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ABSTRACT A rigorous statistical mechanical formulation of the equilibrium properties of selective ion channels is devel-
oped, incorporating the influence of the membrane potential, multiple occupancy, and saturation effects. The theory provides
a framework for discussing familiar quantities and concepts in the context of detailed microscopic models. Statistical
mechanical expressions for the free energy profile along the channel axis, the cross-sectional area of the pore, and probability
of occupancy are given and discussed. In particular, the influence of the membrane voltage, the significance of the electric
distance, and traditional assumptions concerning the linearity of the membrane electric field along the channel axis are
examined. Important findings are: 1) the equilibrium probabilities of occupancy of multiply occupied channels have the familiar
algebraic form of saturation properties which is obtained from kinetic models with discrete states of denumerable ion
occupancy (although this does not prove the existence of specific binding sites; 2) the total free energy profile of an ion along
the channel axis can be separated into an intrinsic ion-pore free energy potential of mean force, independent of the
transmembrane potential, and other contributions that arise from the interfacial polarization; 3) the transmembrane potential
calculated numerically for a detailed atomic configuration of the gramicidin A channel embedded in a bilayer membrane with
explicit lipid molecules is shown to be closely linear over a distance of 25 A along the channel axis. Therefore, the present
analysis provides some support for the constant membrane potential field approximation, a concept that has played a central
role in the interpretation of flux data based on traditional models of ion permeation. It is hoped that this formulation will provide
a sound physical basis for developing nonequilibrium theories of ion transport in selective biological channels.

INTRODUCTION

Recent progress in the determination of the three-dimeneomputational methodologies theoretical investigations of
sional structure of biological ion channels at atomic reso4on channels are still confronted with difficult fundamental
lution gives a fresh impetus to efforts directed at under{problems.

standing the fundamental principles governing ion The first and main problem in simulating ion permeation
permeation (Cowan et al., 1992; Doyle et al., 1998;is one of time scale. The translocation of a single ion across
Ketchem et al., 1997). Theoretical studies based on mole@ channel takes on the order of a microsecond (Hille, 1992),
ular dynamics (MD) simulations of atomic models can helpwhich is extremely long compared to the typical length of
us to better understand how ion channels function at thealculated trajectories (Tieleman and Berendsen, 1998;
microscopic level (Brooks et al., 1988; Karplus and PetskoTieleman et al., 1999; Woolf and Roux, 1994, 1996; Zhong
1990). The calculated classical trajectory, though an apet al., 1998). A second problem is presented by the treat-
proximation to the real world, provides ultimate detailed ment of the membrane potential and its coupling to the ion
information about the time course of the atomic motions,movements. MD simulations of a realistic representation of
thus permitting a characterization of energetic and dynamithe membrane potential, which arises from a very small
factors that are not easily accessible experimentally. Currerimbalance of net charges of the mobile ions near the mem-
methodologies have reached the point where one can gebrane-solution interface, would require a prohibitively large
erate trajectories of realistic atomic models of complexatomic system and are currently impractical (Roux, 1997).
biological membrane systems (Tieleman and Berendser last problem is the difficulty in identifying the relevant
1998; Tieleman et al., 1999; Woolf and Roux, 1994, 1996;microscopic processes to simulate because it is likely that
Zhong et al., 1998). Molecular mechanical potential energyon permeation in biological channels occurs via complex
functions for detailed atomic models of proteins (MacKerellevents involving several ions in a concerted fashion (Hille,
et al., 1998) and lipids (Schlenkrich et al., 1996), as well as1992). The recent crystal structure of the KcsA ghannel,
fast and reliable simulation algorithms are available (Prowith three cations located in the pore, provides a striking
cacci et al., 1996). Nevertheless, despite the progress igxample of the functional importance of multiple ion occu-
pancy (Doyle et al., 1998). For these reasons, current MD
calculations typically attempt to simulate some equilibrium
Received for publication 9 November 1998 and in final form 12 March gtate of ion channels rather than the complete nonequilib-
1999. , ) rium permeation process. To establish a connection with
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diffusion models (Chen et al., 1997; Goldman, 1943; Kurni- The goal of this paper is to develop a rigorous statistical
kova et al., 1999; Levitt, 1986; McGill and Schumaker, mechanical equilibrium theory of ions in membrane chan-
1996; Neumcke and Lmer, 1969). For example, the free nels, including the influence of the membrane potential,
energy profile of Nd in the gramicidin A (GA) channel ion-ion interactions, multiple occupancy, and saturation.
calculated from MD simulations (Roux and Karplus, 1993)Although the present paper is concerned only with equilib-
has been used as an input in a random walk diffusion modeium properties, it is hoped that the formulation will con-
to calculate the current-voltage response (McGill and Schustitute a first step toward a comprehensive theory of non-
maker, 1996). At the present time such simple models musgtquilibrium transport phenomena in ion channels. The
be used for translating the results from MD simulations intopresent analysis provides a rigorous framework and helps to
electrophysiological observables. In fact, The situation isclarify the microscopic significance of familiar quantities
not specific to ion permeation. For example, statistical meand concepts in the context of detailed microscopic models.
chanical theories of transport are also established on &tatistical mechanical expressions are given for the free
similar basis, with simple theories serving as a bridge beenergy profile along the channel axis, the probability of
tween the microscopic and macroscopic levels (He|fand§ingly and multiply occupied states, the equilibrium binding
1960). qonstant(g), and the cross-sectional area of a pore. In qddi—
Statistical mechanical theories of nonequilibrium phe-tion, the influence of the membrane voltage, the signifi-

nomena are generally constructed in terms of deviation§ance of the electric distance, and traditional assumptions
from equilibrium states (Berne and Pecora, 1976). A rigor-cONcerning the I|neqr|ty of the .mem.brane .electnc field
ous formulation of the equilibrium state is thus an important?/0ng the channel axis are examined in detail.

first step in the establishment of any transport theory. Fun- In the next section, the main theoretical developments are

damental theories of ion permeation should be constructed'Ve": In the t_h|rd secthn, the theoretical framevyo_rk IS
according to similar guidelines. This would ensure ford|scussed and illustrated in the context of the gramicidin A

example, that they are built on firm ground and return to a(GA) channel. The paper is concluded with a summary of

correct equilibrium state when external nonequilibrium con-the principal results in the fourth section.

ditions caused by the transmembrane potential or concen-

trauop grad.|ents are r(—?-moved. Current phengme.nologmaI_HEORETICAL DEVELOPMENTS
theories of ion permeation, whether they are kinetic (Heck-

mann, 1965a,b; Liger, 1973; Parlin and Eyring, 1954; Description of the microscopic system

Zwolinski et al., 1949) or electrodiffusion models (Chen etAn ion channel embedded in a lioid membrane in equilib-
al., 1997; Kurnikova et al., 1999; Levitt, 1986; McGill and b d

