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ABSTRACT The dependence of the lateral distribution of membrane proteins on the protein size, protein/lipid molar
ratio, and the magnitude of the interaction potentials has been investigated by computer modeling protein-lipid
distributions with Monte Carlo calculations. These results have allowed us to develop a quantitative characterization of
the distribution of membrane proteins and to correlate these distributions with experimental observables. The
topological arrangement of protein domains, protein plus annular lipid domains, and free lipid domains is described in
terms of radial distribution, pair connectedness, and cluster distribution functions. The radial distribution functions are
used to measure the distribution of intermolecular distances between protein molecules, whereas the pair connectedness
functions are used to estimate the physical extension of compositional domains. It is shown that, at characteristic
protein/lipid molar ratios, previously isolated domains become connected, forming domain networks that extend over
the entire membrane surface. These changes in the lateral connectivity of compositional domains are paralleled by
changes in the calculated lateral diffusion coefficients and might have important implications for the regulation of
diffusion controlled processes within the membrane.

INTRODUCTION

During the past few years it has become evident that the
molecular constituents of biological membranes are not
distributed at random within the bilayer matrix and that
their distribution can be altered by external physicochemi-
cal variables or during the course of specific biological
processes (1-4). Studies on model membranes and recon-
stituted systems have demonstrated that many physical
and functional properties of the membrane are sensitive to
the particular way in which lipid and protein molecules are
distributed within the bilayer (5-7). Recently, it has been
shown that diffusional processes within the plane of the
membrane are strongly affected by the topological
arrangement of membrane components, particularly by
the existence of a highly connected network of fast diffu-
sion compositional domains (8-10).

Since biological membranes are heterogeneous systems
characterized by the presence of physically distinct and
topologically irregular lipid and protein domains, it is not
generally possible to develop complete analytical descrip-
tions of the planar distribution of lipid and protein mole-
cules. An alternative approach to the study of membrane
organization involves the use of computer-generated
molecular distributions. Previously, we developed a system
of Monte Carlo calculations directed to generate lipid

Dr. Freire's present address is Department of Biochemistry, University of
Tennessee, Knoxville, TN 37916

BIOPHYS. J.o Biophysical Society * 0006-3495/82/03/617/8
Volume 37 March 1982 617-624

distributions with the computer (1 1, 12). This method has
been applied to the study of the lateral distribution of
molecules in binary mixtures of phosphatidylcholines,
cholesterol-phosphatidylcholines, and cholesterol-sphingo-
myelin mixtures (9, 11, 12). In this paper we present a
generalization of this method to include molecules of
different cross sectional areas and various interaction
potentials. Particularly, we have been interested in
computer modeling the planar distribution of membrane
proteins and its dependence on protein size, protein/lipid
ratio, and interaction energies. We also attempt to identify
the organizational parameters that are relevant to specific
membrane properties and to provide a rigorous way of
characterizing the lateral distribution of membrane
proteins. Analysis of the experimentally derived organiza-
tion parameters as described in the text should provide
information regarding the exact nature of protein-protein
and protein-lipid interactions. Preliminary results of this
work were presented at a meeting of the Biophysical
Society (13).

THEORY

There are two distinct aspects to the problem of modeling
molecular distributions for membrane systems by
computer. The first concerns the development of a repre-
sentation formalism capable of providing an accurate and
quantitative picture of the membrane, and the second is
associated with the development of the generating algo-
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rithm or algorithms directed to produce the desired molec-
ular distributions. In the first paper of this series (1 1) we
developed a matrix formalism to represent the lateral
distribution of molecules in binary mixtures of lipids. This
matrix formalism has now been generalized to include
molecules of different cross sectional areas such as in the
case of biological membranes containing different types of
protein and lipid molecules.

For a given composition, the distribution of molecules
within the lateral plane of the membrane is dictated by the
magnitude of the interaction potentials between the vari-
ous membrane components. The magnitude of these inter-
actions can be affected by external physicochemical
parameters (temperature, ligand molecules, pH, Ca2+
concentration, etc.) that can trigger lateral reorganization
processes within the membrane. To represent these
phenomena we have developed a generating algorithm that
reflects the molecular interactions, thus providing a way to
establish quantitative correlations between energetic and
organizational parameters.

