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SUMMARY

1. Regular perturbation theory was used to obtain analytical solutions for the
time course of membrane current decay following voltage-clamp depolarizing pulses
when both time-dependent K conductance mechanisms and the process of K accu-
mulation in extracellular spaces are present. These solutions apply when the current
and K concentration changes are small enough for linear relations to be assumed
between current and K concentration.

2. In the case of a single Hodgkin-Huxley type conductance variable with time
constant 7, the presence of an accumulation process which, by itself, would produce
a current decay with time constant 7,, induces the appearance of two infinite sets of
components with decreasing time constants (1/(n+1/7,) and 1/(1/7,+n/7,), where n
is integer), and decreasing magnitudes.

3. The analytical solutions are used to investigate the range of conditions over
which semi-exponential (curve-stripping) analysis of current decay tails may give
useful information on the kinetics of current change. It is shown that, except at very
large decay tail amplitudes, the method may give a good estimate of the true time
constants of conductance decay even when the currents are assumed to be strongly
dependent on external K concentration.

4. The method introduces error in current amplitude, but over the range in which
curve-stripping gives useful results, the direct distortion of activation curves by
variations in external K concentration is fairly small. However, as the current decay
becomes grossly distorted in its time course by accumulation, so does the activation
curve. The effects are very similar both to those obtained using numerical computa-
tion without linearization, and to those obtained experimentally.

5. Even with a large dependence of current on external K concentration the linear
model does not reproduce ¢, 155 a8 a perturbation of ¢, g,y by K accumulation.

INTRODUCTION

The preceding paper (Brown, DiFrancesco, Noble & Noble, 1980) showed that
semi-exponential curve-stripping analysis of voltage-clamp current tails can give
accurate estimates of the time constants of decay of conductance mechanisms. This
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was demonstrated both using experimental results obtained from frog atrial and
sinus venosus preparations and also using a numerical model designed to reproduce
the major features of the K current and of K accumulation in these tissues.

It is, however, important to give a more detailed analysis of the conditions under
which such methods may be applied (compare Attwell, Eisner & Cohen, 1979) and
to do this it is desirable to obtain analytical solutions for the current time course.
This paper presents such solutions for conditions in which there is & linear dependence
of ionic current on changes in extracellular K concentration (as may be expected
when the concentration changes are sufficiently small). These solutions are then
used to give a more general analysis of the validity of the method of semi-exponential
splitting for small current changes and of the possible errors involved.

THEORY AND RESULTS

List of symbols
F Faraday’s constant (96493 C/g-equiv)
14 cleft total volume (10-¢1.)
t time (sec)
E membrane potential (mV)
K, K¢, Ky internal, cleft, bulk K concentrations (mm)
1,(B,Ke,t) = z(E,t).7,(E,K:) gated K current (nA)
z(E,t) activation variable for 7., assumed to change with
' time according to a first-order kinetics
(B, K.) fully-activated current for ¢, (nA)
ig, (B, Kc) non-gated K current (nA)
1p(Ke) pump current (nA)
4, (K¢) = FP(K.~Kp) current exchanged between clefts and bulk (nA)
tin(E) total non-K-dependent current (nA)
(B, Kc,t) = t,+0g,+1p total K-dependent current (nA)
U =1,+ig, +ip+im total current (nA)
P permeability constant for cleft-bulk exchange
(10-% 1. /sec)
A =01, /0K, (nA/mm)
v = 0(ig, +1p)/0Ke (nA/mm)
r K fraction of the pump current (for a 3:2 Na:K
exchange r = —2)

time constant of x change (sec)

T.‘D
T,=—VF/o (sec)
E, holding potential (mV)

cleft K concentration and currents at the steady

KC, h, zh’ "-‘C, h, ?'Kp h, 1’p, h
state corresponding to Ky

A() deviation of the variable ( ) from its steady-state
value at Ey
x5, AK values of z and AK at the beginning of repolariza-

tion to Ey
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List of symbols
a=—1/r,=0/VF (sec™?)
b= Az,/VF (sec™1)
¢ =240, z/VF (mM/sec)
v=—1/1, (sec™)
Qs U coefficients in series defined by eqn. (12)
Q value of series defined by eqn. (A 9)
Teplit current decay after subtracting component with

time constant 7,

1. General equations for the time course of current and cleft K concentration in the linear
case

The model for K diffusion across the extracellular spaces used here is the same as
in the previous paper (Brown et al. 1980). To obtain an analytical solution for the time
course of the recorded current, we will assume that the changes occurring in the cleft
K concentration (K.) are small enough to allow any K-dependent current to be
linearly dependent on K. concentration. The total ionic current crossing the membrane
at any time is

1(E,Ke,t) = 1,(E,Kc,t) +ig, (B, Ke) +1p(Ke) + tin(E, t)

(B, K¢, t) +iin(B, 8). (1)

I

As discussed earlier (see Brown et al. 1980) an experimental procedure can be used
such that the K-dependent component 4;, does not greatly contribute to the time
dependence of the recorded current during a voltage clamp. In this case di;/d¢ = d¢/d¢
and the time course of ¢; is coincident with the time course of ¢, apart from a constant.
The current ¢(t) can be referred to the steady state at a potential Ey at which no
current ¢, is activated (z,(En) = 0; for the definition of symbols, see list of symbols):

Ai(t) = i(t) —in = i,(t) + Aig () + Aip(t)
= z(t) 1,(t) + Aug, (£) + Aip(t). (2)
During a voltage-clamp pulse to Ey the time-dependent changes of 7,, ix and iy are
only due to changes in the concentration K.. Therefore, in the limit of linearity
between the currents and K. concentration, we can write
Ai(t) = () 7, n+ Ax(t) AK o(t) + vAK o(t)
= 2,7, nexp (—t/7,) + Az, AK(t) exp (—t/7,) + vAK (t), (3)
where z(t) is assumed to decay exponentially to zero from the initial value z, with

time constant 7,. The change of the concentration K. with time is described by the
continuity equation:

dK 1. . .
—(—lt—t? = ﬁ' (’Lz(E, Kc, t) + @KI(E, Kc) + r@p(Kc) b FP(Ke b Kb))
or, referring to the steady state at En:
dAK. L (ip+ Atg, +rAip — FPAK,). (4)

ds VF
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During a voltage clamp to Ey, 7., Aig , and Aip are proportional to the change in
concentration AK. and (4) can finally be written as

dAI(§°(t) = V_IF (o2, nexp (—t/7,) + Az, AK o(t) exp (—t/7,) + oAK(2)). (5)

Given the boundary condition AK(t = 0) = AK (, eqn. (5) can be solved by making
use of regular perturbation theory (see Appendix A). The current time course will
then be found by substituting AK(t) in eqn. (3).

