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ABSTRACT In this paper we present a model that simulates the role of microtubules in depolymerization-driven transport.
The model simulates a system that consists of a 13-protofilament microtubule with “five-start” helical structure and a motor
protein-coated bead that moves along one of the protofilaments of the microtubule, as in in vitro experiments. The
microtubule is simulated using the lateral cap model, with substantial generalizations. For the new terminal configurations in
the presence of the bead, rate constants for association and dissociation events of tubulin molecules are calculated by
exploring the geometric similarities between different patterns of terminal configurations and by decomposing complex
patterns into simpler patterns whose corresponding rate constants are known. In comparison with a previous model, in which
simplifications are made about the structure of the microtubule and in which the microtubule can only depolymerize, the
detailed structure of the microtubule is taken into account in the present model. Furthermore, the microtubule can be either
polymerizing or depolymerizing. Force-velocity curves are obtained for both zero and non-zero tubulin guanosine 5'-
triphosphate (GTP) concentrations. By analyzing the trajectory of the bead under different parameters, the condition for “run
and pause” is analyzed, and the time scale of “run” and “pause” is found to be different for different motor proteins. We also
suggest experiments that can be used to examine the results predicted by the model.

INTRODUCTION

Microtubules are long, stiff polymers made of tubulin; they center, such as the poles of a mitotic spindle, whereas the
are present in almost all eukaryotic cells and play importanplus end is often located near the plasma membrane (Alberts
roles in many cellular processes, such as cell division anét al., 1994). During mitosis, the plus end may be connected
intracellular transport (Wade and Hyman, 1997; Hyams ando a chromosome at the kinetochore, and the minus end-
Lloyd, 1994; Roberts and Hyams, 1979). During mitosis,directed motion of the chromosomes along the microtubules
microtubules form the mitotic spindle, which organizes provides the traction mechanism for moving each of the two
chromosomes spatially and divides them between the twejster chromatids into one of the daughter cells (Alberts et
daughter cells (Inoyel981; Alberts et al., 1994; Rieder and al., 1994; Serreov, 1996).

Alexander, 1990). Many antimitotic drugs for cancer treat- Microtubules are extremely labile: they display the prop-
ment, such as taxol, function by interfering with microtu- erty of dynamic instability when the concentration of tubu-
bule assembly or formation in cells. Because of its impor-in-GTP in the environment is near a critical level. In such
tance, better understanding of the roles of microtubules iyn environment a microtubule alternates between the state
intracellular transport and during mitosis has been the goadf “catastrophe,” when the microtubule shrinks quickly, and
of experimentalists and theorists alike for many years.  the state of “rescue,” when the microtubule regains length.

A microtubule consists of tubulin heterodimers arrangeqwany experiments have been performed to study dynamic
in a helical structure. Typically, the heterodimers aligninstapility (Mitchison and Kirschner, 1984; Walker et al.,
along 13 different protofilaments that are parallel to the axi31988; Mandelkow et al., 1991; Odde et al., 1995), and
of the microtubule (Roberts and Hyams, 1979). Microtu-geyeral models are available (Hill, 1984; Hill and Chen,
bules grow and shrink by association or dissociation of1984; Bayley et al., 1990; Martin et al., 1993: Dogterom and
tubulin dimers at t_he ends. It is im_portant to note that theLeibIer, 1993).
two ends of a microtubule are different because of the 1y, mojecular processes underlie the roles of microtu-
polarity of the d'Te_rS‘ '!:he plus” end grows and shrinks bules during mitosis, namely the change in the lengths of
faster than the “minus® end (Wade_and Hyman, 1_997;microtubules by polymerization and depolymerization, and
Alberts_et al., 1994). In the ceII,_ the minus end of a MICTO"the mechanochemical actions of motor proteins (Hyams and
tubule is generally embedded in a m|cr0tubule-organlzmq_loyd’ 1994; Koshland et al., 1988).

Motor proteins bind at one end to various cellular objects
they are transporting and at the other end to the microtubule.
Received for publication 31 July 1997 and in final form 5 May 1998. There are basically two kinds of microtubule-associated
e o Ees e 144 hoto proteins: plus motors, such as axonal kinesin, move
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nyu.edu. as cytoplasmic dyneins and Rrosophila kinesin called
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In vitro, chromosomes have been replaced by tiny beadtibule is simplified in that model. The model assumes that
coated with microtubule-associated motor proteins. Such ¢he basic building block of the microtubule is a circular ring
system is illustrated in Fig. 1. Experiments (Lombillo et al., that consists of 13 tubulin dimers, one from each protofila-
1995; Coue et al., 1991) have revealed a paradoxical pianent. These rings are placed next to each other, and the
ture: transportation of the bead toward the minus end of theesultant hollow cylinder is the microtubule. With such a
microtubule by depolymerization at the plus end is en-model, the lengths of the 13 protofilaments in the microtu-
hanced in the presence of ATP, which fuels the motor actiobule are always the same, because when the microtubule
of the plus motor protein coated on the bead. Experimentdepolymerizes; it is assumed that a whole ring of 13 dimers,
have also shown that the motion of the bead is saltatorypne from each protofilament, comes off. In reality, poly-
with periods of runs and pauses. merization and depolymerization are achieved by associa-