Representation Matrix

The membrane surface is represented by an m x n matrix
D = || Dij || (see Appendix) in which the matrix elements
D.1 represent surface elements with position coordinates
centered at i, j. For mathematical convenience these
surface elements are assumed to be hexagonally packed,
forming a triangular lattice. This assumption does not
impose any restriction upon the membrane system, since it
is only related to the internal structure of the representa-
tion matrix. Each matrix elements Dij can be further
specified (Dij -- Dijk) so that it contains information
regarding any desired property, k, of the membrane at
(i,j). An illustrative example of this type of matrix
representation is shown in Fig. 1.

FIGURE 1 Representation of continuous geometrical shapes (left panel)
using a triangular lattice (right panel). The resolution with which an
image is represented is dictated by the lattice spacing do. A scaling
transformation is used to increase or decrease the resolution (see Appen-
dix).

The resolution with which the membrane surface is
represented is dictated by the resolution length, do. The
resolution can be increased or decreased by scaling the
resolution length. As demonstrated in the Appendix this
scaling process changes the size of the D matrix but does
not affect the triangular structure of the lattice. For actual
computations, limited by the storage capacity of the
computer, a compromise should be made between the total
surface area to be represented and the desired resolution,
since the matrix size grows as do2. In this paper, we shall
use the mean separation distance between lipid molecules
as a unit of length. This is equivalent to a resolution of
8-10 A.

Membrane Proteins
A protein molecule embedded within the bilayer lattice
can be represented as an amorphous cylinder of height Hp
and mean molecular radius Rp. In terms of the representa-
tion matrix D, the cross-sectional area occupied per
protein molecule can be expressed in terms of the number
of surface elements Dij required to cover an area similar to
that of one protein molecule. Owing to the triangular
structure of the representation matrix, it is possible to
express all the parameters necessary to specify a protein
molecule in a very simple and compact form. If (io,jo)
represent the coordinates of the center of mass of a protein
molecule, it is possible to draw concentric hexagons
centered at (io,jo) and separated by do, so that the nth
hexagon contains the position coordinates of exactly 6n
surface elements Dii. If B denotes the maximum number of
concentric hexagons that can be inscribed within the area
occupied per protein molecule, it can be shown that

B= INT p( -2) + INT 2 FRC (Rpo 2)
do 2 dod 2) (1)

where INT and FRC denote the integer and fractional
part of a function, respectively. The protein molecule
occupies a surface area similar to that occupied by a
surface elements D1j, where

a=1 + 3B(B+ 1). (2)
The central coordinates of the potential nearest neighbor
protein molecules of any given protein lie on the hexagon
at

H= 2B +- 1. (3)

The region between H and B is the excluded area region
and cannot contain the central coordinates of another
protein. For each protein molecule there are 6H potential
nearest neighbor positions of which at most six can be
occupied.
The number of lipid molecules surrounding a protein

molecule (annular lipid) is given by

nLLA= y6 (B + 1), (4)
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where -y = 2 for a transmembrane protein and y = 1 for a
protein that spans half of the bilayer.

Lateral Distribution of Protein Molecules
The lateral distribution of protein centers of mass is
determined by an effective interaction potential between
protein molecules. This interaction potential consists of
two parts: (a) A hard core potential, which limits the
closest approach of two centers of mass to 2Rp; and (b) an
attractive/repulsive radial potential which reflects the
energetics of the interaction between two protein mole-
cules. In this paper we shall assume that this radial
potential extends only to nearest neighbor protein mole-
cules; the generalization to other interaction potentials is
straightforward. Moreover, the existence of an impenetra-
ble layer of annular lipid can be easily incorporated into
the formalism by increasing the distance of closest
approach between protein molecules. Even though the
above assumptions might not be entirely realistic, espe-
cially for those cases in which the distribution of protein
molecules is constrained by a cytoskeleton, they neverthe-
less constitute a starting point from which more complex
interactions can be identified and evaluated. As noted
previously, the representation model is phenomenologi-
cally oriented so that different interaction potentials can
be incorporated and the resulting distributions compared
with those observed experimentally. Under the present
assumptions, the magnitude of the interaction determines
the state of aggregation of the protein molecules and can
be expressed in terms of a single Boltzmann exponent Pa
exp [-E(R)/kT] (11). The parameter P has the meaning
of an affinity constant, so that a P > 1 reflects an
attractive potential between protein molecules, a P < 1
reflects repulsive interaction between protein molecules,
and a P = 1 characterizes the situation in which the only
interactions are excluded volume interactions dictated by
the hard core potential.
The generation of protein-lipid distributions with the