.. rium with surrounding aqueous salt solutions is considered.
o . . Crhe electrolyte solutions are not symmetrical, and there is a
tory description Qf the eq“"'b“_””_‘ state of lon _channels "NNernst potential across the membrane. It is assumed that the
the absence of ion fluxes. This is not surprising, beC"jlus‘(n:hannel is passively permeable to only one ionic species and

these theo_nes attemF’t to_d‘?sc”be very _complex mo_leCUIe}remains in the open conducting state with no gating transi-
systems with many simplifying assumptions (e.g., disCretgjos- o other ions can pass through the channel or the

states, mean-field potential, etc.). . membrane. Ideal selectivity of the channel to one ionic
A statistical mechanical formulation of the equilibrium species is a necessary condition for a true equilibrium

state of ions in membrane channels can contribute to thejyation to exist in the presence of asymmetrical solutions.
clarification and improvement of current kinetic and elec-This is a direct extension of the concept of the perfectly
trodiffusion theories of ion transport. Furthermore, a Char'semipermeable membrane, which is required for the exis-
acterization of equilibrium can be used for interpretingtence of the equilibrium Nernst membrane potential (Hille,
experimental ion flux data in the limit of zero current and is 1992; Roux, 1997). For example, the system could represent
of interest in its own right. Analysis of the voltage-depen-the GA channel bathed by KCI aqueous solutions of differ-
dent and concentration-dependent equilibrium properties afnt concentrations, because this channel is virtually imper-
an ion, in the absence of net fluxes, yields valuable informeaple to anions (Hille, 1992). To proceed further with the
mation about the existence of favorable locations along thetatistical mechanical equilibrium theory, we assume that it
permeation pathway (“binding sites”), ion-ion interactionsis possible to identify a “pore” region from which all ions

in the pore, probabilities of singly and multiply occupied other than the permeating species are excluded, and a “bulk”
states, and the coupling of ions to the transmembrane pgegion that contains the electrolytic solutions. The micro-
tential. In principle, MD calculations of detailed atomic scopic system is illustrated schematically in Fig. 1.

models can be used to simulate ion channels at equilibrium. |n thermodynamic equilibrium, a very small net charge
However, because a rigorous statistical mechanical formuaccumulates on one side of the membrane, creating a mem-
lation is lacking at the present time, it is not possible tobrane potential opposing the movement of the permeable
make full use of the information provided by MD simula- ion (Roux, 1997). However, the bulk densities do not
tions. Clearly, a better characterization of the equilibriumchange significantly, and the solutions remain globally neu-
state of ion channels at the microscopic level is needed. tral, because any macroscopic charge imbalance in the bulk
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By adjusting the composition of the salt solutions carefully,
it is possible to balance the value of the intrinsic excess
chemical potential on both sides and avoid differences in the
activities. For the sake of simplicity, we assume that

d — ¢O in the following.

The total potential energy of the entire system is
U(rq, .. .,ras X), where €4, . . . ,ry) are the coordinates of
theN permeable ions and = X;, X,,, X|, X, represent the
remaining degrees of freedom in the system (i2§.,.=
impermeable ionsX,, = water moleculesX, = lipid mol-
ecules, anX. = channel). The permeating ions can trans-
locate from one side to the other, whereas the nonpermeat-
ing ions cannot exchange from side | and side Il. Because
their numbeN® s fixed on each side S, their configura-
tional integral is restricted to the side to which those ions are
assigned. In contrast, the accessible configurational space of

FIGURE 1 Schematic representation of the ion channel-membrane syghe permeating ions corresponds to the whole volume of the
tem with asymmetrical solutions on sides | and Il. The “pore region,"dsystem

which corresponds to the ideally selective part of a channel, is highlighte:

with a dashed line. The “bulk region” corresponds to the remaining space

in the system. The density of the permeable ions, the excess chemical . .

potential, and the average electrostatic potential are, respecpé@)y;®, Probability of occupancy and potential of

and ¢ on the side S (I or Il) of the membrane. For any instantaneousmean force

configuration, it is possible to know the number of ions occupying the pore . . .

region. By definition, the existence of the pore and bulk regions
implies that any spatial integral over the whole voluWie

can be expressed as the sum of two integrals,

O 7O A(D AU an 1D
o My O o My O

region would be energetically prohibitive. The density of
the permeable ions on the side S (I or Il) of the membrane dr---=[ dr---+| dr---. (4)
is p, and the chemical potential of the permeable ions on v pore bulk

the side S (I or Il) of the membrane ig®. For the

permeable species From this definition, it follows that it is possible to deter-

mine the total number of permeating ions inside the pore for
p e hRY any instantaneous configuration of the pore system. It is
5 = g BN ) given by the discrete functiom/(r, ro, . . . ,ry), defined as

dr D8(r —ry), (5)

i=1

the nonpermeating ions is not restricted by any conditions.
The excess chemical potential of the permeable ion on side
Sis

where = (kgT)"*. In contrast, the chemical potential of
n’(r11r21 . 1rN):

pore

wherer; is the position of theth ion, and the subscript of
n® = Ap® + q¢®, (2) the integral sign implies that the integral is taken over the
volume of the pore region. The probabilit§,,, of having

i - () 7(S) e RS :
where q is the charge of the ion aag.™ and¢™ are the o4 ctiynions inside the pore is calculated from the average,
intrinsic excess chemical potential and the electrostatic po-

tential in the bulk solution on side S, respectively. For Jdry - fdry fdX §,, e
example, the value afi®® corresponds roughly to the sum Pn = (Bm) = fdry - fdry fdXe?l (6)
of Born and Debye-Hekel charging free energies (Roux,

1997). The former depends on the dielectric constant of ththeres,,, is a Kronecker discrete delta function,
solvent, and the latter depends on the ionic strength of the

salt solutions. The difference in the average electrostatic _ Loifn=nryrs ) 7)
potential in the bulk solution is the Nernst membrane " 0 otherwise.
otential, . - . .
P By construction, the probabiliti€8,, are normalized, i.eZ,
— 20 KeT oV 0 e %?, = 1, via the completeness of the Kronecker delta. It
PV -7 = q In Rl + q [Ap®™ — Ap™] follows that the average of any observaBlmay be expressed
as a weighted sum over the occupancy states of the channel,
keT [ plepse” 3) 5
=—In |:_(||:| . A = 2 PlAny, (8)
q pMepli™ -
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where(A), is the average oA when exactlyn ions are in  the excess chemical potential of the ion in the bulk solution,
the pore region. For exampl@, could be a spectroscopic we choose to define the PMF relative to a system with one
observable such as a NMR chemical shift (Hinton et al.,noninteracting ion,
1988; Jing et al., 1995; Tian et al., 1996; Woolf and Roux,

fbulk drp - 'fbulk dry J dX e

1997).
fbulk dro- - 'J‘bulk dry f dX e P

- er —
To determine the probabilities of occupancy, it is useful e ) = (13)

to consider the binding factdB,, corresponding to the ratio

Po/Po. Forn = 1, this is where the notatiot)} means that all interactions involving
-BU ion 1 with the rest of the system have been switched off.
B, = f 3:1 : § S:N § EK ZLHE*BU , (9)  This procedure is formally similar to that used in alchemical
- 5N O.rf free energy molecular dynamics techniques (e.g., see Koll-
(the expression fo,, in Eq. 6 has been used). Because theman, 1993, and references therein). Note that, by construc-
factor 8, v in the integrand is zero unless one of tiéons  tion, W(ry) — A’ asr, goes to side S at a large distance
is located inside the pore, the expression may be rewritten £&0m the pore. The volume integral over the bulk region is

fporedrlfbulk drz' ' 'fbulk drNIdX e*ﬁU
= N — s
fbulk drlfbulk dro- - 'fbulk dry JdX e ™

%1 (10) f drl e AW = V(I)e—ﬁll(\) + V(||)e_511(||) (14)
bulk

where the ion number 1 was chosen arbitrarily to occupy the N )
pore. The factor oN is included to account for the multiple =y e P
ways to obtain equivalent configurations. Similarly, the p

n-ion binding factord,, is N -
=g e P 15
5 NI " )
" nl(N—n)! becauseN = V5" + V5D and e A" = (50

p")eBr ding to Eq. 1. Because the density and the
dr---f dr dros - -f  dry fdxe® P )€™ according to Eq. 1. Becau y an
/ pore = 1 / pore = 1 Jour Oroea * S O S excess chemical potential at equilibrium are related via Eq.
Soudro . Jy, dry S dX e Y ' 1, itis possible to express the raf®, in terms ofp®" or,
equivalently,p:

(11)
because there aid//(n!(N — n)!) equivalent configurations B, = p" dr, e AWro-p]
with identical ions. In the thermodynamic limit, — «, and e
the prefactor l — n)!/n! =~ N"/n!. P
The one-ion binding factor may be expressed as
— —BIW (r) =]
fpore dr, e #Ve) p f dr,e . (16)
B (12) pore

N ffbulk dry e #re i ; i ;
Similarly, then-ion binding factor is

whereW(r,) is the potential of mean force (PMF) with one

ion inside the pore. The PMF corresponds to the reversiblg, _ (_(.))nlf

thermodynamic work needed to adiabatically move an ion " Pl

into the pore region. Its first derivative is equal to minus the (17)

average (mean) force exerted on a permeating ion by the

channel, the water, the other counterions, and the menwhere then-ion PMF has been defined relative ianonin-

brane, i.e.{F) = —VW. In that sense, the PMF is not equal teracting ions:

to an average potential energy but to a free energy. The

concept of the PMF was originally introduced by Kirkwood Soure s - -Jp draf dX e ?Y

(1935) to describe the structure of liquids. Such a reversibl€ *" ™ 'r"):f aron o drf dX e PE o (18)

work function currently plays a key role in modern statis- bulk M4 bulk TN

tical mechanical theories of equilibrium and nonequilibrium,here the notation indicates that all interactions involving

processes in molecular systems (Chandler, 1978) in genergh,, 1, ...,n have been switched off in the energfj .

and in ion transport (Roux and Karpll_Js, 1991a,b} in partic-  gnce the binding factor®, have been deterrﬁi'ri'e’d, the

ular. Here we are only concerned with the relation of theprobability of any state of occupancy can be obtained using

PMF to the equilibrium properties. , _ B, = 1 with the normalization condition
According to Eq. 12, the PMF is determined relative to an

arbitrary offset constant. To have a simple relationship with (8n,0 = (So.1)Bn, (29)

drl. ' j drn e—6[°l/|/(rly- ) -rn)fnﬂ,(‘)]'

pore pore
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yielding membrane potential, plus other contributions associated
with the transmembrane potential.
_ B For this purpose, we separate the system into a pore
P, . (20) . e
1+ B+ B+ B+ - subsystem and the rest. One purpose of this separation is to

enable us to use a continuum electrostatics approximation to
describe the transmembrane potential (see below). For the
1 sake of simplicity, we focus on the one-ion PMF, although
Po=171 T N (21)  the treatment can be easily generalized torthen PMFs
described in the previous section. The subsystem is consti-
The denominator in Egs. 20 and 21 may be expressed in theited by the ion, the channel, and the nearest solvent
form of an effective Grand Canonical Partition function of molecules in the pore region. Lk, represent the degrees
an open finite system in contact with a bath of particles, of freedom of them nearest water molecules located inside
the pore region, and lef,,, represent those of the remain-

In particular, the probability that the pore is unoccupied is

T B0 =(nn + Wt ing water molecules in the bulk region. The degrees of
=2 (@) n dry- dr,e o freedom of the pore subsystem are representeXjos r,,
n=0 pore pore Xe Xy those of the rest b, =, .. . ,1y, Xy, Xy The

(22) permeating ion is particle 1 according to the notation. The
potential energyy may be written as the sum of three
contributions,U = Uy(Xp) + U (W, X,) + U(X)).

The statistical properties of such a finite subsystem rep-
resentation of an infinite thermodynamic system have been
formulated previously (Beglov and Roux, 1994). For a fixed
configuration, the free energy of the ion and the subsystem

Equation 22 provides a compact and useful notation fo
handling the multiion configurational distribution functions
in the pore system.

For any realistic channel, all of the probabilities of occu-
pancy?,, must necessarily be zerorifis larger than some
value N, the maximum number of ions that can occupy o
the pore simultaneously. One important special case, th theé membrane potential is
so-called one-ion pore theory {uger, 1973; Levitt, 1986; [ dX, Hy(X,)e IS UnXp X0 +Urxo)
McGill and Schumaker, 1996), occurs if it is assumed that g 7 = e S )
the pore cannot be occupied by more than one ion. It follows JdX.e
that all of the binding factor$8, = %5 ... = 0, and the
probability of finding one ion inside the pore is simply

(26)

whereH(X,) is a Heaviside step function that prevents the
permeating ions (2, . . N) as well as the impermeable ions
B, from penetrating the pore region p. That li,(X,) = O if
=11 (23) any of those particles is located in the pore region, in accord
1 with Eq. 4. In addition, the functiom,(X;) restricts the

This equation can be compared with the familiar expressiogonfiguration of the bulk solvent molecules so that they

P1

for first-order saturation for substrate binding, remain farther than the nearest molecules (see Beglov and
» Roux, 1994, for a discussion of restricted configurational
% p" K, (24) integrals). In the general case, the free energy function

1

T1+ 0K, F(X,) depends on the density of ions on side | and side I,
e, F(X) = F(Xy p", p"). Under symmetrical condi-

(expressed in terms of side I), whekg is the one-ion  ions with no membrane potential, the free energy is

binding constant, FoymlXp) = F(X,; 0 = pM = p).
The transmembrane potential results from long-range
K, = j dr, e W)= (25) electrostatic i'ntera(.:tions due tp a very small imbalange of
sore net charges, involving the mobile ions in the bulk solutions

on each sides of the membrane. To describe its influence on
The n-ion binding constant&,, can be defined for multiply the PMF, it is necessary to use some approximation. A
occupied channels in a similar fashion. possible approach is to use a continuum electrostatic treat-
ment based on the Poisson-Boltzmann equation modified to

account for an equilibrium Nernst membrane potential
Influence of the membrane potential (Roux, 1997),

So far, our treatment describes the most general situation . 2 _ _
with asymmetrical solutions and a Nernst membrane poten- V- [nV(r) = KNL(r) — VOr)] = 477)\pp(r),27

tial. Symmetrical solutions with no membrane potential

correspond to a particularly important special case. It mayhere©(r) is a step function equal to one on side Il and
be anticipated that the equilibrium properties in the generatero otherwisex(r) is the space-dependent screening fac-
situation can be expressed in terms of a dominant contribuor, py(r) is the charge density of the pore subsystem, and
tion corresponding to the symmetrical solutions with nois a coupling parameter. The step function ensures that
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mobile ions are in equilibrium with the bath with which they  Following Eqgs. 13 and 26, the one-ion PMF may be
are in contact (on the right side the reference voltage is zer@gxpressed as
on the left side the reference voltageMs A closed-form

’ __r N\ BF(
expression for the free energj(X,) of a macromolecular e BV — JdX; 8(ri—rpe Bj e (31)
subsystem in the membrane field has been derived based on JdX} 8(r,—rpe Fee
Eq. 27:

where the notatio#* means that all interactions involving

1 the ion with all atoms in the system (bulk and pore) have

% — G4 O\2 been switched off. In the general case, the PMBi§ ;)

FXp) = Up(Xp) + Feany + 2 Cvi Ep“qp(bm”(r”)]v and depends on all conditions on the system. In the special
case of symmetrical electrolyte solutions and no membrane

potential, the PMF i§/'(r,), which we call the “intrinsic
2 qu’rf(rp)]v (28)  jon-pore PMF.” We seek an expression for the difference
p