A model was proposed by Peskin and Oster (1995) tdion or dissociation of individual tubulin dimers to or from
explain these experimental results. The force-velocity curvehe end of a protofilament. As a result, the end of the
obtained by using that model has a peak velocity: initially, microtubule is almost always ragged. Furthermore, because
when the load is smaller than the force that corresponds tthe bead can catalyze the depolymerization of the proto-
the peak velocity, an increase in the plus end-directed forclament on which it is moving, the length of that protofila-
actually speeds up the minus end-directed transport of thment could be much shorter than those of the other proto-
bead. This result is consistent with the paradoxical phenomfilaments. Second, the model assumes that a stand-alone
enon that has been observed in experiments. The model alsaicrotubule without anything attached to it would depoly-
predicts a saltatory trajectory of the bead, which is consismerize at a constant rate. In reality, however, the depoly-
tent with the run and pause characteristics observed imerization rate is not a constant of time due to the random
experiments. nature of the depolymerization process. In general, the

The model presented by Peskin and Oster (1995) is basedicrotubule can grow or shrink and does so in a compli-
on several simplifications: first, the structure of the micro-cated way, involving the phenomena of dynamic instability
as described above. Third, the model of Peskin and Oster
(1995) deals only with the situation when [Tu-GTP], i.e.,
the concentration of tubulin-GTP, is zero. This eliminates
the possibility that a protofilament can grow at times.

In this paper we extend the model of Peskin and Oster
(1995) by presenting a more realistic model of the latex
bead attached to a microtubule that may be polymerizing or
depolymerizing at its plus end. Although more sophisticated
microtubule models are available (Martin et al., 1993), for
the purpose of this paper, in which the microtubule has a
13-protofilament A-lattice, we will simply use the lateral
cap model of Bayley et al. (1990). The microtubule in our
model has 13 protofilaments and a five-start helical struc-
ture. It incorporates a “lateral cap,” which means that the
tubulin dimer at the plus end of each protofilament may be
in either of two states with different polymerization and
depolymerization kinetics. The novel feature of the present
paper is that we include a latex bead attached to the micro-
tubule by motor protein molecules and the bead influences
the dynamics of the system. This requires a substantial
generalization of the Bayley model, since the bead generates
many new terminal configurations that the microtubule can-
not have when the bead is not present.

Simulations using the new model for the system generate
a similar force-velocity curve as the one presented by Pes-
kin and Oster (1995). The old and new models agree well at
all loads, but especially at large load. This could be attrib-
uted to the fact that at very large load there is not much
difference between the lengths of the protofilaments, and
therefore the assumption of using rings as basic blocks for
the microtubule is more reasonable. At small load, however,
FIGURE 1 A latex bead is coupled to the microtubule by motor protein the_ new model shows that the length of the protofilament on
molecules. Notice that this figure is not drawn to scale. If it were, the beadVhich the bead moves can be much shorter than those of the
would be much larger. other protofilaments; this difference is noticeable from the

Plus End

Minus End
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force-velocity curves, but the difference is perhaps too smaland the molecule in unid cannot dissociate from the
to allow experimental discrimination. Finally, under certain microtubule because it is in the middle of a helix. Therefore,
conditions, the trajectory of the bead produced by the neva possible site for a dissociation event must be at the end of
model exhibits the run and pause characteristic, which is im helix and the end of a protofilament simultaneously. For
agreement with what has been observed in the model afxample, in Fig. 23, it is possible for the molecule in unit
Peskin and Oster (1995) and in experiments. Both the forcee to dissociate from the microtubule.
velocity curve and the time scales of the run and pause Similarly, the criterion for a possible binding site is that
behaviors are different for different motor proteins, such ast such a site, the incoming tubulin molecule will be at both
NK350 and kinesin. Such differences as predicted by thehe end of a helix and the end of a protofilament. For
model could be examined in experiments. example, the vacant positiod in Fig. 2 a is a possible
binding site at which an incoming tubulin molecule can
attach itself.
THE MODEL According to the criteria discussed above, a possible site,
There are two major components in the system: the microwhether it is for association or dissociation, will be at the
tubule and the motor protein-coated bead that is attached worner formed by two tubulin molecules, one of which
the microtubule. interacts laterally with the incoming or the outgoing mole-
cule, and the other accounts for the longitudinal interaction.
For siteX in Fig. 2a, b andd are two such molecules. The
rate constant for an association or a dissociation event at the

For the purpose of this paper, the microtubule part of oussite is determined primarily by what each of these two
model will be based on the lateral cap model presented ifnolecules is (tubulin-GDP or tubulin-GTP). Furthermore,
the paper of Bayley et al. (1990). However, because of th&ve assume that apart from these two immediate neighbors
interaction between the latex bead and the microtubule, thef a site only the next-to-immediate neighboasafde for
lateral cap model needs to be substantially generalized. Site X) will have contributions by modifying the rate con-
Before we introduce the complete model for the micro-stant by a certain factor. Therefore, an examination of the
tubule with the bead attached, we will first briefly describe €nd of a protofilament in relation to its two adjacent proto-

the lateral cap model for a stand-alone (without the beadfilaments is enough to determine whether a site for associ-
microtubule, as discussed in the paper of Bayley et alation or dissociation exists at the end of that protofilament