computer is achieved by successive incorporation of
protein molecules into an initially pure lipid lattice (for
details see 9, 11, 12). The probability for protein insertion
at any given site (i, j) is expressed in terms of the
Boltzmann exponent P. The intrinsic statistical weight,
W jj, for protein insertion at i, j, is calculated as
follows: WJj = 0 if the site is already occupied or lies
within the excluded area region of another protein mole-
cule; or W.j = pk if the site is on the nearest neighbor
hexagon of k other protein molecules. In this way,
protein-lipid distributions as a function of the protein/lipid
ratio, protein size, and interaction potential can be
obtained. The resulting output of each computer experi-
ment is an m x n matrix in which the lattice positions
occupied by protein molecules, annular lipid, and bulk
lipid are denoted by a different integer. Each matrix is
then directly analyzed with the computer to obtain the
desired lateral organization parameters. Of particular

importance for a quantitative characterization of protein-
lipid systems are (a) the radial distribution function for
protein molecules, (b) the state of aggregation of protein
molecules, and (c) the physical extension of protein
domains, protein plus annular lipid domains, and free lipid
domains. All organizational parameters are calculated
according to the methods described previously (1 1, 12). It
is important to note that these organizational parameters
can be obtained experimentally, thus providing a way to
establish precise correlations between molecular interac-
tions and lateral organization.

RESULTS

Radial Distribution Function
The radial distribution function gBB(d) measures the
distribution of intermolecular distances for molecules of
type B within the lateral plane of the membrane. It is
defined as the ratio between the molecular density XB(d)
and the average density XB. gBB(d) is zero for distances
smaller than the exclusion radius and usually has a well
defined peak at the distance of closest approach between
molecules. As the separation distance, d, increases gBB(d)
approaches a final value of unity. The existence of peaks at
intermediate separation indicates preferred interaction
distances. The amplitude of these peaks is a function of the
molecular density and the magnitude of the interaction
potentials.
The above concepts are illustrated in Fig. 2 for the case

of a protein molecule with a cross sectoinal area nine times
larger than that of a lipid molecule (Rp/RL = 3). The
distributions in this figure were generated with only the
hard core potential as a constraint (i.e., P = 1). As shown
in the figure, gBB(d) is zero for distances smaller than the
excluded radius and has a pronouced maximum at the
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FIGURE 2 Dependence of radial distribution function, gBB(d) on

protein/lipid ratio for Rp/RL= 3 and P = 1. As described in the text, the
unit of length was chosen to be the mean separation distance between
lipid molecules. For these and all calculations throughout. this paper the
protein/lipid values correspond to proteins that span half of the bilayer.
For transmembrane proteins the protein/lipid values should be divided
by two.
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FIGURE 3 Dependence of radial (

intermolecular potential for Rp/RL
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distance of closest approach.
mum increases as the prot(
large separation, gBB(d) =
molecular positions become u
effects of an attractive (P
interaction potential on the

,. .... area occupied by protein molecules, for several values of
the affinity constant P. This dependence can be used to
determine P if the radial distribution function is known.
For example, Pearson et al. (14) have been able to
estimate from freeze fracture studies the radial distribu-
tion function for intramembranous particles in human
erythrocyte membranes under several conditions. They
found peak amplitudes of 1.25, 1.50, and 1.75 for their
experimental groups I, II, and III, respectively. According
to these authors the group I membrane is almost intact,

.a -l---- l-- group II lacks 70% of its spectrin, and group III has all of
d its spectrin removed, showing significant amounts of

distribution function gBB(d) on the
particle aggregation. The particle density in their samples3lstrlbutlon f gs(d) o the was 4,400/i.tm2, which corresponds to a FA (PROT)=3 and constant protein/lipid = A

P = o t p i2 value of =0.3. From our computer-generated distributions

we estimate P values of 1.2, 1.8, and 2.4 for experimental
groups I, II, and III, respectively. These calculated values

The amplitude of this maxi- are in agreement with the authors' interpretation (14),
ein/lipid ratio increases. At which also found some nonrandomness in group I and
1, which indicates that the increasing degrees of aggregation for groups II and III.
Lncorrelated. Fig. 3 shows the Our calculated P values correspond to effective interaction
> 1) and repulsive (P < 1) energies of 110, 350, and 520 cal/mol of intramembranous
radial distribution function. particles at 250C.