2. Time course of the recorded current in the absence of 1,

When a depolarization from Ej, is small enough not to activate z, the concentration
change AK, on returning to Ey, is simply described by

B _ ZAK, (®)
as obtained from eqn. (5) with z, = 0. The solution of eqn. (6) is
AKc(t) = AK¢ gexp (—t/7,) (7)
where 17,= —VF/o.
Substituting eqn. (7) in (3) with 2 = 0 we obtain
Ai(t) = vAK gexp (—1/7,). (8)

It should be noted that o is proportional to the rate at which K is accumulated in
the clefts by the flow of iy minus the rate at which it is removed by diffusion to the
bulk solution and by pumping (see the definition of o in the list of symbols). The
above treatment is essentially the same as that of Attwell et al. (1979) who showed the
dependence of 7, on the cleft volume and on the rates at which the cleft is accumulated
and depleted. An exponential decay of AK_ is, of course, necessarily obtained when
the processes by which accumulation occurs (i.e. ig,) and decays (i.e. diffusion and
pumping) are proportional to the concentration change AK.. For small changes in
K. concentration it is then expected that the current change will also be exponential
(cf. Noble, 1976, eqn. (11)).

It is worth noting that when AK, > 0, i.e. when the depolarization preceding the return to E,
has induced accumulation of cleft K, the stability condition of eqn. (6) requires that o < 0.
According to the definition of o (see list of symbols) this means that the total K flux entering
the cleft decreases for increasing K..

Equation (8) may describe the time course of current change when the membrane
potential lies below the threshold for activation of ¢,. In frog atrium this threshold
lies at about —40 mV. Current changes following voltage steps near —70 mV have
been recorded by Noble (1976, Fig. 14). Fig. 1 shows these records plotted semi-
logarithmically against time. To a first approximation the current changes are
exponential, though there is a tendency for a faster decay to occur very early in the
records (see Appendix B). Note also that the time constant varies with the potential.
This result is expected since ig is strongly voltage-dependent and d(ig, +1p)/Ke
varies with potential (Brown et al. 1980). It is this variation of 7, with potential that
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enables the kinetics of current change in the absence of ¢, to resemble those of a
Hodgkin-Huxley mechanism (see Attwell et al. 1979). It is also clear from Fig. 1
that the voltage dependence of 7, can be very large. 7, changes from 9-5 sec to 1-5 sec
on hyperpolarizing from —70 to —81 mV.

Time (sec)

Fig. 1. Top (insert) : Current changes following voltage steps in frog atrial muscle negative
to the threshold (about — 40 mV) for activating the current i,. The holding potential
was — 74 mV. Depolarization to — 70 mV produces a decaying outward current. Hyper-
polarizations produce decaying inward current (from Noble, 1976, Fig. 14). Bottom:
semilogarithmic plots of current change (measured as a deviation from the steady-
current level at each potential). Each plot has been fitted by eye with a single expo-
nential. Note the strong voltage dependence of the time constant, 7,. Note, also, a
very small deviation from exponentiality at beginning of each record. This deviation is
extremely small compared to the ¢, currents and hasbeen ignored in the major part of this
paper (but see Appendix B for further analysis and discussion).

In the experimental results we shall consider later in this paper, the potentials
involved lie in the range (positive to —70 mV) over which 7, is large. Values of 7,
in the region of 10 sec are then usually obtained (Brown et al. 1980, Figs. 5 and 6).

We may now consider how the time course of A deviates from eqn. (8) when %,
is present. We shall approach this problem in three stages. We shall first obtain the
solution when i, is a simple exponential, as is virtually the case over a wide range of
current amplitudes in the numerical model. We shall then generalize this treatment
to the case where i, is represented by a sum of exponentials, either because more than
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one conductance component is present or because changes in K. perturb the time
course of a single component. In each of these cases a particular time course of i,
must be assumed in advance of calculating As. Our third, and most general, approach
will be to derive the complete time course of ¢, as it is influenced by changes in K.
It is convenient to develop the mathematics in these three stages since each may be
used to introduce important results.

3. Time course of Ai when 1, decays as a single exponential

This case is relevant when a single Hodgkin—-Huxley type component like ¢, is
present and when A = 0, i.e. when we may neglect the influence of K. changes on 7,.
Then from eqn. (5), setting A = 0,

dAK 1 _
T? = 7F (%o 75, n €XP (—t/7,) + cAK(t)). )

This equation can be solved with the method used in the Appendix A for eqns. (A 4).

The result is

_iz,hxo'rx/VF
1- Ta:/ Ta

z,h Lo 7::/ VF

AK(t) = exp(—t/‘rz)+(AKc,o+z t—1./7

e
(10)
The time course for the current As is given by substituting eqn. (10) in (3):

vr,/VF

Ai(t) = zz,hxo(l— i—1,/7,

Josp (-7

7.)/(VF .AK, o)
1- Tz/Ta

+vAKc’o(1+(i”hx° )exp(—t/‘ra), (11)

from which it is clear that the total current will be given by the sum of two simple
exponentials with time constants 7, and 7,. Semi-exponential splitting will therefore
give these time constants exactly.