(1990). and the rate constant for an event at the site. In Fiy.tBe

The dynamics of the microtubule simulated with a lateralrate constant for an association event at the bindingsise
cap model are determined by a single terminal layer ofletermined primarily by what is ib and what is ind, with
tubulin molecules. This model assumes that it is impossibléhe molecules ira and e each contributing a factor of 2.
for a tubulin molecule to dissociate from the microtubule Similarly, for a dissociation event, next-to-immediate
when it is in the middle of a helix or a protofilament, where neighbors will contribute a factor é& to the rate constants.
the affinity for the microtubule is strong. For example, in Fig. 3 shows all possible configurations at the end of a
Fig. 2 a, the molecule in unib cannot dissociate from the Protofilament of a stand-alone microtubule.

microtubule because it is in the middle of a protofilament, Itis important to note the “hydrolysis rule” (Bayley et al.,
1990): in the lateral cap model, tubulin-GTP molecules are

confined to the terminal layer (lateral cap) of the microtu-
bule. One way to determine whether a molecule is in the

The microtubule

C)

(b)

- /// terminal layer is to check the number of its immediate
P i |.X g i [ o ) neighbors (including diagonal neighbors). Usually, a mole-
et 2t [ L] cule inside the microtubule has eight neighbors, but for one
PR Sl F o P I g i in the terminal layer, the number of neighbors is less than
/;/;/;/;/;/ eight. Therefore, after an association event, tubulin-GTP
LA T LT molecules that are not in the terminal layer would hydrolyze
/;///////;/ and become tubulin-GDP molecules. For example, in Fig. 2
/////////// a, a—e are all in the terminal layer before the attachment at
e //4\<j—-< X. After the attachment, a tubulin-GTP molecule previously
§4T4~6‘7 8 9 1011 1213 1 at sitec will be hydrolyzed into a tubulin-GDP molecule.

When there is a bead moving along the microtubule, the
terminal configurations can get much more complicated. As
FIGURE 2 @) The cylindrical projection of a 13-protofilament micro- g result, the lateral cap model described above must be
tubule with five-start helical structure. The pl_’otofilaments are numbere%eneranzed: the assumption that a tubulin molecule cannot
from 1 to 13. Both 1 and 13 are each drawn twice to show that they are next. . s . .
to each other and to give a better picture of the helical structhye=dr dissociate when it I_S I,n the middle of a _he“X does not apply
convenience, we use letteasthroughg to label the units surrounding a N€re any more. This is because there is now a new depoly-

possible site X. merization mechanism: when the bead is at the plus end and
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FIGURE 5 All possible dissociation sites in addition to those shown in
Fig. 3 for a microtubule with a bead attached. The notations are the same

as in Fig. 3.
FIGURE 3 All possible terminal configurations for a stand-alone micro-

tubule. In each case, the length of each protofilament from left to right is

A, B, andC, respectively. The protofilament in the middle, i.e., the one with . . .
lengthB, is under consideration for possible sites of association or disso-bead in relation to the plus end of the protofilament along

ciation. Arrows indicate whether the site is for association or dissociationWhich the bead is moving. It turns out that only one variable
is needed to describe the position of the bead. This is based
upon the experimental evidence (Lombillo et al., 1995) that
rolls toward the minus end, the tubulin molecule at the plushe movement of the bead is usually one-dimensional: the
end of the protofilament along which the bead is movingpead is traveling along one single protofilament, the dis-
might be pulled off by the bead. This new depolymerizationp|acement of the bead is always parallel to the microtubule
mechanism will lead to many new terminal configurationsaxis, and there is no movement in the direction perpendic-
in addition to those configurations of a stand-alone microjar to the microtubule axis. A detailed discussion of this
tubule. These new terminal configurations are illustrated infssye can be found in the review by Howard (1995). Fur-
Figs. 4 and 5, with Fig. 4 showing all the possible sites forthermore, we assume that the bead moves in steps oésize
association and Fig. 5 showing all the possible sites fokne |ength of a tubulin heterodimer, which is typically 8 nm.
dissociation. Consequently, a new set of rate constantgs discussed in the review by Howard (1995), for micro-
needs to be obtained for events that occur at these newbules with different structures the step size might be
terminals. The method to obtain the rate constants will ijifferent; it might even alternate between two different

3) A>B>C 4) A=B>C

discussed in detail later in this paper. values for two consecutive walks in the same direction. In
this paper, however, we will be content with a constant step
The bead size of 8 nm. It is not difficult to modify our model to

accommodate different step sizes.

Modeling the movement of the bead is relatively straight-  Our model also assumes the following when the bead is
forward. We need only to keep track of the position of the|ocated at the plus end the protofilament: first, the possibil-

ity for the bead to move further toward the plus end is zero,

which means that the bead cannot fall off the microtubule.
. i - - l - — & - This assumption is reasonable only when the plus end-

directed force applied on the bead is not extremely strong;
otherwise, a separate process, namely the detachment of the
bead from the microtubule, needs to be introduced. Second,
if the bead is moving toward the minus end, it is possible