Wry) — WOy,

1
*2

where the first term is the microscopic energy of the poreg AW r)-w(]

subsystem, the second term is the free energy associated

with the creation of a cavity to insert the neutral subsystem [ dX; 8(ry — rpe %9 [ dX [ 8(r,—re ™ FomlXs)
in the membrane, the third term is the free energy needed to [ dX [ 8(r,—r e #7%) ™ [ dX | 8(r,—rj)e PTenX?
charge up the capacitan€zof the neutral subsystem, the (32)
fourth term represents the interaction of the protein charges - . -
with the mem?arane potential (calculated in E[)he absenceg of _ JdXp8(ry — ry)e VBJ(X& JdX;8(ri—ry)e Bdfym(xp)
the charge of the subsystem with= 0 andV = 1), JdX ) 8(ry—rpe Fremd [ dX ] §(ry—r e P

_ AT i — BAG*F\ —1
=(e")g,T1) X (P )G

V- [G(r)vd)mp(r)] - Rz(r)[d)mp(r) - ®(r)] = 01 (29)
. o whereAF = F — Fg, andAF* = F* — Fg  are the
and the fifth and last term represents the reaction field du@xcess perturbation free energy contributions caused by
to the solvent. The reaction field is computed as the differasymmetrical conditions relative to symmetrical systems.

ence between the potentiélin the complete environment The bracket with subscripf,, 1) represents an average,
and vacuum (Honig and Nicholls, 1995; Nina et al., 1997),

i.e., ¢ = d(env) — d(vac), whereg is the solution to the ¢ = JdX - 8(ry — rye Frend (33)
standard PB equation with no membrane potentai(0 Fomt) = 1 dX ) 8(ry — rie” PFemXd
andA = 1):

with the ion fixed atr,; the configurations are Boltzmann-

V- Te(n)Vh(H)] = R () = —dmo(r). 30 We|_gh_ted by the free energy,m of a syr.nmetr.|cal system.
[r)Vo(r)] = () mpy(r) (30) A similar expression holds for the configurational averages

. N .

The capacitive contribution is negligibly small and can beggggrtw:imgl:r? f(r:: if;e;%syméé\lng:‘uasténat\?;;at;rare
ignored in the present case (Roux, 1997). The cavity termis . s pp i g
independent of the membrane potential and is roughly prot_equwalent to those that would be calculated in the absence
portional to the solvent-exposed surface area (Ben-Tal et aIOf lon inside the pore, because its interactions have been

. . Switched off.
1996). It should .be emphasmeq trﬁ().(')) in Eq. 28 de- We must now evaluate the excess perturbation free ener-
pends on the microscopic configuratio), of the whole

gies, A% andA%*. In fact, their form is remarkably simple.

content of the pore (ion, channel, and water) defining the].h ; : : .
. ) o e cavity formatior_,,,, does not contribute because it
pore region. Equations 27, 29, and 30 have forms similar t(? y cavity

hat of th ditional li ed Poi Bol s independent of the membrane potential. Furthermore,
t. atoft € tra |t|o_na Inearized Poisson-Boltzmann €quaeyen though the reaction field free energy arises from long-
tion (Honig and Nicholls, 1995). The space-dependent di

lectric f ) d Deb inq f range electrostatic interactions between the charges in the
Eectrlc unctm:jn;(r”) an Debye Zcr%enlng "’?Ct‘f"(r) C_ar? h pore subsystem and the environment, it does not contribute

e constructed following a standard prescription with they, e excess perturbations if the ionic strength of the
solvent-excluded molecular surface (Nina et al.,

1997). INsolution is kept unchanged on both sides of the membrane

addition, the Heaviside step functiéf forces the value of - o5 the transmembrane potential is applied. It follows that
k(r) to be zero and the value @fr) to be one in the pore

region, in accord with Eq. 26. One may note that the

influence of explicit charges in the pore region and the AF(Xp) =V
transmembrane potential are superimposable on the free

energy Eqg. 28 because the modified PB Eq. 27 has been

2 qp(bmp(r p)]
p

linearized. This has been pointed out previously (Jordan et = V| Qibmp(rd) + > qqump(rp)] , (34)
al., 1989). o1




Roux Equilibrium Theory of Channels 145

where particle 1 is the ion (the sum with> 1 runs over all  presence of the ion at; has a direct influence on the

particles other than the ion). Similarly, fluctuations of the remaining components inside the pore.
The second-order contribution is quadratic in the membrane

AG*(X.) = V - 35 po_tentlal V, which is analogous to a qapacnwe energy

(%) E‘l Gpcbme( p)] (35) (Sigworth, 1993). It can be shown that it is related to the

linear response of the charge distribution in the pore region

because the interactions of the ion with the surrounding arelue to the influence of the transmembrane field (Balescu,

switched off. The membrane potentif,(r) represents the  1975). Although the analysis was carried out for the case of

influence of the polarization of the counterions in the soluteone ion inside the pore, the influence of the membrane

at the membrane-bulk interface. It is calculated with Eqg. 29potential on a multiply occupied state withions can be

i.e., in the absence of the charge of the subsystem. derived using a similar route (see the discussion in the next
It is possible to treat the couplings’® and A%* pertur-  section).

batively and express the complete PMF as a series in in-

creasing powers of the membrane poten#allo this end, . . .

we develop the exact expression Eq. 32 in terms of dieduction to a one-dimensional system

cumulant expansion (Balescu, 1975), With current computers, calculation of the functitif(r) at

a large number of positions= (X, y, 2) of the permeating

ion in three-dimensional space (the subscript 1 is omitted

(the subscripts on the bracket have been omitted for the saler simplicity) is nearly intractable. lon permeation is gen-
of clarity). Such a cumulant expansion does not require thagrally discussed in terms o#(x), the free energy profile of
the perturbation be small, but that the structure of thdons along the channel axis. The functi(x) is an impor-
coupling with the reference system be simple. A cumulantant input in kinetic rate models {uger, 1973) and in the
expansion is usually a good approximation if high-orderone-dimensional Nernst-Planck equation (Levitt, 1986;
terms are small (asymmetry of the distribution, etc.). ForMcGill and Schumaker, 1996). From a dynamical point of
example, truncating the cumulant expansion to second ordatiew, the reduction in dimensionality is based on the as-
as in Eq. 36 corresponds to the quasiharmonic approximgumption that that motions perpendicularxeeach equi-
tion for the fluctuations of proteins (Ichiye and Karplus, librium rapidly and thaix is the only slow variable in the
1987), which would be rigorously exact if the fluctuations system (i.e., it plays the role of a reaction coordinate).
of the pore subsystem were Gaussian. From Eq. 32 the PMFowever, discussions of the equilibrium free energy profile

(€7 PAT) = g BAT+BLATI—(8F )2+ - - (36)

is to lowest order in the perturbation, along the channel axis require no such assumptions about a
separation of time scale. From Boltzmann statistics, the free
W(ry) = WOry) + W) + W)+ -+, (37) energy profile,w,,(x), expressed as a projection of the

complete PMFW(r) coordinatex, is

[ dy dz e Vv

where the first-order term is

W(l)(rl) = <A9;>(g*sym;r1) - (Ag>(q§ym) eﬁBWPU(X) = eﬁB[W(XC‘yc‘ZC)fﬁ”)] W (40)
= V| Gupmp(ry) + <qud)mp(rp) The free energy profile in Eq. 40 is normalized such that the
p>1 value ofw,,;(x) at the positiorx; is equal to the relative free
(Foymira) energy IW(r) — @] of an ion at the pointr., chosen
arbitrarily at some position along the axis of the channel. A
- <Equ>mp(rp)> , (38) definition of the cross section of the pore, S, follows from
p>1 o the choice of the reference point

(the explicit expressions fak% and A%* have been used).

