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ABSTRACT Leukocyte rolling and arrest on the vascular endothelium is a central event in normal and pathological immune
responses. However, rigorous estimation of the fluid and surface forces involved in leukocyte-endothelial interactions has
been difficult due to the particulate, non-Newtonian nature of blood. Here we present a Lattice-Boltzmann approach to
quantify forces exerted on rolling leukocytes by red blood cells in a “virtual blood vessel.” We report that the normal force
imparted by erythrocytes is sufficient to increase leukocyte binding and that increases in tangential force and torque can
promote rolling of previously adherent leukocytes. By simulating changes in hematocrit we show that a close “envelopment”
of the leukocyte by the red blood cells is necessary to produce significant changes in the forces. This novel approach can be
applied to a large number of biological and industrial problems involving the complex flow of particulate suspensions.

INTRODUCTION

Red blood cells (RBCs) constitute �40% of the volume of
blood. They are deformable biconcave disks that preferen-
tially flow in the center of vessels, rather than near the wall,
leaving a plasma-rich zone of 2 to 6 �m near the endothelial
layer (Phibbs, 1968; Blackshear et al., 1971; Skalak and
Chien, 1987). There are far fewer circulating leukocytes, or
white blood cells (�1000 RBCs for every leukocyte), the
cells that police the vasculature searching for areas of in-
flammation or pathology. A comprehensive biophysical de-
scription of this process would allow development of novel
treatment strategies for many diseases, including atheroscle-
rosis, arthritis, and cancer. But to date, this goal has been
elusive due to the complexities of the fluid dynamics and
cell-surface interactions involved.

The process of leukocyte adhesion in vivo consists of
dynamic adhesion (rolling on endothelial wall) followed by
stable adhesion and extravasation into the target organ.
Rolling is mediated by transient interactions between adhe-
sion molecules on the leukocyte surface and their receptors
on the endothelium. These adhesion molecules are located
on microvilli, small protuberances of 300 to 700 nm on the
cell surface, whereas their counterparts on the endothelial
wall lay within the glycocalyx layer, which extends 50 to
500 nm above the endothelial plasma membrane (Zao et al.,
2001).

In vitro studies of leukocyte rolling are generally carried
out using dilute cell suspensions in flow chambers, which
provide a controlled, defined geometry (usually between

parallel plates) as the flowing cells interact with ligands or
cell monolayers at the surface (Munn et al., 1996). These
experiments have been useful for translating the molecular
binding properties of individual adhesion molecules into
dynamic force analyses using mathematical models (Zao et
al., 2001; Chang and Hammer, 1996). Unfortunately, to
isolate the biomolecular mechanisms of cell-surface ligand-
receptor interactions, flow chamber experiments and math-
ematical simulations have traditionally used RBC-free sys-
tems (i.e., saline suspensions) in which the complexities of
blood rheology are not reproduced.

In previous experimental work, red blood cells have
shown a remarkable capacity to enhance (Munn et al., 1996;
Melder et al., 1995) leukocyte-endothelial wall interactions
or to affect leukocyte-leukocyte (Mitchell et al., 2000) in-
teractions both in vitro and in vivo (Melder et al., 2000).
These results and previous investigations on the flow dy-
namics of deformable particulate suspensions (Schmid-
Schönbein et al., 1975) clearly show that the cell adhesion
process in vivo is strongly affected by RBCs.

In this work we present the first mathematical model for
leukocyte rolling and adhesion in which the effect of the
RBCs is explicitly addressed. This model mimics the in
vivo flow dynamics by simulating suspensions of rigid
particles using a Lattice Boltzmann technique. In the two-
dimensional simulations presented here, leukocytes are
modeled as discs rolling on and interacting with a flat wall
through transient ligand-receptor binding, whereas RBCs
are modeled as ellipses (Fig. 1).

Our Lattice Boltzmann model constitutes a significant
improvement over previous methods by providing the full
solution of the fluid dynamics of the particle suspension in
a confined geometry. The flow dynamics are coupled with
a stochastic model of receptor-ligand binding to produce a
detailed description of leukocyte-endothelial wall interac-
tion. This approach allows us to reproduce the dynamics of
leukocyte adhesion in postcapillary venules, where the ves-
sel diameter is approximately twice that of the cell. In
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addition, our model allows characterization of the collision
between RBCs and rolling leukocytes. Thus, our model
provides the first quantification of forces imparted by RBCs
on rolling leukocytes and allows detailed analysis of the
mechanisms of interaction. As an example of model appli-
cation, we show how changes in blood hematocrit (i.e.,
RBC concentration) affect the forces of interaction.