1) A>B B<C 2) A>B B<C 3) A>B B<C

A A A< that the bead can pull the terminal unit off. To simplify the
o problem, we assume that the possibility for the bead to pull
_ N off that unit is a constantp,. Of course, in reality one
™~ would expect thap,; would depend on the terminal con-
L] | figuration in a similar fashion, as in the cases for association
and dissociation events. Such dependence will be studied in
4 A=B<C 5 A<B<C

future work. Third, the molecule at the plus end of the
FIGURE 4 All possible association sites in addition to those shown inpmt_Ofllament along Whl(_;h the_ bead is moving cannot d_lsf
Fig. 3 for a microtubule with a bead attached. The notations are same as f0ciate when the bead |ts_elf Is at the_ p|L_JS end unless it is
Fig. 3. pulled off by the bead. This assumption is based upon the
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consideration that the affinity for the bead makes it veryprotofilament for possible sites for association or dissocia-
difficult for that molecule to come off the microtubule tion, according to the criteria discussed above. There could
unless it is pulled off by the bead when it moves. be several possible sites of association or dissociation for a
One can also speculate that even if the bead is not at thearticular terminal configuration. The random time interval
end of the protofilament, it is still possible for the bead to At; at which an event associated with a diteould occur
pull off a molecule in the middle of the protofilament, relative to the previous event follows an exponential distri-
thereby leaving holes in the microtubule (Seme, 1996).  bution, which can be sampled as follows:
However, it is reasonable to argue that the possibility for
creating such holes is small, because a molecule in the _ In(1—r)
) . . At = — , Q)
middle of the microtubule is surrounded by other molecules ' K
and is therefore strongly bqndepl o the m|crotgbule. OuR/vhereki is the rate constant for the individual event at site
model does not allow tubulin dimers in the middle of a. : : L ;
protofilament to be pulled off by the bead. i, andr; is a random number uniformly distributed in [0,1),

. independent for different
The interplay between the movement of the bead and the The event that would occur the earliest is allowed to take

polymerization ar!d depolymerization of the. mlcrotL'Jbu.Ie lace, and the time is advanced & which is given by the
makes the dynamics of the system extremely interesting: c;ﬁ

one hand, because of the possibility of the bead pulling o ollowing equation:

the tubulin molecule at the plus end, many new patterns of At = min{At;}. (2)
terminal configurations are created; these new configura-

tions give rise to new possibilities of polymerization and In the presence of the bead, the movement of the bead,
depolymerization that would otherwise not be present in &ither toward the plus end or the minus end, is also a
stand-alone microtubule. Furthermore, we assume that thieossible event. If the rate constant for the bead to move
tubulin molecule at the plus end of the protofilament totoward the plus end iy, then the time at which the bead
which the bead is attached cannot dissociate by itself if th€ould be moving toward the plus endt,, is given by

bead is at the plus end. This would also have an effect on the In(i—r.)
dynamics of the microtubule by preventing certain dissoci- At, = _7*1
ation events from taking place. On the other hand, depoly- Y+
merization of the microtubule has an effect on the move;

o wherer , is, asr;, independently chosen from the uniform
ment of the bead: it is assumed that the bead cannot fall szﬁistribution on [0,1).

the microtubule. Therefore, when the bead is at the plus end, Similarly, if the rate constant for the bead to move toward

the possibility for it to move toward the.plus. end is zero. ASiha minus end i3/, thenAt_, the time at which the bead
a 'result, the movement of the bead is blasgd toward thg, 14 pe moving toward the minus end, is given by
minus end whenever the plus end of the protofilament along
which the bead is moving catches up with the bead. In1—r.)
A Monte Carlo method is used in the simulation. There At = VI (4)
are three major kinds of events that might take place in the
system: association of tubulin molecule to the microtubulewherer_ is defined in the same way as.
dissociation of tubulin molecule from the microtubule, and In summary, the next event that occurs is the one that
movement of the bead. Because of the stochastic nature éprresponds the smallest of al;, At,, andAt_, and the
the system, the time interval between two consecutivdime is advanced byt, which is given by

events is random, and follows an exponential distribution.

@)

By repeatedly selecting an event and allowing it to occur, At = min{At;, At,,, At.}. )
the dynamics of the system can be simulated. The rules for
selecting the events will be discussed below. RATE CONSTANTS

Rate constants play key roles in determining the frequency
SELECTION OF EVENTS of different kinds of events, and hence the dynamics of the

The simulation procedure will produce a sequence of eventgystem. However, the lack of understanding of the micro-

(association, dissociation, or walk of the bead). The dynamscopic details of each process and the scarcity of experi-

ics of the system are obtained by monitoring the length ofnental data make it difficult to determine an appropriate set

each protofilament of the microtubule as well as the positiorPf rate constants.

of the bead as a function of time. The Monte Carlo method

is used to determine, on a probabilistic basis, which of thﬁ?ate constants for bead movement

possible events is the first to take place and should be

selected. At zero load it is assumed that it is equally possible for the
We first consider a stand-alone microtubule, with no beacdead to move toward either end of the microtubule, i.e., the

attached. The simulation program examines the end of eadlate constant for moving toward the plus epdis equal to
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the rate constant for moving toward the minus end TABLE 1 Rate constants of association and dissociation
unless the bead is at the end of the microtubule and a furth@vents for the basic patterns of terminal configurations

step toward the end would cause it to fall off the microtu- Contents of sites 1078 X K(+T)pq K(—D)ypq K(—T)pq

bule. However, when the load is not zero, the movement of b andd M~ *s™) s s

the bead is biased, and. and~y_ are different. If the force DD 0.33 111.66 66.66
acting on the bead s then the relationship between and DT, TD 1.00 — 8.33

v_ can be determined by thermodynamics: T 1.25 — 1.25

The basic set of rate constants for association and dissociation events, taken
'Y+/'Y— = exqf): (6) from Bayley et al. (1990)T stands for tubulin-GTPD stands for tubulin-

where GDP.k(+T) is the rate constant for adding a tubulin-GTP molecule to site

X, at the corner formed blg andd (see Fig. 2)k(—T) is the rate constant
for a tubulin-GTP molecule at si%é to dissociate, and so on. — stands for

f = fo/ (kBT)' (7) events that are not allowed.