Notice, however, that the intercepts at ¢ = 0 are not exactly the same as vAKc ,
(i.e. the true initial value of Aiy + Adp) and 7, n%,. Thus, the intercept that would be
obtained by semi-exponential splitting for the term in exp (—#/7,) is

- (l_wz/VF)

? X .
= h™o 1""":z/Ta

Since the only parameter changing with the depolarizing pulse preceding the return
to Ey is ,, the intercept will be proportional to it. This intercept may therefore be used
to construct an activation curve for 7,. The method of semi-exponential curve-
stripping will not itself distort this activation curve.

To obtain i, from the results, however, we need more information. Since 7, and 7,
are known exactly from the semi-exponential analysis, we need to know v and V.
This requires information of the kind obtained by Brown et al. (1980) and involves
measuring d(ig, +1ip)/9K. and obtaining an estimate of the cleft space volume. In
practice, it is unlikely that such information will be available in most experiments
since it requires an extensive experimental protocol in addition to that required to
measure activation curves.
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However, it is worth noting that the error involved may be given an upper limit. The difference
between the real value of A(ig +4,) at ¢ = 0, i.e. VAK, o, and the intercept obtained by semi-
exponential analysis is given by
vr./VF

1-7,/7,

which is the same as the error in estimating ¢, by exponential splitting, but with opposite sign.
Thus, as 4 is positive

A =7, 3%,

A _vAKyo+Ad _vAK.e+4
%2,u%0 Tz, %o TenTo—A

and therefore the percent error in estimating 7, %, (i.e. 4 /%, nZ,) is smaller than the ratio between
the intercepts of exp (—¢/7,), and exp (—t/7,) (i.e. (VAK, ¢+ A4) /(i n%o— 4)).

Thus, in the atrial analyses illustrated in Brown et al. (19764, b), Figs. 6 A and 7 4, the inter-
cept of exp (—1t/7,) is about 109, of the total tail current. Thus when the above treatment
applies, the error in the estimate of 7, would be less than (10/90) x 100 = 119%,. In the frog
sinus results described by Brown, Giles & Noble (1977) the intercept of exp (—¢/7,) forms about
309, of the total current which gives an upper limit of 43 9, for the error in estimating ¢,.

4. Time course of Ai where i, is multi-exponential

In this section we will suppose that 7., during its decay, can be represented with
the series

]

i(t) = %(qn exp (u,t)). (12)
This description will be appropriate either when more than one K conductance
mechanism is present (in which case the u, values may be true rate constants if
A = 0, i.e. if 7, is not significantly influenced by changes in the concentration K.) or
when a single or multicomponent i, is perturbed by changes in K. concentration.
In the latter case, the relation of the u,, values to the true conductance time constants
requires further analysis (see section 5).

Equation (4) then becomes

dAK, 1 (2
3 = 77 (5 nexp (a0 + 00K, (13)

which can be integrated as done with eqn. (9):

_ _2(4/VF _ 2 (_4a/VF | .

AK(t) = (AKc’o % (’“n"‘ l/Ta)) exp ( t/'ra)+%} (“n"' i, exp (u,t)). (14)

As in the simpler case considered in the previous section, the time course of AK.

acquires components with the time constants of ¢, in addition to the time constant
7,. The total current will be given by substituting (14) and (12) in (2):

Ait) =v (AKC,0 —i:] (%)) exp (—t/7,) +% (qn (1 + ﬁ)exp (unt)) ,
(15)

so that semi-exponential splitting will again give the exact time constants 7,, —1/u,,
—1/u;, —1/u,, etc. The error in estimating the magnitude of each component of i,
will now vary with its time constant since (1+ (v/VF)/(u, +1/7,)) varies with u,,.
Clearly, the error will be least when u,, is very large, i.e. the time constant of the nth
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component is very small, so that (for v > 0 and u,, + 1/7, < 0) faster components will
be underestimated less than slower components.

Note also that for each component, the fractional error ((v/VF)/(u,+1/7,)) is
constant. If each component corresponds to a separate conductance mechanism and
if A = 0 then semi-exponential analysis will not itself distort the separate activation
curves, even though their respective amplitudes are modified to differing degrees.
Of course, if the multi-exponential time course of i, is itself attributable to accumu-
lation then the representation of ¢, by separate conductance processes is not relevant.
We shall discuss this question further in section 5.

5. T'ime course of total current when i, and ig + iy are perturbed by accumulation

In this section, for simplicity, we shall assume only one true conductance mechanism
of the Hodgkin-Huxley type, i.e. ¢,. However, the analysis may, in principle, be
extended to the situation when more than one mechanism is present. Part of our
reason for exploring the situation when one mechanism is involved is that we wish to
determine whether its perturbation by accumulation may give rise to bi-exponential
decay patterns of the kind usually found for the delayed K currents in atrium (Brown
et al. 1976a, b;), frog sinus (Brown et al. 1977); mammalian SA node (DiFrancesco,
Noma & Trautwein, 1979); Purkinje fibres (Noble & Tsien, 1969) and ventricular
muscle (Katzung & Morgenstern, 1977; McDonald & Trautwein, 1978).

According to the assumptions made in section 1, to represent the effect of changes
in K. on ¢, we use the equation

i5(t) = 2,5 + AAK(t), (16)

which assumes that, for small enough current changes, the partial derivative di,/dK.
is constant. Note that A and v can have very different values. The results described
in the preceding paper (Brown et al. 1980) show that the value of A is negative, whereas
v is positive over the range of potentials generally used for tail analysis.

The cleft K concentration will change according to eqn. (5). With the definitions
given in the Appendix, eqn. (5) can be re-written as

dAK,
dt

= aAK.+bAKexp (vt) + cexp (vt), (17)

whose solution is eqn. (A 8) in Appendix A.
The total current is now, according to eqn. (A 13)

F
lvr_z,{,:;,ra) exp ( - t/T:c)

Ai(t) = Quexp (—t/7,) + 1, n%o (1 -

_Tz/QVF ? (( _on;z!/ VF) (n— VT,_./ VF)exp ( —t(n/‘rx+ 1/1-a)))
- (—ZoAT,/VF)*
_Afz/‘;’F Z ((1 ~1./7a) (2-01,/16)... n—7./1.) (n—vr/VF —1,/7,) exp(—t(n/f,c)))

(18)

where Q is the series defined by eqn. (A 9). Note that when A = 0(b = 0) only the first
two terms appear and the solution becomes the same as eqn. (11). When A # 0 i.e.
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1, varies significantly with K., then additional time constants will appear. All these
time constants (1/((n+1)/7,)and 1/(n/7,+ 1/7,) (n = 1, ... 00)) will be shorter than 7.