Thus, to linear order iV, the influence of the membrane

potential arises from the interaction of all of the charges of

the pore subsystem (i.e., the ion, the channel, and its watdrhis definition is convenient for establishing a link with

content) with the field,,,, The second-order term (qua- well-known expressions for the one-ion equilibrium binding

dratic inV) is due to the influence of fluctuations, constant in terms of the free energy profile and the cross-
sectional area of the channel (Levitt, 1986),

S= f dy dz e AW ey, 2= Wxeyez)]l (4 1)

1
Wr,) = _ﬁr [(AQ'TZX?%W;H)_<Ag>ﬁ@sym;r1>_<A9;2>(%’;m)
K,=S J dx g At (42)
+<A9;>(29«»5*ym)] . (39) pore

Because the ion is fixed af, the direct terny; ¢,,(r;) does  which is equivalent to Eq. 25. The value of the cross-
not contribute to the fluctuations in Eq. 39 (although thesectional area involved in the definition of the binding
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constant differs from the cross-sectional area of the por&@he form of &, is very similar to that of the familiar
estimated on the basis of the exclusion radius of the channehturation expressions obtained from kinetic models. This
atoms (Smart et al., 1993). In particular, its value dependsurprising result may be understood simply. Kinetic models
on both the channel structure and the radius of the ionare constructed on the basis of two ingredients: first, it is
According to this analysis, a single value is defined for theassumed that the total configurational space of the whole
cross-sectional area of the pore. Alternatively, one couldsystem is constituted of a complete collection of distinct
define a cross-sectional ar§) that varies along theaxis,  subspaces (the states); second, it is assumed that the system
possesses no dynamical memory when it leaves one state to
enter another (the Markov assumption). Although it is al-
ways possible to define a complete collection of states for
any system, the Markov assumption may not be valid in
From this choice, the binding constant is some cases (e.g., if there are no free energy barriers between
different regions and the movement is purely diffusive).

Sx) = j dy dz g PV oy =Wzl (43)

Saturation properties expressed as the probability of multi-
Ki= [ dxgx)e P, (44)  ply occupied states with an explicit number of ions inside
pore the pore are not a consequence of the Markov assumption,

but are shown here to follow directly from a statistical
which implies that the appropriate definition of the free pechanical analysis. Although kinetic models are formu-
energy profile following from this construction would have |4teq in terms of transition rate constants, equilibrium prop-
to be the value of the PMF along the channel axisi(x) = grties do not rely on the Markov assumption. However, the
[W(X Yo, Z) — R, to recover the correct one-ion binding orm of 9 in Eq. 45 does not necessarily imply that an ion
constant<,. Note thatw,,(x) differs fromw,;(x) based on  pings at a specific location inside the pore. Theon

Eg. 40. ) . ) . binding constantK, are expressed as integrals over the
Although there is definitely a certain element of arbitrari- whole pore region (see below), with no assumptions con-

Ness n th? definition of a suitable free energy PrF’f"e ar‘dcerning specific binding sites. In addition, it should be noted
cross-sectional area along the channel axis, it is importal

.%at there is a hidden dependence on the ion concentration in

that Egs. 41 and 43 remain consistent with Eq. 25. In kinethhe association constarks, despite the simple form of Eq.

rate models the cross-sectional area is related to the conceﬁ This effect can be reduced by keeping the ionic strength
of captgre radlus.(l.laage.r, 1973). A prOJectpn of the thrge— of the solutions constant with impermeable ions while the
dimensional configurational space of an ion onto a Smgleconcentration of a specific ion is varied
variablex is meaningful only in the pore region, where the The GA channel provides a useful exa.mple for examining
lateral displacements of the ion (alopg@ndz) are bounded. o o : ;

The extension of free energy profiles to the bulk region ha?the significance of the binding constants at the microscopic

no significance and actually diverges because the ion hagverll' A(;:at]:(;ﬁ-bg?dmg sr:te 'S :o<(:)a|tehd r:eallr ?;QEntf;nce it
infinitely more lateral freedom in the bulk region than inside each end of the dimer channel (Olah et al., ). At most,

the pore. Nevertheless, one-dimensional free energy profile%ne of the 'F"”d'”g sites is occupied aF low concentratlons.of
can be very useful concepts. p_ermeant ions, wh-ereas the two §|tes may pe occupied
simultaneously at higher concentrations. There is no exper-
imental evidence for a multiply occupied state with three
DISCUSSION ions. Analysis based on molecular dynamics simulations
indicates that-*C and*°N solid-state NMR chemical shift
In the following, the main results concerning the prObab"'anisotropy data (Smith et al., 1990; Tian et al., 1996) are
ities of multiply occupied states, the definition of the free cgnsistent with a pair of Nabinding sites located-9.2 A
energy PMF, the effect of the transmembrane potential angom the center of the channel (Woolf and Roux, 1997).
its linearity, and the reduction to a one-dimensional systemrp,gge positions correspond to the minima found in MD free
are reviewed and discussed. Where possible, the results 3Rergy calculations with Na (Roux and Karplus, 1993).
illustrated in the context of the GA channel. Studies of*3C chemical shift changes upon Nainding to
GA channels incorporated into lipid vesicles were analyzed
in terms of a tight and a weak binding constant, correspond-
ing to singly and doubly sodium-occupied channels, which
The present analysis, based on equilibrium statistical mewere estimated to be 67 M and 1.7 M'*, respectively
chanical considerations, demonstrates that the probability dfling et al., 1995). Another estimate for the singly occupied
multiply occupied states, with explicit numbers of ions, canassociation constant, based on TI 205 NMR spectroscopy, is

Probabilities of occupancy

be expressed as 31.6 M (Hinton et al., 1988). Other estimates for the

. singly and doubly occupied equilibrium constant, obtained

» Kn (p") (45) from an analysis of nonequilibrium ion flux data, are 7.34
n

T14+ K (") + Ky (V)2 + Ky (V) - - M~ 1 and 0.25 K%, respectively (Becker et al., 1992).
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The variations of the average NMR chemical shifts as af the pore diameter based on van der Waals radii (Smart et
function of Na" concentration can be understood on theal., 1993), although the magnitude of the binding constant is
basis of Egs. 8 and 45, because those measurements werat very sensitive to the precise value of the cross-sectional
performed at equilibrium. In the present formulatih  area.
corresponds to the equilibrium association constant to load Comparison of the binding constant for the doubly occu-
one ion into any of the two sites of the GA channel, whereapied channel to that of the singly occupied channel provides
the equilibrium association constant for loading a secondnformation about ion-ion repulsion between two No-
ion is Ky = 2K /K;. The one-ion binding constant corre- cated in the binding sites (Roux et al., 1995). Assuming that
sponds to a three-dimensional volume integral of the Boltzthe ion binding sites do not change their positions in the
mann factor, expf (W'(r,) — w)]. For simplicity we assume doubly occupied state, the expressiorkgT In(2K /K;)
that the solutions are symmetrical and th#? = @!. In  gives an estimate of the ion-ion interactions in the GA
the case of the GA channel, the volume integral is domichannel. In terms of the one-ion and two-ion PMF, the
nated by the two local minima in the PMF near the channelon-ion interaction isW(r,r,) — W(r,) — W(r,)]. Repul-
entrance, sion energies of-1.6 and+ 1.9 kcal/mol are estimated from