kg is the Boltzmann constant, is the absolute temperature
of the environment, and, as before, is the size of a single
step, which is the same as the length of a tubulin het

erodimer in our model. , . halved for each molecule ia or e.
Equation 6 gives only the ratio of, to y_; if one of As shown in Fig. 3, for a stand-alone microtubule, geo-
them is known, the other can also be determined. Weetrically speaking, there are only two patterns of associ-

introduce a parametey, such that ation sites and two more of dissociation sites; the rate

next-to-immediate neighbors of a sit€;+T) is doubled for
each molecule ira or e, and k(—T) and k(—D) are both

v, =y exp(&?2) (8) constants for all of these four basic patterns can be found in
' Table 1. However, when the bead is on the microtubule, in
v_ = yexp—&?2). (9) addition to these patterns, there are five new patterns of

association sites and another five new patterns of dissocia-
Strictly speakingyy could also be a function af; however,  tjon sites, as shown in Figs. 4 and 5. We need the rate
for simplicity, we assume thay is a constant. When the constant that corresponds to each of these patterns in our
load is zero, it is obvious that, = y_ = 1. model.

The method we will use is to explore the geometric
similarities between different patterns and try to decompose
the complicated new patterns into simpler patterns whose
For the association or dissociation events, the rate constanterresponding rate constants can be found directly from the
are far more difficult to determine. Again, we will start from four basic patterns shown Fig. 3. Furthermore, we assume
a stand-alone microtubule as discussed in the paper dhat for association events, fewer molecules surrounding a
Bayley et al. (1990), and then make substantial generalizasite will lead to a smaller rate constant; for dissociation
tions to accommodate the new terminal configurations inevents, fewer molecules surrounding a site will lead to a
the presence of the bead. larger rate constant.

As mentioned above, the rate constant for an event at a Take the fourth pattern in Fig. 4, for example. It is
site is determined predominantly by the two molecules thageometrically similar to the second pattern in Fig. 3, so we
immediately surround the site. In Figa2the principal part assume that the rate constants are the same for these two
of the rate constant for an event at skelepends on what patterns.
is in b and what is ird. Furthermore, to account for the roles  The first pattern in Fig. 4 is a case where we can apply the
of the next-to-immediate neighbors in the terminal layer,geometric decomposition method. According to the as-
such asa ande for X in Fig. 2a, we assume that they each sumptions we made above, the rate constant for an associ-
contribute a factor of 2 (for association) #r (for dissoci-  ation event in this case should be greater than that for the
ation) to the rate constants. For association, the rate corieurth pattern in Fig. 4 or the second pattern in Fig. 3.
stants will also depend proportionally on the concentrationTherefore, we simply use the sum of the rate constants for

Rate constants for association and dissociation

of tubulin-GTP in the environment. these two simpler patterns as the rate constant for this
For convenience, we use lettaaghroughf to label the  pattern, as shown in case 1 of Fig. 6.
neighboring units of a site, as shown in Figb2The basic A more complicated example is the first pattern in Fig. 5.

set of rate constants, i.e., the rate constant for either aHere the outgoing molecule has direct contact with only one
association or a dissociation event at sKe given the molecule in the microtubule, according to the assumptions
contents of unitsh and d, is adopted from the paper of we made above; the dissociation rate constant in this case is
Bayley et al. (1990), as shown in Tablek{+T) stands for larger than that for the pattern when a molecule is at the
the rate constant of attaching a tubulin-GTP molecule to aorner of two molecules, such as the fourth pattern in Fig. 3.
vacant site aiX, k(—T) stands for the rate constant for a Therefore, we simply use the sum of the rate constant for the
tubulin-GTP molecule at sitX to dissociate from the mi- fourth pattern in Fig. 3, and that for the fourth pattern in Fig.
crotubule, and so on. To take into account the effects 0b, as the rate constant for this case. This is shown as case 3
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Similarly, the rate constants for all other patterns can be
obtained either by exploring their geometric similarity with
the known patterns or by decomposing them into the sim-
pler patterns. As one can see, in the presence of the bead
there are seven possible patterns of association sites and
seven possible patterns of dissociation sites. For each pat-
tern the rate constant is dependent on the contents obunit
and unitd, and in the case of a dissociation event, whether
the outgoing molecule is tubulin-GTP or tubulin-GDP. This
results in a much larger set of rate constants than the set for
a stand-alone microtubule.