MATERIALS AND METHODS

Multiphoton microscopy of blood flow

It has been hypothesized that one mechanism for enhanced leukocyte-
endothelial wall interactions in the presence of RBCs may be the enrich-
ment of leukocyte concentration near the vessel wall (Munn et al., 1996;
Melder et al., 1995). To investigate this possibility, we measured the
concentration profiles of leukocytes flowing in the parallel plate flow
chamber with and without RBCs using multiphoton microscopy (Brown et
al., 2001). The 780-nm laser scanned through the entire height of the flow
chamber (75 �m), allowing measurement of the leukocyte flux at 14
positions between the parallel plates. The use of a 30 X/0.9 NA long
working distance objective lens limited the vertical resolution to 5 microns.
A suspension of 2 � 106 leukocyte/mL (DAUDI) labeled with hexidium
iodide (520/600 nm, Molecular Probes, Eugene, OR) in 30% hematocrit
RBCs was used in the experiments. The suspending medium was either
saline or a dextran solution (3% by weight, 300 kDa) (Cokelet and
Goldsmith, 1991). In the relevant range of shear rates (Munn et al., 1996;
Melder et al., 1995), no significant deviations in the leukocyte concentra-
tions were seen near the wall of the flow chamber (data not shown),
indicating that concentration enhancement does not contribute to RBC
enhancement of leukocyte-endothelial wall interactions.

Leukocyte-wall interactions

The model used in this work is based on previous models used by several
groups (Zao et al., 2001; Chang and Hammer, 1996; Hammer and Apte,
1992; Dong et al., 1999). Adhesion molecules are modeled as adhesive

springs, distributed uniformly over the leukocyte surface. The leukocyte is
initially placed in proximity of the wall so that bond formation is possible.
The wall is assumed to contain a high density of receptor molecules and is
uniformly reactive (Chang and Hammer, 1996).

The procedure for the simulation follows two steps. At time t, the state
of bound and unbound molecules is updated by Monte Carlo lottery. It is
assumed that the rate of bond formation kf is equal to its maximal value
(Chang et al., 2000). Therefore, if the height of a ligand yl is less than a
critical value Hc, bond formation may happen with a finite probability Pf,
according to (for symbols, see Table 1) (Chang et al., 2000; Dong et al.,
1999):

Pf � 1 � exp��kon�t� yl � Hc (1)

in which kon � kf � NL. A preexisting bond may be broken with probability
Pr, which increases with its current load:

Pr � 1 � exp��kr�t� kr � kr
0 exp��� � �*��L � ��2

2kbT
�

(2)

The force applied by the bond on the rolling leukocyte along the receptor-
ligand direction is given by:

f � ��L � �� (3)

The forces contributed by the individual ligand-receptor bonds are summed
to determine the total bond forces and the torque acting on the cell during
the period �t. The parameters for the simulations are given in Table 1. In
our simulations, � � �*.

Nonspecific repulsive forces between the leukocyte and the wall are
accounted for using an empirical van der Waals potential interaction using
a Derjaguin approximation. The force per unit length (Israelachvili, 1985;
Bongrand and Bell, 1984) is:

FC �
A

8�2 �RC

�5 (4)

in which � is the separation between the surfaces. Although other empirical
expressions can be used to prevent contact between the leukocyte and the

FIGURE 1 Disk representing a leukocyte is rolling on the wall of a capillary. The leukocyte interacts with the wall through receptor-ligand interactions
and an empirical repulsive van der Waals force. The forces and torques of individual bonds are summed (FL, TL) and applied to the leukocyte together with
the colloidal (Fc) and hydrodynamic force and the torque (FH, TH). The ellipse mimicking an RBC is introduced at left with its major axis parallel to the
wall. Three cases are considered: case A, where only the leukocyte is present; case B, where an RBC is introduced at a distance of 2 tube diameters from
the leukocyte with initial height H equal to the radius of the leukocyte. Case C is identical to case B, except that the initial height H is one-half the tube
diameter. Parameter definitions are summarized in Table 1.
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wall and the corresponding mathematical singularity (King and Hammer,
2001), the use of an empirical van der Waals potential is justified because
it exhibits the same behavior as the rigorous repulsive expressions that
include steric and electrostatic forces (Bongrand and Bell, 1984). Fc is
applied to the center of the leukocyte and is normal to the wall.