In principle therefore it is possible to reproduce components faster than z. Thus,
if in the experimental results, 7, 40w is the genuine conductance time constant, it is
conceivable that 7, . may represent the faster components produced by the per-
turbation of the time course of ¢, by changes in K.

400 -

100

40

nA

10

Time (sec)

Fig. 2. Semilogarithmic plot of the components of current in eqn. (19). Component
1 is the component in exp (~—¢/7;). Line B (interrupted) shows the amplitude that this
component would have had if it were not reduced by K accumulation (eqn. (20)).
Line 2 shows the component in exp (—#(1/7,+ 1/7,)). This component is negative,
but is plotted as positive here for convenience. Lines 3 and 4 show the components in
exp (—2¢t/7;) and exp (—t(2/7.+ 1/7,)) respectively. Curve A (thick line) shows the
sum of the four components, i.e. %,,,. Note that except for a slight difference at
early times, the total current decays with the same time course as the component in

exp (-t/Tc)-

We will now consider whether this idea may be correct by using eqn. (18) with known
or plausible values of the coefficients to determine whether bi-exponential decays of
1, may be reproduced.

Using parameters from the numerical model of Brown et al. (1980), at By = —40mV
and K. ,, = 4 mm we have approximately v = 30 nA/mm, (i.e. per 1 mum concentration
change), A = —33 nA/mM and 7, , = 868 nA. With 1/VF = 4-10~ mm/nA sec and
assuming AK, , = 4 mM, 2, = 0-4, 7, = 8 sec and 7, = 1-2 sec we obtain from eqn.
(A 12) a value of Q = 5-7 mm. (The series in (A 12) converges very rapidly so that
fourth and higher order terms are less than 0-1 %,). Substituting in eqn. (18) gives a
coefficient Qv = 170 nA for the component exp (—¢/7,). This is the component that
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would be subtracted first using semi-exponential splitting. The faster components
can be calculated to be

Ggpriy = 288exp (—t/7,) + 24 exp (—2¢/7,) — 64 exp (—t (;1- +;1))
x a.

—4exp(—t (T%-I-;t)) (19)

Higher order terms have coefficients less than 1 and have therefore been neglected.
Fig. 2 shows these components plotted together with their algebraic sum, 44,3 which
is the current that would be obtained after subtracting the term in exp (—¢/7,). Also
plotted is the exponential

Tz, n o exp(—t/t,) = 347exp(—t/7,) (20)

which represents the time course of ¢, that would have been obtained in the absence
of accumulation. The total current actually obtained can be seen to be smaller but
to decay with a time constant that is very close to 7,.

The reason for the accuracy with which the apparent time constant approximates
to 7, is that only the coefficients for the terms in exp (—#/7,) and exp (—#(1/7,+ 1/7;))
are large. Moreover, when 7, > 7., (1/7,+ 1/71,) approximate to 1/r,. Faster com-
ponents, such as exp (—2¢/7,) contribute less than 10 9, of the total current and, in
this case, would not be separable within the likely error of experimental results.

Thus, with the parameters similar to those used by Brown ef al. (1980) (which were
based on their experimental results) the faster components in eqn. (18) do not produce
a strong enough deviation from an exponential time course to enable a single compo-
nent of conductance to give the appearance of two components. This result is in
agreement with the numerical calculations of Brown ef al. (1980, Figs. 4 and 7).

In Fig. 3 we have extended our calculations to cover the complete range of activation
of z. In each case the same parameters were used as in Fig. 2 except for the values of
zgoand AK, . 2, was set to 0-2, 0-4,0-6, 0-8 and 1-0. The values of AK , were chosen
by allowing this parameter to vary linearly with the degree of activation. This assump-
tion was tested by using the numerical model of Brown et al. (1980) to compute the
values of AK_ , after 10 sec pulses to various potentials. The resulting variation of
AK, , with x, is shown in Fig. 3 4. The relation is close to linear up to z, = 0-8. For
the solutions to eqn. (18) we allowed AK; o to be 10 2, mm, which is larger than the
maximum value in Fig. 3 4. Nevertheless, over the whole range, the decay tails (after
splitting off the term in exp (—t/7,)) are nearly parallel, with time constants very
close to 7,. The ‘fast component’ is always very small. (Fig. 3B). Fig. 3C shows the
‘activation curve’ that would be obtained. A small degree of distortion (a negative
shift of 6 mV in the half activation point) occurs as the initial value of ¢, is reduced
at the larger values of AK, o Attwell et al. (1979) have already drawn attention to
effects of accumulation on the activation curve.

It should be noted, however, that a maximum value of AK; , of 10 mm is much
larger than that in the analysis of Brown, Clark & Noble (1976b). The maximum
coefficient of the term exp (—t/7,) in their analysis is about 0-025 yA (see Figs. 64
and 7 4), which corresponds to an increase in K concentration of only 1 mm.

It is however worth exploring the possibility that other parameters may be signi-
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-50 —40 -30 -20 -10 O 10 20 30 40
mV

Fig. 3. A, relation between z activation and AK, , obtained using numerical model of
Brown et al. (1980) as described in text. B, semilogarithmic plots of decay tails obtained
using eqn. (18) after subtracting component in exp (—¢/7,). The lines are in fact slight
curves but the deviation from a single exponential is very small. The time constants
obtained using a single exponential are virtually identical with 7,. C, activation curves.
The filled symbols show the time activation curve that would be obtained without
accumulation. The open circles show that obtained from the tails shown in B. The
open triangles are the same results ‘scaled up’ to compare with the true curve. There
is & — 6 mV shift in the half activation point. This computation assumes 10 mu of K
accumulation in the largest tail which, in a typical preparation would produce about
100-200 nA change in (ig, +%,) 8t —40 mV (cf. Brown et al. 1980, Fig. 2; Noble, 1976,
Fig. 12). The intercept of exp (—/7,), which over-estimates A(ig, +1,), obtained
experimentally is in fact only about 10-20 nA (Brown et al., 1980 (Fig. 8). The results
shown here therefore show more distortion than would occur in the experimental
analysis in this range (but see Fig. 5 for the situation when K accumulation is deli-
berately made very large).