the data of Becker et al. (1992) and Jing et al. (1995),
respectively. A value oft-6 kcal/mol was obtained from
K, = J dr, e BV -l (46)  MD free energy calculations (Roux et al., 1995). The bare
pore repulsion in vacuum for two ions separated by 19 A (on the
order of+18 kcal/mol) is significantly reduced in the chan-
~2 X 8v, e A=l nel environment. Interestingly, the thermodynamics of dou-
ble occupancy is sensitive to the ionic species; e.g., it is
wheredv, = 8x,0Y,8z, is the volume corresponding to the relatively easier to load two Kthan two N&, because of
fluctuations of the N ion in one binding site, andif’, — the single-file structure of the water molecules in the narrow
] is the binding free energy of Narelative to the bulk GA channel (Roux et al., 1995). Such an effect cannot be
solution. MD of one N& located in the binding site sug- understood on the basis of a structureless continuum model
gests that it spontaneously fluctuates between 8.5 and 10d the pore environment. Similar energetic and structural
A along the channel axis (Woolf and Roux, 1997), whereasonsiderations are expected to be very important in the
displacements off the channel axis are only on the order ofharacterization of the KcsA Kchannel, which can contain
0.5 A (Woolf and Roux, unpublished results). This yields aseveral K~ simultaneously (Doyle et al., 1998).
microscopic binding volumeév,, of 0.5 A® for Na* in the
binding site of the GA channel. An estimate of the free
energy of one N& in the entrance of the GA channel The PMF and the membrane potential
relative to the bulk solution can be obtained from the
measured one-ion association constant-&gT In(K,/26v,)
(n.b.: the measured binding constants in Mmust be
divided by 6.02x 10 “ to be converted into A. This
yields valugs of—6.9 kcal/mol (Jing et al., 1995);-6.5 W(ry) = WOy + WO(ry) + W(r)) + - - - (47)
kcal/mol (Hinton et al., 1988), and 5.6 kcal/mol (Becker
et al., 1992) for the relative free energW| — ji]. Inter-  The intrinsic ion-pore free energy/©(r,), is dominated by
estingly, the various estimates of the free energy are in goothe interactions of the permeating ion with the channel and
accord, despite the vast differences in methodology ands water content. It corresponds to equilibrium conditions,
experimental conditions. It should be noted that the volumevith V = 0 and symmetrical concentration of permeant ions
factor in the definition of the absolute binding constant ison both sides of the membrane. In addition, long-range
often overlooked (see Gilson et al., 1997, for a recenglectrostatic interactions with the solvent, counterions, and
discussion). In particular, the quantitkgT In(K,), with K;  lipid headgroups give rise to reaction field, electroosmotic
expressed in M*, does not correspond to a meaningful (Jordan et al., 1989), and interfacial dipolar polarization
binding free energy. For example, this expression yieldeffects (Shinoda et al., 1998), which also contribute to
only a free energy of-2.5 kcal/mol with a binding constant W©(r,). HoweverW®©Xr,) is not voltage-dependent. Only
of 67 M. Following Eq. 44, the binding constant can alsothe remaining termsi®(r,) and W®(r,), are due to the
be calculated as a one-dimensional integral along the chamembrane potential. The coupling between the pore content
nel axis in terms of the free energy profile(x) and the (the permeating ion, the channel, and the water molecules
cross-sectional are&x). According to Eq. 43, the cross- inside the channel) and the transmembrane potential is
sectional area is related to the fluctuations perpendicular taostly electrostatic in nature. For this reason, it seems
the channel axis. The off-axis fluctuations of Nim the GA  reasonable that a continuum electrostatic description based
channel are on the order of 0.5 A (Woolf and Roux, unpub-on Egs. 27 and 29 can be valid. In contrast, the microscopic
lished results), which yields a cross-sectional area on thateractions giving rise to the intrinsic ion-pore PMF arise
order of 0.25 &. This value is much smaller than estimatesfrom the quantum mechanical Born-Oppenheimer energy

Our analysis, which led to Eqg. 37, demonstrates that the
total PMF can be written as a power series \in the
transmembrane potential,
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surface of the molecular system, which includes complexsentation of the channel and the water molecules inside the
contributions such as the influence of the charge distribupore is required to calculate the contribution from the mem-
tion, core-core repulsion, London dispersion, induction, pobrane potential. The total coupling to a transmembrane poten-
larization, and charge transfer (Claverie, 1978). Moleculatial cannot be obtained with a continuum representation of the
mechanical potential functions, such as AMBER (Cornell etsolvent because the average charge distribution in the pore
al., 1995), CHARMM PARAM22 (MacKerell et al., 1998), region, with and without an ion present, is important. There-
or OPLS (Jorgensen et al., 1996), are aimed at reproducinigre, despite its apparent simplicity, the first-order contribution
the main features of this energy surface by using simplé¥'® is also a many-body nonadditive function.

classical functional terms (Brooks et al., 1988). Further-

more, the intrinsic ion-pore PMBY©)(r,), corresponds to a

thermal average for the molecular system, in which the jnearity of the transmembrane potential

structural flexibility of the channel is expected to play an

essential role. In particular, it has been shown that the PMEUr analysis shows that the transmembrane potential can be
of Na* along the axis of the GA channel results from acCalculated on the basis of Eq. 29. To linear ordeWjrits
complex interplay of water-water, water-channel, and chandominant effect is to act on the ion, channel, and water
nel-channel hydrogen bonding interactions (Roux and KarMolecules located in the pore region, as described by Eq. 38.
plus, 1991a). Therefore, although a continuum electrostati¥f the local geometry of the channel-membrane system is
representation for calculatirit©(r ) may be useful in the appr_OX|mater planar (e.g., the pore and the vestibule are
case of large wide channels, there is no reason to believe"; Iat|v_ely narrow and the length Of. the pore_does not exc_eed
priori that this is a valid approximation in the case of narrow® thickness of the membrane), it is possible that the field

channels, in which the ions and the water molecules arrrg;mp in the pore region may be approximat.ely linear aI_ong
configure,d in single file e channel axis over some lendthTo examine the spatial

Similar observations can be made concerning multiplydependence of the transmembrane field, we consider the
. T ©) case of the GA channel. For the purpose of the calculation,
occupied channels. Theion intrinsic PMFW™(ry, . ...Ta), 3 yyical atomic configuration of the channel embedded in
is a nonadditive many-body free energy potential. Itis likely 3y 'exicit lipid bilayer is used. In practice, an average over
that pa?rwis.e ad_ditivity of io.n—ion intgractions is not a good 5 number of configurations (channel and membrane) should
approximation in the confined environment of a narrowpe performed, although no large variations are expected in
pore. For example, MD free energy calculations showedhe present case. The model incorporates one GA channel
that the double occupancy of the GA channel is sensitive tgnd 10 single-file water molecules embedded in a lipid
the ionic species, despite the fact that the binding sites argilayer constituted by 100 dimyristoylphosphatidylcholine
almost 20 A apart (Roux et al., 1995). It is relatively (DMPC) molecules (50 molecules in the upper and lower
straightforward to extend the present analysis to obtain th&eaflet, respectively). In the model, the bilayer extends in the
first-order contribution to the PMF in the case of a multiply y, zplane, and the GA channel is located at the origin of the
occupied state witl ions inside the pore. Following argu- system with the pore parallel to tlxeaxis. The construction

ments similar to those that led to Eq. 38, we write procedure for generating the model is described briefly in
Fig. 2, although the details are not expected to be very
WOy, -+ 1) important for the purpose of the present calculations.