Flow dynamic model

A Lattice Boltzmann method for the analysis of fluid suspensions is used
to calculate the unsteady flow field and the particle dynamics. This tech-
nique is an improvement over the original algorithm proposed by Ladd
(1994) and is a robust method for simulating the dynamics of impermeable
particle suspensions with inertia and any solid-to-fluid density ratio (Aidun
et al., 1998). Although the lattice Boltzmann approach can effectively be
adapted to three-dimensional systems, our current work is limited to the
two-dimensional case. However, it is worth noting that in small gaps
between capillaries and cells the stress field has a two-dimensional behav-
ior, and therefore two-dimensional model predictions are accurate for the
geometry we have chosen (Graver and Kute, 1998). The method is based
on the solution of the Lattice Boltzmann equations on a square lattice with
nine directions for the fluid phase (2DQ9) (Qian et al., 1992). This is
coupled through solid-fluid interaction rules to the Newtonian rotation and
translation of solid particles suspended in the fluid (Aidun et al., 1998). It
is well established that with an appropriate equilibrium distribution func-
tion and suitable physical limits, the Lattice Boltzmann will reduce to the
full Navier-Stokes equations (Qian et al., 1992; Chen et al., 1992).

Two sets of solid particles are considered in this work: disks and ellipses
of infinite depth, representing leukocytes and RBCs, respectively (Fig. 1).
In our simulations, the rolling leukocyte is influenced not only by hydro-

dynamic forces but also by the repulsive force from the wall and by the
stochastic interactions of receptors distributed on the leukocyte with li-
gands on the wall as described in the previous section (Fig. 1). The RBCs
are only affected by hydrodynamic forces.

The simulations of three cases (A, B, and C) were designed to allow full
development of flow profiles and to avoid boundary effects. The inlet
boundary condition was a uniform velocity profile uL, and a stress-free
condition was applied at the tube outlet (Aidun et al., 1998). Calculations
were carried out using a 1200 � 67 lattice grid, which is sufficient to
provide numerical convergence (Aidun et al., 1998; Bernsdorf et al., 1998).
The Lattice Boltzmann relaxation time 	 was 1, corresponding to a time
step of 1.25 � 10�8 s. The forces and torques reported in this work were
calculated for a cell of 9-�m diameter (Table 1) and were averaged over 50
�s using a moving average algorithm.

RESULTS

Case A: leukocyte rolling in the absence of RBCs

In case A, the leukocyte rolls in response to the flowing
Newtonian fluid, dynamically forming and breaking bonds
with the surface (see movies of the simulations in the
Supplementary Material). The results of case A compare
very well with data in the literature. The average value of 60
pN (Fig. 2) calculated for the tangential force (x direction in
Fig. 1) is in very good agreement with results from numer-
ical simulations (Dong et al., 1999; Graver and Kute, 1998)

TABLE 1 Symbols

Parameter Definition Value (ref.)

Major axis Ellipse 4.2 �m (Skalak and Chien, 1987)
Minor axis Ellipse 1.2 �m (Skalak and Chien, 1987)
Wall shear rate 142 s�1 (Munn et al., 1996)
Wall shear stress 0.17 Pa

A Repulsive Hamaker constant 5 10�20 J (Bongrand and Bell, 1984; Israelachvili, 1985)
D Tube diameter 20 10�6 m (Skalak and Chien, 1987)
Fc Repulsive force per unit length –
HC Critical height 40 10�9 m (Chang et al., 2000)
kb Boltzmann constant
kf Forward reaction rate 85 s�1 (Chang et al., 2000)
kr Reverse reaction rate
kr