6 PHY 306
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ficantly different from the numerical model and results of Brown et al. (1980). The
obvious parameter to choose is 97,/0K., i.e. A, since this determines the magnitude
of the perturbation of the time course of ¢, for a given amount of accumulation. We
have therefore repeated the calculations of eqn. (18) for various values of A larger
than —33 nA/mM.Over a wide range of values we have been unable to reproduce the
simple bi-exponential nature of the experimental results on ¢,. Fig. 4 shows the

400 |

100

< 40

10

Time (sec)

Fig. 4. Semilogarithmic plots of decay tails obtained after increasing the dependence of
7, on K, by a factor of 5. This corresponds either to a sensitivity of 7, to K, much greater
than that usually found experimentally or to a situation in which K accumulation is
deliberately made very large (e.g. by using very long pulses). In each case, the com-
ponent in exp (—¢/7,) has been subtracted. For discussion see text.

computations done with a value of A = — 150 nA/mm, which is considerably larger
than the experimental results suggest (see Brown ef al. 1980, Fig. 1) since it would
require only a 6 mm increase in K to reduce 7, to zero at the holding potential whereas
increasing Kp from 2 to 8 mm in fact leaves ¢, still large and positive at —40 mV
(Brown et al. 1980, Fig. 1). For values of z, up to 0-4 we still find only a moderate
deviation from the true time course of z. Between z, = 0-4 and 0-8 the deviation
becomes more significant but is in the wrong direction to account for 4, gae, i.e. the
major effect is that the decay tail is slowed rather than accelerated. At z, = 1 the
decay tail amplitude is greatly reduced and the tail ceases to be monotonic. These
effects are however very similar to the results obtained experimentally when large
amounts of accumulation are produced. Thus, Brown et al. (19765, Fig. 3) show an
example of a distorted ‘activation curve’ obtained following very long pulses (10 sec)
which shows a decrease in tail amplitude following large depolarizations; and Noble
(1976, Fig. 5) shows an example of a decay tail that ceases to be monotonic (panel 2)
before it reverses direction (panel 3). The decay tail is either slowed or initially rises
with time. This result is typical of those obtained when amounts of accumulation
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occur that nearly reverse the sign of the decay tail (Brown, H. F. & Noble, S. J., un-
published). Fig. 5 shows a comparison of the ‘distorted’ activation curves obtained
experimentally by using very long pulses and that obtained from our equations.
Thus, although it is relatively easy to reproduce some of the effects of substantial
amounts of accumulation on the time course of 7., eqn. (18) does not readily allow the

A - 0-03
4002
<
b 3
o001
L [ 1 1 [ L ] L 2 L 1 1 1 1 L
-50 —40 —30 —20.—10 0 10 20 —50 —40 —30 —20 —10 0 +10 +20 +30 +40'

mV Em

Fig. 5. Left: Strongly distorted ‘activation’ curve obtained by plotting initial ampli-
tudes of those tails in Fig. 4 that are monotonic. Right: ‘activation’ curve obtained
experimentally by Brown, Clark & Noble (1976b, Fig. 3) using very long (10 sec)
depolarizations. Their kinetic analysis was in fact restricted to using much shorter
pulses at large depolarizations where z activates more rapidly. The difference between
results of the kind shown in Fig. 3 and those shown here is therefore attributable to
the protocol used.

component %, ;... t0 be reproduced. A small fast component is evident in Fig. 3 but
its magnitude is quite insufficient to account for the ¢, 4,., observed experimentally.
This component can in fact be as large as i, 504 (3¢¢ Brown et al. 1976b, Figs. 64
and 74).

DISCUSSION

Before discussing the particular conclusions we may draw from our results it may
be helpful to the reader to give some physical insight into the equations we have
obtained for the complete time course of current decay when both ¢, and Aty are
present and are both perturbed by K accumulation and its decay.

In the simplest case, when iy +4p is involved without i, (i.e. at potentials below
the z current threshold) and when the K. concentration changes involved are small
enough to use linearized equations, the current will change with a single time constant,
7, To a first approximation, this is true for the experimental records below the x
current threshold (see Fig. 1; also Appendix B). Similarly, if only one Hodgkin—
Huxley mechanism is present and no significant accumulation occurs, the current
will decay with the time constant of the gating mechanism, 7,. This reproduces the
experimental situation for very small voltage pulses or for the small current recorded
by clamping at the beginning of a pace-maker potential (Brown et al. 1980, Fig. 5).
When both processes occur, the current i, will produce a perturbation in ig +4,
and will itself in turn be distorted by the change in concentration K, occurring when

6-2
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the total K flow across the membrane changes. If, in a first approximation, we ignore
the effects of accumulation on the time course of i,, (as done in section 3 with the
assumption A = 0), then the perturbation of AK,, and hence of A(ig, +1,), will also
display the time constant 7, (eqn. 10). The perturbation associated with 7, decay
generates the terms

0A(ig, +1ip) = — %1 x,n’ll)r/_I;FeXP(—t/T +Zolzn g e /I;F exp (—¢/7,)
Ta (22)

which are obtained from eqn. (11) by subtracting the ‘pure’ components
%o, nexp (—1t/7,) and vAK, (exp (—t/7,).

In eqn. (22) the symbol & is used to indicate a first-order perturbation. The part of
(22) decaying with time constant 7, will be identified in a semi-exponential analysis
as part of i, and will introduce an error in the estimate of its amplitude, though not
of its time constant. Since this term is negative it will reduce the estimate of i, and
since it is proportional to x,, it will not introduce any distortion of the shape of the
activation curve, i.e. the error in each case will be simply proportional to the degree
of activation.