RESULTS AND DISCUSSION
Force-velocity curve

The relationship between the plus end-directed force and the
velocity of the bead toward the minus end is calculated. The
force-velocity curves corresponding to two different motor
proteins, NK350 and kinesin, are shown by the two solid
curves in Fig. 7. According to the present model, the dif-
ference in force-velocity curves of different motor proteins

FIGURE 6 Calculating the rate constants for complex terminal config-ijg due to the difference ipy, i-€., the probability for the
offy "%~

urations by decomposing them into simpler patterns whose correspondin
rate constants are known. In each case, shaded units are occupied by t
same kind of molecules (tubulin-GTP or tubulin-GDP).

%gad to pull off the molecule at the plus end of the proto-
filament along which it is moving. In this paper we use the
same values o, as in Peskin and Oster (1995), where
NK350 supposedly has a biggey; than kinesin. For both

in Fig. 6. Notice that in Fig. 6 certain units are shaded,curves the concentration of tubulin-GTP in the environment
which means that they are occupied by the same kind ois zero, which according to the model means that the mi-

molecules (tubulin-GTP or tubulin-GDP).

FIGURE 7 Force velocity curves at
zero tubulin-GTP concentration. The
solid lines indicate the force-velocity for __
two motor proteins, NK350 and kinesin, 2
calculated using the present model. The 3,
dotted curves are calculated using the =
model in Peskin and Oster (1995). No-
tice that the force-velocity curves given
by the two models are almost identical
except for some difference at small load.

10

w

crotubule can only depolymerize.
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Each of these force-velocity curves has a maximum veprotofilaments. The fact that the force-velocity curves ob-
locity, Ve COrresponding to a loaf]. When the force is  tained from these two models are almost identical when the
less thanf,, an increase in the plus end-directed forceforce is relatively large can be explained as follows: when
actually speeds up the minus end-directed motion of beadhe force is large (much greater thih the bead is held at
This has been observed in experiments as the paradoxicile end of the protofilament most of the time, and the
phenomenon that we described before: the addition of ATPnovement of the bead toward the minus end is greatly
to the environment, which fuels the plus motor protein,hampered. Under such a condition there would not be too
results in an increase in the velocity toward the minus endmuch difference between the length of individual protofila-
Moreover, for the same load in our simulations, the beadnents; hence the assumption that when the microtubule
travels faster whep is bigger, a bead coated with NK350 depolymerizes, a whole ring of 13 molecules comes off is
travels faster than one coated with kinesin. very close to the real picture. However, even at small load,

When the force is greater thdp an increase in the plus the difference in the force-velocity curves given by the two
end-directed force acting on the bead will start to slow dowmmodels is perhaps still too small to be differentiated in
the motion of the bead toward the minus end. As the forceexperiments. One could possibly argue that the force-veloc-
increases, the velocity of the bead decreases very fast. Fay relationship is insensitive to the exact geometry of the
example, for NK350, correspondingdc= 7.8, orf = 4 pN,  end. Also, one should note that the force-velocity curve and
the velocity is only~3% of the peak velocity. According to the corresponding maximum velocity are remarkably dif-
the lateral cap model, when the concentration of tubulinferent for kinesin and NK350. This suggests that it is
GTP is zero the microtubule will be depolymerizing all the possible to determing,; by observing the force-velocity
time; therefore, the force-velocity curve will never fall curve.
below the axisy = 0. When concentration of tubulin-GTP
is not zero, however, the model does allow the velogity
be less than zero, as we discuss later.

To get a smooth force-velocity curve from the Monte
Carlo simulations, we calculated the velocity corresponding-ig. 8 shows one of the simulated trajectories of the bead
to each different force 50 times using different sequences abbtained from the model. Fig. & andb correspond to two
random number, and use the average velocity of these Sdifferent simulations for NK350 using different sequences
runs in the force-velocity curve. of random numbers; andd correspond to kinesin, and both

In Fig. 7 a comparison is made with the force-velocity are at zero load. Run and pause behavior is evident for
curves given by the model of Peskin and Oster (1995)NK350, as observed in experiments. The most rugged curve
which are given by the dotted lines and described by thejives the trajectory of the bead, the uppermost curve gives

Run and pause

following equation: the position of the tip of the protofilament along which the
bead is moving, and the other curve gives the average
(8" = Vae) (B + PoftVac) position of the other 12 protofilaments. One conclusion that
V= 3[2B + I'(1 — porr)] + Vac1 + Posr)’ (10) " can be drawn from this figure is that run occurs when the
bead is near the tip, while pause takes place when the bead
wherev is the velocity toward the minusend,= y, + y_, departs away from the tip. This observation can be ex-
Voot = 8(y, — v_), andp is the average depolymerization plained as follows: at zero load, the rate constants for the