0 Intrinsic reverse reaction rate 1 10�2 s�1 (Chang and Hammer, 1996)
L Bond length –
NL Ligand density* 47/�m2 (Chang and Hammer, 1996)
Pf Probability of bond formation
Pr Probability of bond breakage
Rc Disk radius 4.5 �m (Skalak and Chien, 1987)
Re Reynolds number (L D/
) 8.07 10�3 (Chapman and Cokelet, 1997)
T Temperature 310 K (Chang and Hammer, 1996)
uL Inlet velocity 4.8 10�4 m/s
yl Bond length
� Separation distance
� Equilibrium bond length 20 nm (Chang and Hammer, 1996)

 Plasma kinematic viscosity 1.2 10�6 m2/s (Skalak and Chien, 1987)
�c Disk density 1070 Kg/m3 (Skalak and Chien, 1987)
�d Ellipse density 1098 Kg/m3 (Skalak and Chien, 1987)
�f Fluid density 1000 Kg/m3 (Skalak and Chien, 1987)
� Spring constant 2 10�3 N/m (Chang and Hammer, 1996)
�* Transition state spring constant 1 10�3 N/m (Chang and Hammer, 1996)

*600 ligands distributed around the cylinder circumference spaced every 0.45 �m.
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and the analytical solution of Goldman et al. (1967). These
results are also consistent with model studies by Schmidt-
Schönbein et al. (1980) and Chapman and Cokelet (1997)
and theoretical predictions by Fung (1984) (Table 2). The
same is true for the calculation of the torque, which is 23 �
10�5 pN m�1 (Fig. 2) and for the pressure drop across the
disturbed region of flow, which is 1.2 Pa (Graver and Kute,
1998; Chapman and Cokelet, 1997).

There is a paucity of values for normal forces (y direction
in Fig. 1) available in the literature. Our model predicts an
average value of 0.27 pN away from the surface (Fig. 2).
Experimental results on the repulsion of RBCs from tube
walls have provided values varying from 0.36 to 1.8 pN
(Blackshear et al., 1971), depending on shear rate and cell
deformability. Although the absolute value of this force is
small compared with the tangential force, the repulsive
force plays a crucial role in the process of leukocyte rolling.
In fact, in a simulation without receptor-ligand interactions
and colloidal forces, this small positive repulsive force is
able to drive the cell away from the tube wall.

One commonly measured experimental parameter is roll-
ing velocity. The average rolling velocity for case A was
186 �m/s. This compares favorably with experimental re-
sults under similar conditions (Munn et al., 1996).

Case B: collision between RBC and
rolling leukocyte

The hydrodynamic interaction transmitted by the small fluid
lubrication layer between the passing RBC and the leuko-
cyte (Fig. 3 A) is responsible for a significant increase in the
average tangential force and torque (�10%) during colli-
sion, accompanied by an increase in rolling velocity (10%).
Dramatic changes are also seen in the normal force (Fig. 3
B, Table 2). Note that the peak forces can be much larger
than the average values.

At the onset of collision, the RBC causes the normal
hydrodynamic force to change sign (net downward force)
and the torque and tangential force on the leukocyte to
increase (Fig. 3). As the RBC slips past the leukocyte (Fig.
3 A), the normal force again becomes positive. At this point
the torque and tangential force go through another peak. The
simulation results show that the modulation of the normal
force is due to a pressure changes on the order of 0.5 Pa
between the RBC and the leukocyte.

The main results of case B are as follows: 1) the RBC
trajectory is strongly affected in case B, flipping 180° after
the collision (see Fig. 3 A). The velocity of the RBC before
collision is 500 �m/s; during collision it decelerates to 300
�m/s and then accelerates to 700 �m/s as it is forced into

FIGURE 2 Case A simulates simple rolling of a leukocyte on a receptor-
coated surface in response to fluid flow. Hydrodynamic tangential force,
normal force, and torque profiles are shown.
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the higher velocity fluid (Fig. 4). 2) Compared with the
free-rolling disk, the magnitudes of the hydrodynamic
forces and torques are significantly different. Clear in-
creases in tangential force and torque (evidenced by two
peaks) result. The average extent of this interaction is
�10% over the baseline value. 3) The magnitude and di-
rection of the normal force changes significantly. After
head-on collision the normal force becomes large and neg-
ative (favoring adhesion). It is interesting that the normal
force required by a microvillus to penetrate the glycocalyx

is on the order of 2.8 to 14 pN (Zao et al., 2001), which is
very close to the negative hydrodynamic force provided by
the RBC in the case B head on collision (�15 pN). This
force is applied for 10 to 20 ms, a sufficient time to allow
glycocalyx penetration (Zao et al., 2001).