Thus, the time course of A(ig, +14p) and of AK will have two components decaying
with time constants 7, and 7,. If we now allow i, to change (i.e. A % 0) the first-order
perturbation of i, due to changes of K. will be composed of two terms, obtained by
multiplying eqn. (10) for AK(¢) by Az(t). One of these terms is

811, = Axo(AKc,o+M)exp(—t(i+1)). (23)

1—7,/1, R ¢

2

The time constant (1/7,+ 1/7,) arises from the perturbation of a process decaying
with time constant 7, by a process with time constant 7,. Note that when 7, > 7, this
new time constant is not very different from 7, itself. Since A is negative, this pertur-
bation also reduces the estimated 7, but does not greatly change its apparent time
constant.

Eqn. (23) allows for the perturbation of 7, by changes in K. concentration with
time constant 7,. In addition we have a further first-order perturbation

- Tyl n TV _ (;))
82%—/\:150( —_I—Tx/"'a exp( th/2 (24)

The time constant 7,/2 is produced by the multiplication of a process decaying with
time constant 7, (i.e. by itself) by another process with the same time constant, i.e.
the perturbation of the concentration K. by %,. This component is proportional to
()2 and will produce a term that decays exactly twice as fast as 1, when unperturbed
by accumulation. Since this varies as (z,)? it can be made very small by considering
tails produced by very short or very small depolarizations, when x, is small. If A is
sufficiently large it will, however, produce a significant current as x, is increased and
this may give rise to an apparent second component, perhaps the 7, ;. of the experi-
mental results, at a more depolarized range of potentials.

At first sight, this appears to be a very attractive explanation of ¢, ;. since in
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atrium (Brown ef al. 19764, b) and in sinus venosus (Brown ef al. 1977) i, 4., does
appear at a more depolarized range of potentials than ¢, ;. There are however two
major difficulties with this explanation of ¢, g.:

(1) Tgqq4 is typically not half of 7., but rather lies between 0-2 and 0-33 of 74y.
It might be thought that this difficulty could be met by considering even higher order
perturbations. Thus, the second-order perturbation in the time course of ¢, also
contains the term

ton  (TgAT,/VFP(B—v1,/VF —71,/1,) 1
XV (=1, @—1ufr) G=r.jr) P ( -t (m)) (25)

which is in fact 3 times faster than z. Note however that this term is proportional to
(o)® and will therefore be extremely small for low values of x,. This gives rise to the
difficulty that, on this explanation of i, 4, it should first appear with time constant
7./2 and then acquire faster components (7,/3,7,/4 etc.) as z, increases. In fact,
however, within the limits of experimental error. 7, ., is approximately invariant
with the degree of activation (Brown et al. 1980, Fig. 6 B).

(2) The more serious difficulty is that, as our results (see Figs. 2 and 4) show, the
inclusion of second- and higher order perturbations does not in fact reproduce a
component resembling ¢, ¢,.. This failure arises from the fact that as the positive
decay terms in exp (—#/(7,/2)) and exp (—t/(,/3)) are added, negative decay terms in
exp (—#2/1,+1/71,)), exp(—t(3/7,+1/7,)) must also be added (see eqn. (18)). As is
clear from Fig. 4, it is these negative terms that dominate and that give rise to the
non-monotonic time course of ¢, as the effects of accumulation are further increased.

So far as the origin of ¢, 4, is concerned we are left with three other possibilities:

(@) %, 1aet may in fact represent a genuine second conductance mechanism (or,
perhaps, the x conductance mechanism does not obey simple exponential kinetics of
the Hodgkin—Huxley type). This was the hypothesis favoured by Brown ef al. (1976a,
b). The attraction of this hypothesis lies partly in the fact that it has so far proved
very difficult to reproduce ¢, 4,4 With models that represent it as a perturbation of
1, slow> aNd partly in the experimental observation of Brown ef al. (1980) that sub-
stantially increasing the bulk extracellular K concentration, which might be expected
to reduce the proportionate effect of a given amount of accumulation, does not tend
to reduce or eliminate 7, gq;.

(b) The assumption that, for small current changes, the currents are linearly
dependent on K. may be incorrect. In Appendix B we show that allowing a quadratic
dependence of (i, +¢p) on AK readily enables the small deviation of this component
from an exponential time course to be reproduced. An extension of this approach to
the equation for total current, however, requires experimental information of a more
detailed nature than is at present available. Furthermore, the numerical analysis of
the three-compartment model, in which the dependence of currents on the concen-
tration K, is largely non-linear, does not reproduce a significant fast component
(Brown et al. 1980). We conclude therefore that if the non-linearity between currents
and K plays any role in determining the appearance of i,, ;5. it cannot be the only one.

(¢) The assumption that the spaces in which K+ ion accumulation occurs are well
mixed and homogeneous in K concentration may be incorrect. We have therefore
extended the numerical model of Brown et al. (1980) to the system represented by
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the equation for diffusion in a cylindrical trabeculum:

2 10K ) .

where Dy is the diffusion constant for K+ ions in the extracellular space, i is the ionic
current given by eqns. (9)—(13) of Brown et al. (1980), and & is the rate constant for

i (nA)

< 0-05'

2l Joo2

0 5 10 15 20 25
Time (sec)

Fig. 6. Semilogarithmic plot of current decay tail produced following 5 sec depolarization
to 0 mV and return to — 40 mV. The current was computed using eqn. (26) with the net
current, i, given by eqns. (9)—(13) in the numerical model described by Brown et al.
(1980). The equations were solved using a matrix inversion procedure with the par-
ameters given in the text. During the pulse the value of K, increased by 5-5 mm (from
7-2 to 12-7 mM) at the centre of the preparation, while the surface K was kept constant
at 2 mum. Despite this large degree of inhomogeneity, the resulting current decay tail is
very similar to that obtained using the simpler three-compartment model (see Fig. 10
of Brown et al. 1980).

the Na-K exchange pump. This pump is assumed to be a linear function of K. Eqn.
(26) was solved using the boundary conditions that K. = Ky at x = r (the surface of
the trabeculum) and dK./0x = 0 at = 0 (the centre of the trabeculum). With a
trabeculum radius of 100 #zm we found we could reproduce the experimental current
records, including the slow decay with time constant about 10 sec, with D = 200 xm?
sec!and k = 0-0625 sec'. The decay tail following a 5 sec depolarizing pulse to 0 mV
followed by return to a holding potential of —40 mV (cf. Brown ef al. 1980, Fig. 7)
isin fact well fitted by two exponentials, the value of the fast time constant being very
close to 7,. Thus, assuming a non-uniform distribution of K+ ions within the extra-
cellular space does not reproduce the fast component (see Fig. 6).

