacle concentration of C = 0.3.
As the obstacle size increases, the correlation length and time
increase, but the effect on D*(C, ») grows smaller and d,,
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FIGURE 4 Variation of the curve of log[(r?)/f] versus log ¢ with obstacle
geometry. (a) Monte Carlo results for point obstacles (radius 0) and hex-
agonal obstacles of radius 1, 2, 4, 8, and 16, at a fixed concentration C =
0.3, for a 512 X512 grid. For each radius, six independent runs were made
with different times and resolutions (Saxton, 1989); the scatter and irregu-
larities are statistical noise. (b) Monte Carlo results for an obstacle con-
centration C = 0.2 for point obstacles on the square lattice (SQ); and point
obstacles (TRI), hexagonal obstacles of radius 1 (HEX), multicenter
diffusion-limited aggregates (MDLA), and cluster-cluster aggregates
(CCA) on the triangular lattice.

approaches 2. Fig. 4 b shows the curves for an obstacle con-
centration C = 0.2 for point obstacles, hexagonal obstacles
of radius 1, cluster-cluster aggregates, and multicenter
diffusion-limited aggregates (Saxton, 1993a) on the trian-
gular lattice, and point obstacles on the square lattice. Dif-
fusion is much more anomalous in the presence of the two
fractal aggregates. The size of a multicenter diffusion-limited
aggregate for C = 0.2 is ~ 10, as measured by its pair cor-
relation function (Saxton, 1993a), and its crossover time is
similar to that of the larger hexagons. But anomalous dif-
fusion is much more pronounced for the fractal obstacle than
for the hexagonal obstacles.

The concentration dependence of d,,

The anomalous diffusion exponent measures the deviation
from normal diffusion. Fig. 5 a shows d,, as a function of
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FIGURE 5 (a)Anomalous diffusion exponent d,, as a function of obstacle
concentration C for three different geometries: point obstacles on the square
lattice (SQ), point obstacles on the triangular lattice (TRI), and hexagonal
obstacles of unit radius on the triangular lattice (HEX). The vertical lines
show the percolation thresholds Cp, and the horizontal lines show the lim-
iting values d,, = 2 for C = 0 and d,, = 2.87 for C = Cp. The smooth curves
are from the expression for d,, in Fig. 5 b. (b) Anomalous diffusion exponent
as a function of C/Cp. Values of the percolation threshold are 0.5000 for
point obstacles on the triangular lattice (Stauffer and Aharony, 1992);
0.4073 for point obstacles on the square lattice (Stauffer and Aharony,
1992), and 0.5852 for hexagonal obstacles of unit radius on the triangular
lattice (Saxton, 1993a). In the percolation literature, percolation thresh-
olds are usually given in terms of the concentrations of unblocked sites,
not the obstacle concentration. The smooth curve is a least-squares fit to
the values of d,,: d,, = (2 - 2.135 x + 0.324 x?)/(1 - 1.184 x + 0.249 x?),
with x = C/Cp.

obstacle concentration for three different geometries: point
obstacles on the square lattice, point obstacles on the trian-
gular lattice, and hexagonal obstacles on the triangular lat-
tice. The limiting values are known. At C = 0, diffusion
is normal and d,, = 2; at the percolation threshold Cp,
d,, = 2.87 for particles diffusing on the infinite cluster (Hav-
lin and Bunde, 1991). Each curve goes to this limit at the
appropriate percolation threshold. If the data are replotted as
a function of C/Cp, they fall on the same curve, as shown in
Fig. 5 b.
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Near the percolation threshold, some diffusing particles
are trapped in bounded regions; well above the percolation
threshold, all the diffusing particles are trapped. The bounded
regions grow smaller as the obstacle concentration increases.
For trapped particles, as ¢ — , (r?) approaches a constant
value proportional to the average size of the bounded regions,
so the slope of log [(r?)/f] versus log ¢ approaches — 1 (Fig.
1d, C = 0.6, 0.7), and d,, — . This increase accounts for
the fact that the exponent d,, = 2.95 for diffusion on any
cluster is greater than the exponent d,, = 2.87 for diffusion
on the percolating cluster (Havlin and Bunde, 1991). This
effect can be seen in Fig. 5 a for the triangular lattice at Cp.
The highest point is for diffusion on all clusters, and the two
lower points are for diffusion restricted to the percolating
cluster.

A concentration-dependent exponent has been used to de-
scribe the number of distinct sites visited in an obstructed
random walk (Argyrakis and Kopelman, 1984).