rate (in dimers/s) of a stand-alone microtubule that has nbead to move toward either end of the microtubule are the
bead attached to it. Notice thatis a constant in the model same; therefore, if the bead is not near the tip, on average
of Peskin and Oster (1995); however, in the model prethe bead will be standing still, i.e., in the pause phase.
sented in this paper, the depolymerization rate of the miAlternatively, when the bead is at the terminal unit, it could
crotubule is no longer a constant. To make the comparisopull the terminal tubulin molecule off the protofilament,
we first simulated a stand-alone microtubule at zero tubulinthus catalyzing the depolymerization of that protofilament.
GTP concentration and calculated the average depolymeNote that after this happens the bead is still at the (new) end
ization rate, which is accepted @sin Eg. 10. of the protofilament, so the process could be repeated, and
One can notice in Fig. 7 that there is no significantthe bead enters the run phase. In each of the subplots of Fig.
difference between the force velocity curves given by theB, the uppermost line gives the average position of the tips
two models. The only noticeable difference (although stillof the other 12 protofilaments that the bead is not on. As one
very small) is found at small load. This closeness is strikingcan see, for NK350 the tip of the protofilament along which
considering the fact that in the model of Peskin and Ostethe bead moves could be far away from the tips of the other
(1995), a whole ring of 13 tubulin dimers comes together offprotofilaments most of the time, suggesting that this proto-
the microtubule; therefore, each of the 13 protofilamentdilament depolymerizes much faster than the others. How-
always has the same length. In the present model, individuaver, when the bead is in the pause phase, it is possible for
tubulin molecules dissociate one by one, and there could bthe other protofilaments to catch up with the one that the
a very big discrepancy between the length of the protofilabead is on; this is because when that protofilament is much
ment along which the bead is moving and those of the otheshorter than the other protofilaments, the chance for a dis-
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FIGURE 8 Run and pause. Both
the load and the concentration of tu-
bulin-GTP are zero. The most rugged
curve shows the position of the bead,
the uppermost curve shows the aver-
age position of the other 12 protofila-
ments, and the other curve shows the
position of the tip of the protofila-
ment on which the bead moves) (
and ) are the simulation results for
NK350 (using different seeds for the
random number generator)¢)(and
(d) are for kinesin. Notice that run
and pause is much more evident for
NK350 than for kinesin.
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sociation site being selected at the end of that protofilamentlose to those of the other protofilaments, when it depolymer-
is almost zero according to the criteria that we have seizes in a similar fashion as the other protofilaments.
before.
For kinesin, which supposedly has a lowgy; than
NK350, run and pause is not so evident, as shownand . .
d of Fig. 8. Furthermore, there is not much difference 1ransport along a polymerizing microtubule

between the length of the protofilament along which thegne of the new features of our present model in comparison
bead is moving and those of the other protofilaments.  jith the previous model of Peskin and Oster (1995) is that
It is important to point out that the parametss iS i the present model, the microtubule could be polymeriz-
critical in determining the role that the bead plays in thejhg Fig. 9 shows the simulated trajectory for NK350 when
system. One extreme case is wigp = 0; in that case, we  ynq concentration of tubulin-GTP is@M. At this low level
would expect that the behavior of the system will not differ ¢ b ,jin.GTP concentration one can still find the run and

tqo mﬂ(.:hhf;lom that of a stand-algne mlcr.otubtlle. Fo.rdk'nte'pause characteristics in the trajectory. When the concentra-
sin, which has a smafi,q, run and pause is not so evident, o ¢ 1blin-GTP is at a much higher value, such as 20

ap(i;:}gﬁ:ﬂ?gﬁgaucxrﬂfﬁ rtﬁzaggg dbgvr\:]eoev?nthz:? dntgr:ZSoef E)heM, the protofilaments are polymerizing very fast, and the
P 9 g chance for the bead to catch up with the plus end of the

the other protofilamentg, is dependent on the affinity of i ) ] : :
the tubulin molecules for the bead, or more precisely, for thé:)rotoﬁlament is small; therefore, there is no longer any sign
' ' c?f run and pause in the trajectory of the bead.

motor protein that is coated on the bead. Therefore, distin _ .
motor proteins will lead to different dynamics of transport. | OF the force-velocity curve, when the concentration of
The time scale of the run and pause for NK350 as shows!Pulin-GTP is zero, the bead can move only toward the
in Fig. 8 is consistent with that observed in experimentsMinus end; therefore, the velocity of the minus end-directed
(Lombillo et al., 1995). Furthermore, by measuring the timemotion can never be less than zero. This is no longer the
scale for run and pause and noticing the difference betweef@S€ When the concentration of tubulin-GTP is not zero,
the length of the protofilament along which the bead iswhen the protofilaments could be polymerizing and it is
moving and those of the other protofilaments, one can als@ossible for the bead to move toward the plus end. The force
make a rough estimate of the important parampggr that corresponds to zero velocity is defined as the “stalling
In summary, the condition for the protofilament that the force.” The force-velocity curve shown in Fig. 10 corre-
bead is on to depolymerize is either the bead at the tip of theponds to NK350 at tubulin-GTP concentration of 28,
protofilament, when the bead could pull the terminal moleculethe calculated stalling force in this case is 4.8 pN. Of course,
off the protofilament, or the length of that protofilament is very this only gives a rough estimate of the stalling force, be-
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FIGURE 9 The trajectory of a bead
coated with NK350 at zero load,
when [Tu-GTP], the concentration of
tubulin-GTP, is not zero, but still at a
low level (5 uM). One can still find
the run and pause characteristics, but
the protofilament can grow some- -10
times.
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cause as we mentioned before, when the force is large, trMon-zero load

assumption that the bead will not fall off the microtubule
when it is at the plus end might not be valid any more. Therel he trajectories of the bead shown above are obtained when

are no experimental data available for this situation. Inthe load is zero. When the load is not zero, simulated results
comparison with the movement toward the minus end, th&how that the protofilament along which the bead is moving
velocity of the bead toward the plus end is very small. Thiscould depolymerize extremely fast in relation to the other
indicates that the primary role of microtubules in this case igrotofilaments. Obviously, the role of the bead in catalyzing
to facilitate the transport toward the minus end. depolymerization is directly dependent @g;, which is