Our conclusion therefore is that neither the three-compartment model in its simplest
form, nor its extension using eqn. (26) to include non-uniformity in K. concentration,
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can reproduce %, y,5¢. The possibility that this current is a genuine property of the i,
system, either as a separate component of membrane current or because i, itself
does not obey simple Hodgkin-Huxley kinetics, is therefore still an open one.

We should like to thank Dr D. Attwell, Professor L. Fox and Professor L. C. Woods for their
valuable advice on some mathematical points. This work was supported by the Medical Research
Council and by the Wellcome Trust.

APPENDIX A
Solution of equation (5)

Setting a=o0/VF,

b= Az,/VF,

¢ =247, 4/VF, (A1)

v=—1/7,,

y = AKc,
eqn. (5) of the text can be rewritten

dy(t)/dt = ay(t) + by(t) exp (vt) + c exp (vt). (A 2)

A series solution can be found for eqn. (A 2) making use of regular perturbation theory
(Lin & Segal, 1974). Regarding the coefficient of the cross-term, b, as the perturbation
parameter, y can be expressed as a power series in b:

y(t) = %[y,.u) bn]. (A 3)

The functions y,,(¢) (n = 0,00) can be found by substituting the expression (A 3) in
(A 2) and equating the coefficients of the same powers of b in the two members.
This gives the set of equations:

Y,

qt ~ Wo = cexp (vi),

dya
3oy, = ypaexp () (n=1,...c0).

(A4)

The eqns. (A 4) are of the general type dy/dt+ P(t) = Q(t) whose solution is

y(t) = exp(— [Pdt). (k+ [exp ([ Pds)Qdt)

k being a constant which is determined by the border conditions. The solution of
(A 4) is therefore given by the recurrent set:

Yolt) = koexp (at) + (¢/(v—a)) exp (vt), (A 5a)
Ya(t) = kpexp (at) +exp (at) [ exp (v—a) D)y () (n = 1,...c0), (A 5D)

where the k, values (n = 0, ... 00) are constant. Substituting (A 5a) in (A 5b) we obtain

() = By exp (@) + 2exp (0-+0)1) + o oxp (20)

(v—a)
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This expression can be used in (A 5b) to obtain y,(f) and so on. With this iterative
procedure, the general expression for y,,(f) is written as:

i) = 5 (222 exp(@mo-+a)t)

) cexp ((n+1)vt)
(v a)(2v—a)...(mv—a)((n+1)v—a)

(n=0,...0)

According to (A 6) the time dependence of y(t) is completely described by the series
of exponentials
exp((nv+a)t),exp((n+1)vt) (n=0,...00)

Substituting the expressions (A 6) in (A 3) the coefficients of the above exponentials
can be calculated. With the definition

Q = 3 (k,b"] (A7)
0
this procedure leads to the explicit solution of (A 2):

© 1 b n
y(t) = Q%} (m (5) exp ((nv+a) t))
bn
+G%(('v—a)(2v—a)...((n+1)v—a)

exp ((n+ l)vt)) . (A8)

The two series in (A 8) are convergent, as is easily proved by observing that the first
one is an exponential series whose value is exp (a¢ + (b/v) exp (at)), while for the second
one we have ‘

exp (vt) (b exp (v1))"
(v—a)...((n+1)v—a)
and thus according to d’Alembert’s ratio test, the series is absolutely convergent.
The value of Q is obtained by setting the border condition y(t = 0) = AK, , in

exp (vt) (bexp (vt))"!
(v—a)...(nv—a)

bexp (vt) | _

= lim (n+1)v—a|

n—>o

n—ro

(A 8):
bn
2%eo= 0% (5 0)) +% (rmamma —wrea)
Now 02:‘,( (—)n)=exp(b/v)
and therefore
bn
Q = exp(=5/0) OKeo—o3 (o m—mmrTos) A
Finally, defining
Ta=—1/a= —VF/o (A 10)

the time dependence of AK, will be described by substituting (A 1) in (A 8). This
results in the expression

R )

Tz Ta

| et P —exp(~t(/r)) A1)

(1_Tz/Ta) (2—Tz/Ta) (n_Tz/Ta
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0- _Ean 3 (=27, /VEY® )

exp (aotea/ V) (Keo= 52 3 (35 Ty ) ) 12
From eqn. (3) in the text and eqn. (A 11) the expression for Ai(t) can also be found.
The substitution gives

=5 ()02
+ovr 3 (T ey (v TR ) At

where

An alternative solution ’
Another solution of equation (A 2) can be given by using the method adopted to

integrate (A 4). In this case
y(t) = cexp (at+ (b/v) exp (vt)) (h/c +f exp (vt) exp (—at—b/v exp (vt)) df). (A 14)
Using the border condition y(0) = 7 (= AK, ) to determine k:

y(t) = exp (at + (b/v) exp (vt)) (Fexp (— b/v)-i-cJ‘ exp (vt) exp (—at—b/vexp (vt)) dt).
(A 15)