The concentration dependence of R¢g and fgg

The crossover length R¥; and the crossover time tg; de-
scribe the range of anomalous diffusion. They may be used
to determine whether anomalous diffusion is observable for
a given observation time and diffusion coefficient. Fig. 6 a
shows log R¥; as a function of log |C — Cpl, the distance
from the percolation threshold, and Fig. 6 b shows log
t¥z versus log | C — Cp | . In both figures, the data points for
different geometries fall roughly on the same curve, with the
data points for hexagonal obstacles slightly higher than those
for point obstacles.

Near the percolation threshold, Ry and t¥; obey scaling
laws (Havlin and Ben-Avraham, 1987; Bunde and Havlin,
1991; Havlin and Bunde, 1991; Stauffer and Aharony, 1992).
Recall that from Eq. 8, R%;, ~ 1C - Cp | ~v*P2, Now D ~

IC — Cpl¥* with p = 1.299 for two-dimensional diffusion,

so, from Eq. 9, t¢; ~ 1C-Cp| "%, withz=p + 2v — B.
Far from the threshold, however, these scaling laws break
down.

Unfortunately, near the threshold it is hard to get good
values of R¥; and t¥; because t§ is so large that very long
computer runs are needed to see the crossover region. Far
from the threshold, the crossover is easy to see, but the de-
viations from the scaling laws are significant. The results in
Fig. 6 are nonetheless useful for estimating when anomalous
diffusion and the crossover are observable.

The concentration dependence of D*(C, »)

Finally, we consider the limiting value of the diffusion co-
efficient for large times, D*(C, ). Values of D*(C, «) are
shown as a function of obstacle concentration C in Fig. 7 a
for three different geometries. For consistency, D*(C, ) is
obtained from the limiting values of (r?)/t at long times, as
shown in Fig. 1 4, but a simple least-squares fit of a straight
line to (r?) versus ¢ (Fig. 1 a, b) gives values of D*(C, ©)
indistinguishable on the scale of Fig. 7. In the least-squares
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FIGURE 6 (a) Log-log plot of the crossover length R%; as a function of
the distance 1C — Cp | from the percolation threshold. (Dotted line) theo-
retical limiting slope —v + B/2 = —1.2639. (b) Log-log plot of the cross-
over time t&; as a function of | C — Cp|. (Dotted line) theoretical limiting
slope —z = —3.8278. Values of R¢; and t¢; were obtained from Monte
Carlo calculations analyzed as in Fig. 1 d.

fit, the y-intercept is a free parameter. Also shown in Fig. 7
a are the lines D* = 1 — C/Cp for each geometry, and the
theoretical expression of Nieuwenhuizen et al. (1986) for the
diffusion coefficient for a square lattice, D* = 1 — (7 — 1)C
— 0.85571 C2.1f D*(C, ) is replotted as a function of C/Cp,
the points fall approximately on a single curve (Fig. 7 b)
close to the line D* = 1 — C/Cp but systematically higher
except at the endpoints.

CONCLUSIONS

We have shown how anomalous diffusion can be charac-
terized by the anomalous diffusion exponent d,,, the cross-
over length R¥; and time ¢, and the limiting diffusion co-
efficient D*(C, ). As the concentration of obstacles
increases to the percolation threshold, d,, varies smoothly
between the known limiting values for normal diffusion and
percolation. The parameters are approximately independent
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FIGURE 7 (a) Diffusion coefficients D"(C, ) as a function of obstacle
concentration C for three different geometries: hexagonal obstacles of unit
radius on the triangular lattice (HEX), point obstacles on the triangular
lattice (TRI), and point obstacles on the square lattice (SQ). (Dashed
line) D* = 1 — C/Cp for each geometry. (Line) theoretical expression for
the diffusion coefficient for a square lattice (Nieuwenhuizen et al., 1986).
(b) The same data replotted as a function of C/Cp. (Dashed line) D* = 1
— C/Cp.

of the lattice when plotted as a function of the appropriate
concentration variable.

When will experiments show anomalous diffusion in
membranes? The most important consideration is the time
scale. The time scale for fluorescence quenching and excimer
formation is set by the fluorescence lifetime of the probe,
typically in the nanosecond range. The time resolution for
fluorescence photobleaching recovery is in the range of mil-
liseconds or greater; for single-particle tracking the resolu-
tion is typically 33 ms.