FIGURE 10 Force-velocity curve when the concen- 6
tration of tubulin-GTP is not zero. Here [Tu-GTR] 20

uM. Unlike the case when the concentration of tubulin-
GTP is zero, here the force-velocity curve crosses the =
axisv = 0, as shown in detail in the inset. The force %
corresponding t@ = 0 is the stalling force. Notice that
when the force is larger than the stalling force, the
velocity toward the plus end is extremely small in com-
parison with the velocity toward the minus end when the
force is much smaller than the stalling force.
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determined by the affinity of the motor protein for the motor proteins that have differemm, the force velocity
tubulin molecules. curves are different. One way to tedl; from the force-

For any motor protein having a certain valuepf the  velocity curve is to measure the maximum velocity the
depolymerization rates at different loads are also differentbead. As we can see, corresponding to different values of
At low loads, an increase in load causes the microtubule t@,;, the maximum velocities as given by the simulated
depolymerize faster. This is because a larger plus endorce-velocity curves are different. However, the model also
directed force keeps the bead near the plus end, whemgredicts that run and pause behavior could be noticeably
catalysis due to the bead is most effective. Recall, howevedifferent for different motor proteins. this corresponds to
that this catalyzing effect depends on the motion of the beadifferent values ofo, in the model.
away from the plus end. At high loads the bead is held so Therefore, withp,;; obtained from the first approach, i.e.,
tightly to the plus end of the protofilament that it actually the measurement of the force-velocity curve, one can sim-
stabilizes the protofilament by preventing the depolymer-ulate the run and pause statistics using the model. The time
ization of the terminal unit. Of course, how strong the loadscale and statistics of such behavior given by the simulation
(plus end-directed force) can be before the detachment afhould be consistent with what is observed in experiments.
the bead from the microtubule takes place is something yet An interesting new feature of the present model in com-
to be determined by experiments. parison to the one of Peskin and Oster (1995) is its capa-
bility to simulate the situation when the concentration of
GTP-tubulin is greater than zero. Few experimental data are
available in this realm. But as the model predicts, one can
still notice the run and pause behavior at relatively small
With the advent of new experimental techniques such asoncentration of GTP-tubulin. At high concentration, how-
laser trapping (Svoboda et al., 1993; Coppin et al., 1997), iever, there will be little chance for the bead to catch up with
is possible to apply a specific load to the bead. Previouslythe end of the microtubule and, therefore, run and pause
different “loads” were obtained by using an active motorbehavior would no longer be evident. Experiments can be
and varying the ATP concentration. This resembles theperformed to verify these results and test the validity of the
application of a load force since the activity of the motor model.
biases the random walk of the bead toward the plus end of By repeating this procedure for several different motor
the microtubule, but the interpretation of that is complicatedproteins, one would considerably sharpen the test of the
by not knowing the dynamics of the motor in detail. As amodel. Note that most of the parameters of the model are
result, it is difficult to determine quantitatively the exact independent of the motor protein and can be found from
load. So it would be more clearcut to use a passive motoexperiments on a stand-alone microtubule. The rate constant
(i.e., one that is not functioning as a motor), and to subjecty that characterizes the random walk of the bead on the
the bead to a known force with a laser trap. microtubule may depend on the motor protein, but it can be

The model makes specific predictions of several things aslirectly measured by observing the random walk of the bead
functions of the applied load, namely 1) the mean velocityon a stabilized microtubule (one that is neither polymerizing
of the bead, 2) the time scale and statistics of runs andor depolymerizing). Thup.; is the only parameter that
pauses, and 3) the statistics of the average length of thieas to be determined by curve-fitting, and it should be
other protofilaments beside the one that the bead is on. Apossible to fit the data for a whole variety of motor proteins
of them can be measured in experiments. with all model parameters constant except foand pys.

Furthermore, the model is able to simulate the situation in Yet another test of the model would be to vary the size of
which the concentration of GTP-tubulin is not zero, so itthe bead, which would be expected to changdin a
predicts all of the above not only as a function of the appliedneasurable way, as above) and possily Again, the test
force, but also as a function of the concentration of GTPawould be to predict a whole family of data for beads of
tubulin. different sizes while changing only those two parameters.

Experiments could be done for different (passive) motor
proteins linking the bead to the mlpr.otubule. By ChangmgCONCLUSIONS
the parametep,; in the model and fixing the other param-
eters, one should be able to simulate the behavior of sever#i this paper we have presented a numerical model that can
different motor proteins. simulate a system consisting of a microtubule and a latex

One way to test the validity of the model is to use thebead coated with motor protein. Substantial generalizations
model together with part of the experimental data to calcuare made to the lateral cap model to accommodate the new
late the value of,; of a particular motor protein and then terminal configurations due to the movement of the bead
to use the model to predict the rest of the data for that motoalong the microtubule. The rate constants for association
protein by setting the value ¢f  in the model to the one and dissociation of tubulin molecules at these new terminal
we just obtained. configurations are obtained by exploring the geometric sim-

One approach would be to use the force-velocity curve talarities and by decomposing new terminal patterns into
determinep,y. As one can see from Fig. 7, for different simpler patterns whose rate constants are known.

Experiments suggested by the model
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