A series expression of (A 15) can be obtained by observing that, in general, given any
real numbers p, ¢, s:

ot e - [ (22 _ g, (5208

A 16
The following identity also holds (for any real numbers a, b, c): ( )

an © [an\ © ( ab)n ) 1
o B e e R o ol (e ey e
The latter identity is demonstrated by noting that the nth term of the product on
the right hand side is
n (i] (—ab)n-i B n 1
’(j!(b+c)...((n—j+ 1) b+c)) - (—“b)n%(j!(-b)f(b+c)...((j+ 1) b+c))
_ (eap __ an
T al(=b)r((n+1)b+c) nl((n+1)b+c)

where we have used the property

n 1 1
%’(j! (=b)i(b+c)...(n—J+ 1)b+c) T al(=b)((n+ 1)b+o)
Using (A 16) and (A 17) we can therefore express the integral in (A 15) as

b n
f exp ((v—a)t—(b/v) exp (vt))dt = exp ((v—a) Zn ((n'(((é;v-)i-ell;l:z (02)) )

- exp(v-a)9 5, (L2220 )")35"(( o o=a)

n! v—a)...(n+1)v—a)

= exp(—at—b/vexp (vt)) Zn ( = b"ae)xp ((((Z: 11))?:)_ a)) > (A 18)
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and therefore (A 15) can be rewritten
() = exp (at+ (b/v) exp (o)) [Foxp (~b/o) +oexp (~ai—(b/v) exp (on)
® brexp ((n+ 1) vt) br
A R (e BT DA (e s |
(b/v)» brexp ((n+ 1) ot)
= QZ( exp((nv+a’)t))+62n ((v a) ((n+ l)v—a))’

where we have used (A 9). The expression (A 19) is identical to (A 8). An analytical
form for the solution (A 15) can also be given using the incomplete I" function which
is defined as

(A 19)

L(z,y) = f:P’" exp (—p)dp

(Abramowitz & Stegun, 1964, p. 260).
With the substitution p = (b/v) exp (vt) the integral in (A 15) can be written

t 1 [(v\1lze [ Glve”

f e”exp(—at—b/ve"‘)dt:—(—) v J‘ p~¥verdp

0 v \b b/v
from which the final expression for y(t) is derived as
y(t) = exp (at+ (b/v) e™) (Fo~2/* + (c/v) (v/b)1 /> (T'(1 —a /v, (b/v)e*) - T(1—a/v,b/v)))

(A 17)
APPENDIX B

Tvme course of the current with a quadratic dependence on K in the absence of a Hodgkin—
Huzxley component

In the case of a quadratic dependence of ik,, ¢p on K¢, and for ¢, = 0, eqns. (3) and
(4) of the text become

Ai(t) = vAK o+ yAK &2, (B 1a)
dAK o(t)/df = V—lF(o-AKc+1,AKc2), (B 1b)

where 1 &
Y(E) = 3 (s 0)) (B 20)
18) = 3 (57 +7) (B 2b)

With the border conditions AK¢(0) = AK, o, AK¢(c0) = 0 the solution to eqn. (B 1b)is
AK,, oexp(—t/7,)

ARl = T3AR o (0/0) (T—exp (= E/ra))" ®3)
Where 7, = — VF /0. Substituting in (B 1a)
As = VAKc. 0€XPp (_ t/Ta) AKc, 2 exp ( t/(‘ra/2))
") =TTRK (/o) (1 —oxp (—1/r2)) T Y T BK, (/o) (I—exp (= /70 B ¥
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The continuity of AK,(f) in 0 < ¢ < oo and the condition AK(c0) = 0 require that
’ o <0,

AK, 07 < —o0. (B 5)

The current given by (B 4) obviously deviates from the single exponentiality obtained

when linearity between currents and K, is assumed (e.g. eqn. (8)). The ability of
expression (B 4) to reproduce the experimental records has been checked on the data

Ai (nA)

Time (sec)

Fig. 7. The same experimental points as in Fig. 1 are now fitted with eqn. (B 4). Values
of parameters used are 7 = —80nA/mmM and 0 = — 50 nA/mm for all three cases.
Then, respectively, for —81, —76 and —70 mV: » = —98-14, —91-4 and —77-5nA/
my; AK, , = 1-65, 0-65 and —0-1 mm; 7, = 2-2, 2-5 and 8-0sec. 1/VF = 0-004 mm/
nA sec. Note that in the cases of the currents recorded during hyperpolarizations (— 76
and — 81 mV) eqn. (B 4) is able to reproduce the curvature observed experimentally,
but fails to do so for the current recorded on depolarizing to — 70 mV. See text for
further discussion of this point.

shown in Fig. 1 of the text, and the results are shown in Fig. 7. As Fig. 7 is the result
of a limited series of attempts, it has to be considered only an illustrative example.
The data refer to currents recorded at different potentials, and therefore o,  and y
could be varied in general. However, in order to limit the degrees of freedom the
second derivatives 7 and y have been kept constant (and negative).

Values for the parameters have been used which reproduce the appearance of a
positive fast component for the curves at — 81 and — 76, while for —70 mV the second
derivative at time zero is, if anything, negative. However the limitation on the repro-
ducibility of a positive fast component on depolarizing pulses, as the case for — 70 mV,
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depends on the sign of the derivatives. The slope of the semilog plot is in fact calcu-
lated as

dig |Az| dAKc 1 v+2yAK,
and its derivative as
dzlg|As] v+2yAK. o+7AK.
e (VF)%AK"(‘”r 7AK.) ( v+yAK, V' yr 'yAKe2) - @B

Considering the case of a depolarizing pulse, then AK_ , < 0 and Ai, > 0, which
implies

Ad,
AK,, o

and consequently v < 0 if y < 0. According to (B 5) and (B 8) a negative slope at
t = 0 is obtained only if

v+yAK, = <0 (B 8)

v+2yAK, , <0 (seeeqn. (B 6)). (B9
On the other hand at ¢ = 0 the second derivative will be positive if

v+2yAK, o o+7AK,,, >0
v+7AK,, (v+78K,,o)?

which, assumed that 7,y are negative and according to (B 5), (B 8) implies
v+ 2yAK, , > 0. (B 10)

The contradiction between (B 9) and (B 10) can be removed using positive values for
7,7. In this case it is possible to obtain a curve with a positive fast component for
—70 mV (not shown).

+yv
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