The electrostatic transmembrane fiefg,(r) is calcu-
n lated by solving Eq. 29 numerically as described previously
= (AF)grr 0 — AF gz = VEqu)mp(rp) (Roux, 1997). In the ca!culation, th_e channel and the mem-
p=1 brane are represented in full atomic detail, and the solution
is represented as continuous media. The solution is modeled
by a uniform dielectric constant of 80 with a salt concen-
+V ' tration of 150 mM. Values of one and zero are assigned to
o the dielectric constant and the Debye screening factor, re-
spectively, in the interior of all explicit atoms (protein and
(48) lipids). The same values are imposed for the pore region
. . . . because the counterions from the bulk as well as solvent
where particles 1 tm are permeant ions and particles with 1,10 jes, other than the 10 explicitly represented single-
p > n are the remaining charges in the pore region (€.9-fjle water molecules, are excluded from the pore region
channel and water molecules). Because the transmembragg.,use of the Heaviside step functigy(X,) in the integral
field dy(r) is calculated with Eq. 29, in which the charges of £q. 26. We assume that the pore region is a cylindrical
of the pore regions are not involved, it follows that the region of 5-A radius extending from12.5 A to +12.5 A
mathematical form of™(r,, ... ) is unchanged, re- along thex axis. The cylinder corresponds to the most
gardless of the number of ions inside the pore region. Tqation-selective part of the GA channel. This choice is
lowest order inv, the coupling to the membrane potential is consistent with free energy calculations that have shown
the direct interactions of the changes in the pore region withhat CI” anions cannot penetrate into the GA channel be-
the transmembrane field,,(r). An explicit atomic repre- cause their presence is energetically unfavorable, due to the

< Ede)mp(rp)> - < Ede)mp(rp)

p>n p>n

(Fsymrla, =+ *[n)
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FIGURE 2 Picture of the atomic configuration of the GA in a DMPC bilayer used to calculate the transmembradg fidltle model incorporates one

GA channel, a lipid bilayer constituted by 100 DMPC molecules (50 molecules in the upper and lower leaflets, respectively), and 10 single-file water
molecules. The model was assembled using an equilibrated configuration of a GA:DMPC system (Woolf and Roux, 1996). The initial configuration with
one GA and 41 DMPC was extended to yield a large patch of membrane by adding 59 preequilibrated DMPC molecules, using a methodology developed
previously (Woolf and Roux, 1994, 1996). The final configuration was refined with energy minimization. Periodic boundary conditions werenapplied i
theyzdirections to simulate an infinite bilayer; the dimension of the central unit was chosen to be 58 A, to correspond roughly to the cross-sectional area
of one GA and 50 DMPC molecules (Woolf and Roux, 1996).

charge asymmetry of the backbone structure (Roux, 1996)oltage profile due to an applied potential, substantially
In practice, the choice of the radius is not critical, as long asompressing the electric field to the immediate vicinity of
the interior of the pore is included (see Fig. 1). the pore itself” (Jordan et al., 1989).

The calculated transmembrane potential field alongxthe  The fraction of the field felt by a cation located in the
axis is shown in Fig. 3 for different, z positions near the entrance binding site at9.5 A is on the order of 15%, in
center of the pore region. The field is clearly linear, al-good agreement with previous estimates based on analysis
though there are small deviations near the entrance of thgata (Becker et al., 1992; Busath and Szabo, 1988). The
channel. In part, this is due to the fact that the thickness oalculation suggests that the form
a DMPC membrane matches quite well the length of the GA

channel. Furthermore, the high dielectric constant of water 0 if x<—L/2
and the screening due to the mobile ions in the bulk solutio%mp(r) ~{(¥WL+1/2) if —L/2<x< +L/2 (49)
damp out the electric field everywhere except in the mem- 1 if x> + L/2

brane and pore region. Fig. 3 is similar to the results

obtained previously by Jordan et al. (1989) in the case of avith a lengthL of 25 A is reasonable for the GA channel.
cylindrical pore. They arrived at essentially the same conHowever, it should be stressed that the observed linearity of
clusion: “the presence of electrolyte significantly affects thethe transmembrane field,,, implies nothing about the
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: : ' ' ‘ ' ‘ orientational polarization of water molecules. Detailed MD
studies indicate that the orientation of the 10 water mole-
cules disposed in single file along the channel axis is sig-
nificantly affected by the presence of an ion (Roux et al.,
1995; Roux and Karplus, 1993; Woolf and Roux, 1997);
one Na located near the entrance of the channel is suffi-
cient to roughly orient six of the single-file water molecules,
with their oxygen pointing toward the ion. In the absence of
ions the single-file water molecules form hydrogen-bonded
chains with their dipole parallel to the channel axis (Chiu et
al., 1991; Mackay et al., 1983), although a symmetrical
arrangement has also been observed (Roux et al., 1995). The
maximum dipole moment of a single file oriented along the
e R s : ‘ : x axis in the absence of an ion-s3 eA (Pomes and Roux,

X (Angstrom) 1998). By symmetry, the orientation of the whole single file
FIGURE 3 Calculated transmembrane figld,, along thex axis plotted is reversed when the ion .moves from.one e.nd of the Channel
for several values of, z near the center of the pore. The results were to the other. Correspondingly, the orientation of the single-
obtained by solving Eq. 29 numerically. The field along trexis foryand  file water molecules affects the apparent electric distance by
z between—2.5 and+2.5 A are shown. The transmembrane voltage is 3 A toward the center of the channel. For an arbitrary ion
given by V X ¢n, The electrostatic problem was mapped onto a dis- position x,, the average orientational polarization of the

cretized cubic grid of 160« 116 x 116 points in the, y, zdirections with 416 file water molecules is expected to take intermediate
a grid spacing of 0.5 A and periodic boundary condition in the membrane

plane. The dielectric boundary between the molecules and the solvent wééalues' although there are small deviations (Roux and Kar-
constructed based on a set of atomic Born radii derived from the averag@lUS, 19913)-
solvent radial charge distribution functions around the 20 amino acids in The second-order contribution of the perturbation in-

molecular dynamics simulations with explicit water molecules (Nina et al.,yglyes the fluctuations in the component of the total

1997). The numerical calculations were carried out using a standard relaxs ; : ;
ation algorithm (Klapper et al., 1986; Warwicker and Watson, 1982). ThéélecwIC dipole of the channel and the internal water

continuum electrostatic calculations were performed using a modifieoﬁmlecuIeS while the ion is fixed a. In the case of the GA
version of the modified Poisson-Boltzmann Eq. 27 implemented in theChannel, it may be expected that the fluctuations in the
PBEQ module (Beglov, Im, and Roux, unpublished work) of the biomo- dipole moment of the single-file water molecules are sig-
lecular program CHARMM (Brooks et al., 1983). nificantly reduced when the ion is in the pore (i.e., the
presence of an ion “freezes” the single file). To estimate the
importance of this contribution, we assume that the 10
linearity of the intrinsic PMFI®X(r y); i.e., it is a necessary - single-file water molecules can fluctuate between two con-
but insufficient condition, because the true voltage COUP””Q‘igurations with maximum dipol®,,,, in the absence of an
to the ion’s motion is via the PMF. Following from Eq. 49, jon in the channel. Accordingly, the rms fluctuations of the