These results are not very sensitive to the wall shear rate.
With the same parameters, except at a shear rate of 71 s�1,
we get smaller values for the baseline tangential force (35
pN), torque (9 pN), and rolling velocity (87 �m/s). How-
ever, the increase in rolling velocity, torque, and tangential

TABLE 2 Study results

Normal force
pN

Tangential force
PN

Torque
pN � m � 105

Pressure drop
Pa

Rolling velocity
�m/s

Literature 0.36–1.8 45–450 14–81 1.3–4.5 25–225
Data (Blackshear et al., 1991) (Dong et al., 1999; Graver

and Kute, 1998; Goldman et
al., 1967; Chapman and
Cokelet, 1997)

(Graver and Kute, 1998;
Goldman et al., 1967)

(Graver and Kute, 1998;
Chapman and Cokelet, 1997)

(Munn et al., 1996)

Case A 0.27 60 23 1.2 186
Case B 0.18 (�33%) 67 (	11%) 25.2 (	11%) – 197 (	6%)
Case C 0.22 (�18%) 63 (	5%) 23.4 (	1.5%) – 190 (	2%)

FIGURE 3 Case B simulates a collision between a passing RBC and the rolling leukocyte at the midpoint of the leukocyte. (left) Flow field at time t �
0.125, 0.157, 0.219 s. (right) Hydrodynamic tangential force, normal force, and torque profile.
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force upon collision is still �10%, and the behavior is
similar to the results of Fig. 3. Remarkably, the normal force
profiles mirror those obtained at high shear rate (Fig. 3) with
peaks ranging between �10 and 	12 pN.

Case C: effect of geometry

One of the most important parameters affecting RBC-leu-
kocyte interaction is the blood hematocrit. RBCs flowing in
a tube tend to migrate toward the center of the tube and
leave a cell-free layer close to the tube wall (Blackshear et
al., 1971; Cokelet and Goldsmith, 1991). This plasma-rich
layer is responsible for the Fårhaeus effect, i.e., the increase
in discharge hematocrit compared with the tube hematocrit

in tubes of diameter less than 150 �m (Skalak and Chien,
1987). At a normal hematocrit the height of the plasma layer
can vary between 2 to 6 �m (Blackshear et al., 1971;
Cokelet and Goldsmith, 1991). Therefore our case B, where
the RBC height is 4.5 �m, represents the interaction be-
tween a single RBC and a leukocyte under normal condi-
tions. The purpose of case C is to simulate the forces exerted
by RBCs after hemodilution, where the plasma-rich zone is
expanded. Therefore, in this case the RBC approaches at a
height of 10 �m and undergoes a “glancing” collision with
the leukocyte.

The main results of case C are as follows: 1) the RBC is
less affected compared with case B. The RBC does not
rotate 180° but undergoes a clear oscillation when passing
over the leukocyte (Fig. 5 A). The precollision velocity of
the RBC is 700 �m/s. During interaction it accelerates to
900 followed and then returns to 700 �m/s. This behavior
contrasts starkly with that in case B (Fig. 4). 2) The values
of the hydrodynamic forces and torques do not change
significantly during the glancing RBC-leukocyte collision.
However, a small increase in tangential force and torque is
recorded (Fig. 5 B). The effect of this interaction is much
smaller than in case B and the net increase in force/torque
and rolling velocity is only �2%. Notice that the increase is
much smaller than in case B, although the relative collision
velocity is 40% larger.