Suppose that the obstacle is an immobile protein of di-
ameter 4 nm. (If it is a cylinder of height 10 nm and density
1.3 g/cm?, its mass is then = 100 kD.) In Eq. 3, the lattice
constant € is equal to the sum of the diameters of an obstacle
and a tracer. If the tracer is a lipid of diameter 0.8 nm and
diffusion coefficient 5 um?/s, then T = 1.2 s, so quenching
and excimer experiments will see only anomalous diffusion.
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TABLE 1 Crossover times for anomalous diffusion of a
4-nm diameter tracer in the presence of 4-nm diameter
obstacles at the indicated concentrations C

D, tcr tcr tcr
(cm?/s) B (C=030) (C=040) (C = 045)
108 16 ps 6.4 ms 40 ms 400 ms
10-° 160 us 64 ms 400 ms 4s
10-10 1.6 ms 640 ms 4s 40 s
1011 16 ms 6.4s 40s 400 s
10-12 160 ms 64s 400 s 4000 s

From Fig. 6 b, t%; ranges from 102 to 10° depending on
obstacle concentration, so the crossover time #-g ranges from
120 ws to 120 ms. Photobleaching and tracking experiments
will see only normal diffusion unless the system is very close
to the percolation threshold.

For the same obstacles, suppose that the tracer is a mobile
protein of diameter 4 nm, so that € = 8 nm. If Dy(protein)
is estimated from D(lipid) using the Saffman-Delbriick
equation (Saffman and Delbriick, 1975), then Dy(protein) =
0.75 Do(lipid) (assuming a lipid viscosity of 1 poise, an aque-
ous viscosity of 0.01 poise, a bilayer thickness of 5 nm, a lipid
radius of 0.4 nm, and a protein radius of 2 nm). Then 7 =
4.3 ps and the behavior of protein and lipid tracers will be
similar.

But if Dy(protein) is lowered further by factors other than
obstruction (reviewed in Scalettar and Abney, 1991), anoma-
lous diffusion may be observed in photobleaching and track-
ing experiments. These factors include hydrodynamic inter-
actions (Bussell et al., 1992), and perturbation of lipids by
obstacles (Almeida et al., 1992). Transient binding of the
tracer to immobile species (Zhang et al., 1993) may also
lower the diffusion coefficient; this case will be discussed i
detail elsewhere. '

Table 1 shows crossover times for 4-nm diameter tracers
in the presence of 4-nm diameter obstacles for various ob-
stacle concentrations and values of D,. Here the values of
the dimensionless crossover time ¥, were obtained from
Fig. 6 b. If D, is low enough, and the obstacle concentration
is close enough to the percolation threshold, anomalous dif-
fusion and the crossover to normal diffusion can be seen in
single-particle tracking experiments with the usual sampling
time of 33 ms, and will affect the recovery curve in photo-
bleaching experiments. But if the obstacle concentration is
low, the measurements will show only normal diffusion. At
low obstacle concentrations the anomaly is small enough
(Fig. 1 d) that it can easily be lost in experimental noise
anyway.

In deciding whether anomalous diffusion can be seen in
tracking experiments, we must also consider averaging. In
these experiments, statistical fluctuations are significant, and
data analysis must take the randomness of an observed tra-
jectory into account (Saxton, 1993b). The noise can be re-
duced by averaging over a large number of independent tra-
jectories, as is done in the Monte Carlo calculations. One can
also average within a single trajectory, as discussed by Ghosh
(1991) and by Qian et al. (1991). (For example, the mean-
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square displacement for ¢ = 2 is taken to be the average over
all displacements, or all independent displacements, two time
steps apart.) This may make it possible to extract a suffi-
ciently smooth mean-square displacement from a single tra-
jectory to see anomalous diffusion.

For concentrations of obstacles near the percolation
threshold, anomalous diffusion and the crossover to normal
diffusion may be observable in single-particle tracking ex-
periments if the diffusion coefficient in the unobstructed sys-
tem is below = 10~ 1% cm?/s. For slow protein diffusion, the
problem in seeing anomalous diffusion is not the time scale
of the experiment, but being able to do enough averaging. If
enough averaging can be done, plots of log[(r?)/¢] versus log
t may be a useful means of data analysis.

At moderate and high obstacle concentrations, measure-
ments of fluorescence quenching and excimer formation are
likely to show only anomalous diffusion. Near the percola-
tion threshold, the effects of a fractal substrate on reaction
rates (Kopelman, 1988) should be considered.
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