Transmembrane Field

the PMF is total dipole associated with the single file dg,,,\/2. For
L a membrane field corresponding to a change of 100 mV
W(ry) =WO(ry) + [q1<x1 + 2) + 6Dx(r1)] <Z> over 25 A, the corresponding second-order energy contri-

bution is+0.36 kcal/mol, opposing the binding of the ion in
1 , V\2 the pore. The magnitude of the second-order contribution is
—E[SDX(H)] (L) , (50) r_elat|_vely mpdest, suggesting that the first-order cqntnbu—
tion is dominant. Nonetheless, because the magnitude of
where 8D,(r,) and 8D2(r,) are, respectively, the average W® is quadratic with the membrane potentMd] it in-
and fluctuations of th&-component of the dipole moment creases rapidly te-0.80 kcal/mol for a potential of 150 mV.
of the channel and water content of the pore with the ion at This analysis shows that the coupling between the ion
r, relative to the unoccupied channel. position and the transmembrane potential involves all of the
The first-order contribution can be written 8@ = atomic charges located in the pore region. In particular, the
O %eiedV/L, whereXg e = X; + L/I2 + 8D, (r,)/g, plays the orientational polarization of the water molecules along the
role of an effective “electric distance” (Hille, 1992). Devi- channel axis plays an important role. Further MD studies
ations of the electric distance from the simple geometricsuggest that the orientation of water molecules is also aniso-
position [x, + L/2] depend on the magnitude 8D,(r,), the  tropic in a variety of channel models (Breed et al., 1996).
variation of the dipole moment of the channel and water inNo preferential order of water dipoles was observed in a
the pore region. In the case of the GA channel,gH®elical  hydrophobicg-barrel, whereas the water molecules were
structure does not undergo large conformational changes iobserved to orient antiparallel to the helix dipole in a
the presence of an ion (Tian et al., 1996; Woolf and Rouxtetrameric polyalanine bundle. A simulation of the OmpF
1997). In such a situation, the variations in the dipoleporin channel trimer in a lipid membrane shows that the
moment are expected to be dominated by the anisotropiwater molecules are oriented perpendicular to the channel
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axis (Tieleman and Berendsen, 1998). A simulation of aion along the narrow GA channel axis, as described by Eq.
hexameric alamethicin bundle in a lipid membrane indicate$0 and shown in Fig. 3. The functiahy,(r), calculated by
that the water molecules are strongly oriented along thaolving numerically the modified PB Eq. 29 for the detailed
channel axis over a distance of 20 A (Tieleman et al., 1999)atomic configuration of the GA in a DMPC membrane, is
Most of these calculations were performed in the absence athown in Fig. 2. Clearly, it can reasonably be expected that
permeating ions. Further work will be necessary to characthe transmembrane field will be roughly linear for most
terize the orientation of the water molecules in the presencearrow selective channels. However, linearity of the trans-
of a permeating ion in those channels. membrane potential functiorp,,(r) is a necessary but
insufficient requirement. The true free energy coupling be-
tween the ion’s position and the transmembrane voltaige
CONCLUSION via the PMF, W(r,). A cumulant perturbation expansion
was used to express the total PMF as a power seri®s in

We have developed a rigorous statistical mechanical the0r¥he first-order free energy correctio/®r.), which de-

O el Serera ©Chencs on the auerage charge dsuion it pre, '
nel in the,rmodynamic equilibrium, were obtained for the!mear |ny. n t.he case of the_qarrow GA channdl! )(rl).
probability of multiply occupied étates the free energyIS qwt.ehngar n the ion’s positior, along the chgnnel axis.

X The linearity inV also depends on the magnitude of the

PMF, the influence of the membrane potential, and the fre%econd-order correctiony@(r,), which is quadratic irV.

energy profile along the channel axis. The main results ar?n the case of the GA channel. we showed that the second-
as follows: ’

order correction, which depends on the fluctuations of the

e The equilibrium probabilities of occupancy of multiply charge in the pore, should be roughly negligible fér
occupied channels have the familiar algebraic form ofsSmaller than 150 mV.
saturation properties, which is obtained from kinetic N conclusion, our analysis indicates that the free energy
models with discrete states of denumerable ion occuProfile is linear with respect to botl, the net transmem-
pancy (although this does not prove the existence obrane potential, ang;, the ion’s position along the channel
specific binding sites). axis, which is a reasonable approximation in the case of the

e The total free energy profile of an ion along the channelnarrow cation-selective GA channel. This provides some
axis can be separated into an intrinsic ion-pore freeSupport for the constant membrane potential field approxi-

energy PMF, independent of the transmembrane poterfhation, a concept that has played a central role in the
tial, andother contributions that arise from the interfacial interpretation of flux data based on traditional models of ion

polarization. permeation (Becker et al., 1992} uger, 1973; McGill and
e To linear order in the transmembrane potentfalthe ~ Schumaker, 1996). In part, this may explain why the posi-
contribution from the membrane potential is expressed afon of the Na'-binding sites in the GA channel dimer
the average interaction of all of the charges in the por@gduced from ion flux data using.phenomenological models
region with the membrane field when an ion is present in'S In such excellent agreement with the results fighh and
the channel minus the average interaction of all of the C solid-state NMR chemical shift anisotropy (Smith et al.,
charges in the pore region with the membrane field whert990; Tian et al., 1996; Woolf and Roux, 1997). However,
no ion is present. the validity of the constant membrane potential field ap-
e Higher order corrections are related to the fluctuations ofroximation depends clearly on specific details about a
the interaction of all of the charges in the pore regionchannel structure and dynamics and, for example, about
with the membrane field, with and without ion present in how the average charge distribution and fluctuations are
the channel. reflected in the first- and second-order free energy contri-
e The contribution from the membrane potential can pebutions. In practice, MD studies based on atomic models are
calculated using a modified Poisson-Boltzmann theory ag€cessary to examine the validity of such an approximation
the interaction of the charges in the pore region with a@t the microscopic level.
field, in the absence of the charges in the pore. A key ingredient for the formal development of the
e In the case of narrow channels such as the GA channePresent theory is the concept of a pore region from which all
the calculated transmembrane potential resulting fromions other than the permeating ions are excluded. This is
the interfacial polarization is shown to be fairly linear clearly an idealization. In reality, the presence of imperme-

over a significant fraction of the permeation pathway. able ions inside real ch_annels is energetically unfavorable,
but not absolutely forbidden. Although the concept of an

It is useful to review the main steps that led to theideally selective pore region may appear to be somewhat
conclusions concerning the linearity of the membrane poarbitrary, it represents a direct extension of the perfectly
tential to appreciate their scope and significance. Above allsemipermeable membrane that is invoked in the derivation
the conclusion relies upon the observed linearity of theof the Nernst membrane potential (Hille, 1992). An equi-
transmembrane fieldb,(r). The present analysis shows librium situation with asymmetrical solutions cannot exist
that this function is approximately linear in the ion’s posi- unless the membrane-channel system is perfectly imperme-
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able to all but one ionic species. To proceed further, onéecker, M. D., R. E. Koeppe, II, and O. S. Andersen. 1992. Amino acid
must therefore replace the finite (though significant) selec- f&ﬁ?ﬁ;‘é’.‘égf d?sr‘cdus";{grf:gig;ﬁ;;“gcé';’_g'sﬁ"z‘;de"depe”dem conclusions
tivity (?f the pore ieglon of a real (_:hannel Into an Idea"y Beglov, D., and B. Roux. 1994. Finite representation of an infinite bulk
selective pore region. The pore region should be chosen, onsystem: solvent boundary potential for computer simulatign€hem.
energetic and structural grounds, to correspond to the mostPhys.100:9050-9063.
selective region of an ion channel. In the case of the narrovgen-Tal, N., A. Ben-Shaul, A. Nicholls, and B. H. Honig. 1996. Free
cation-specific GA channel, the choice of a pore region is —poo; ggtfggénirgizm alpha-helix insertion into lipid bilaydsto-

. . T . phys. J.70: — .
relat'vely Stra|ghtforward'_ a}nlons .Cannqt penetrate Ins'd%erne, B.J., and R. Pecora. 1976. Dynamic Light Scattering. Wiley-
the channel because their interaction with the backbone is Interscience, New York.
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