DISCUSSION

The presented model predicts a sign reversal on the hydro-
dynamic normal force, which may help adhesion by deform-
ing the leukocyte and its microvilli, enabling the formation
of new bonds. On the other hand, the postcollision detrac-
tive hydrodynamic normal force is easily resisted by the
existing bonds, requiring only a 3% increase in the overall
ligand force. So the net effect of the RBC is to provide an
initial normal force to engage additional receptors and li-
gands as it “bounces” the leukocyte along the endothelium.
Just as a small positive force applied to Velcro greatly
increases its bond—but a small tug cannot separate it—this
bouncing enhances leukocyte adhesion (Munn et al., 1996;
Melder et al., 1995, 2000). Noninvasive experiments in flow
chambers using a two-photon laser microscopy scanning
technique further support these conclusions by showing that
the leukocyte distribution across the flow chamber is not
affected by the rheological properties of the suspension or
the shear rate (data not shown). Therefore, enhancement of
leukocyte binding by RBCs (Munn et al., 1996; Melder et
al., 2000) cannot be explained by increased leukocyte con-
centration at the wall, and is probably due to the modulation
of the normal force estimated in this work.

We have also shown that the increased tangential force
and torque significantly change the rolling velocity of the
leukocyte (by 10%). This may initiate rolling in cells pre-
viously adherent and therefore may be responsible for the

FIGURE 4 Effect of collision height on RBC velocity.
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increased rolling fraction of leukocytes seen in experiments
(Melder et al., 1995). In additional simulations (not shown),
it appears that the confined geometry is responsible for a
further increase of 5% to 15% in rolling velocity compared
with couette shear flow. These results strongly support the
hypothesis that the nature of the contact between the leu-
kocyte and the endothelial wall in vivo (stable adhesion,
rolling) and parameters such as rolling velocities cannot be
simply extrapolated from RBC-free systems but that the
inclusion of the dynamic RBC forces is critical.

Despite the significant effect of the RBC on the local
flow field in the small region over the leukocyte, it is
remarkable that the hydrodynamic forces are small in case
C. This suggests that the height of the collision, and thus the
extent of the plasma-rich zone, is a very sensitive parameter
even in a small tube. The height of the plasma-rich zone,
which depends on hematocrit (Cokelet and Goldsmith,
1991), determines the extent of the leukocyte “envelop-
ment” by the RBCs as seen in case B (Fig. 3 A). Our
simulation suggests that this envelopment may be the nec-
essary mechanism to exert the required forces. This result is
complementary to the experimental observation in model
systems that RBCs initiate leukocyte rolling as these cells

interact at the entrance to postcapillary venules (Schmid-
Schönbein et al., 1980). In fact, the same mechanism sim-
ulated in case B—the close “envelopment” of the leukocyte
by the RBC—was found to be absolutely necessary to
impart the required normal force to initiate leukocyte mar-
gination (Schmid-Schönbein et al., 1980).

CONCLUSION

We have, for the first time, modeled the dynamics of leu-
kocyte rolling through the rigorous solution of the unsteady
flow field in a confined geometry with and without RBCs.
To date, there are several experimental and theoretical stud-
ies in the literature reporting forces on adhering cells, but
none quantifying forces between rolling leukocytes and
flowing RBCs. The forces exerted by a single RBC passing
a rolling leukocyte are likely different from those exerted by
a concentrated suspension of RBCs and may not be the
simple sum of many collisions. In addition, deformable
particles may behave differently. Despite its limitations, the
current model provides new insight into the essential phys-
ics of RBC-leukocyte interactions. Further refinement of

FIGURE 5 Case C simulates a glancing collision between a passing RBC and the rolling leukocyte. (left) Flow field at time t � 0.625, 0.875, 0.119 s.
(right) Hydrodynamic tangential force, normal force, and torque profile.
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our Lattice Boltzmann algorithms may provide a tool for a
direct simulation of a suspension of deformable, interacting
particles such as blood in complex and relevant geometries.

The model presented in this work can be applied to other
problems that involve interactions mediated by ligands on
the surface of the particles or by body forces. For example,
leukocyte-leukocyte, leukocyte-platelets, and cell-cell inter-
action during metastasis and platelet accumulation near the
wall could be studied without the shortcomings inherent to
other approaches. Further extensions of the model will make
it possible to predict the influence of microscopic blood
parameters (cell shape, deformability, interaction potential,
hematocrit) on commonly-measured bulk properties such as
viscosity, thus helping the design of artificial blood substi-
tutes. Other applications such as particle-particle aggrega-
tion in emulsion polymerization, coating processes, and
aerosol deposition may be envisioned.
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