An attractive potential induces a large increase in the
amplitude of the peak at the distance of closest approach,
and gives rise to smaller peaks whose amplitude decreases
monotonically as the separation distance increases. A
repulsive potential reduces the amplitude of gBB(d) at the
distance of closest approach and shifts the position of the
maximum to larger separation distances.

In Fig. 4 the magnitude of gBB(d) at the distance of
closest approach [gBB(d = closest)] has been plotted as a
function of FA (PROT), the fraction of membrane surface

4r

State of Aggregation and Lateral
Connectivity of Protein Domains

The state of aggregation of protein molecules can be
quantitatively studied by introducing a cluster distribution
function that counts the number of protein molecules
populating clusters of size n. Typical examples of cluster
distribution functions are given in Fig. 5 for Rp/RL =
3, P = 1, and Rp/RL = 3, P = 3. In this figure, the fraction
of protein molecules in clusters of size n has been plotted as
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FIGURE 4 Dependence of the amplitude of the peak in the radial
distribution fraction, gBB (d = closest), on FA(PROT), the fraction of
membrane surface area occupied by protein molecules for several values
of the affinity constant P.

FIGURE 5 Typical cluster distribution functions for membrane proteins.
Shown are the fractions of protein molecules in clusters of size n as a

function of ln(n) for several protein/lipid molar ratios and two different
values of the affinity constant P.
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a function of the natural logarithm of the cluster size for
several protein/lipid ratios. For any given protein concen-
tration the distribution is shifted to larger cluster sizes as
the protein-protein affinity constant P increases. These
distributions allow calculation of the mean size of protein
aggregates and its dependence on the protein/lipid ratio
and the interaction energies between protein molecules.
A characteristic feature of these cluster distributions is

the existence of an abrupt change in their character at
some critical protein/lipid ratio. Below the critical concen-
tration the system is characterized by the presence of
isolated clusters, whereas above the critical concentration
the clusters become connected, forming a single network
that contains most of the protein molecules. This phenom-
enon, technically called percolation, has been previously
described for lipid mixtures (12) and cholesterol-lipid
mixtues (9), and has been shown to have important effects
on lateral diffusion processes.

In the case of protein-lipid systems it is possible to
define three different states of aggregation in relation to
the lateral connectivity of the free lipid, annular lipid, and
protein domains. These possible states of aggregation are
illustrated in Fig. 6. In this figure, panel A represents a
situation in which the protein molecules plus their annular
lipid (stippled areas) are dispersed and isolated within the
bilayer. Panel B represents a situation in which the annu-
lar lipid has become connected and the protein molecules
"float" in a continum of annular lipid; this situation is also
characterized by the disruption of the free lipid into
isolated compartments. Finally, panel C represents a situa-
tion characterized by massive protein-protein contacts
leading to the disruption of the annular lipid as well as the
free lipid.
The above distributions can be quantitatively character-

ized in terms of the pair connectedness function CBB(d).
CBB(d) is equal to the probability that two molecules of
type B separated by a distance d belong to the same cluster
(9, 12). The probability that the physical extension of a
given compositional domain is of the order of the
membrane dimensions is given by CBB(dmax), where dmax is

A B C

FIGURE 6 Three different cases of protein aggregation. (A) Protein
molecules (black circles) plus annular lipid (stippled areas) are isolated
and dispersed throughout the membrane surface. (B) The annular lipid is
connected forming a continuum throughout the membrane; note that the
free lipid (white areas) has been disrupted into isolated compartments.
(C) Very high protein density leading to the disruption of annular and
free lipid.
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FIGURE 7 Pair connectedness function at maximum separation within
the membrane, CDD(d.), as a function of the protein/lipid ratio for P =
1 and P = 3. Annular lipid (A); annular plus free lipid (@), and protein
molecules (0).

the maximum separation distance within the bilayer.
Below the percolation threshold CBB(dmax) is negligible,
whereas above the percolation threshold CBB(dmax)
approaches the value of unity, which indicates that
previously isolated clusters have become connected, form-
ing a network that extends over the entire bilayer surface.

In Fig. 7, CBB(dmax) has been plotted as a function of the
protein/lipid molar ratio for the free lipid, annular lipid,
and protein molecules. As shown in the figure, the various
domains undergo a dramatic change in their lateral
connectivity at characteristic protein/lipid ratios. A salient
feature of these connectedness transitions is that in all
cases they occur over narrow concentration intervals. The
critical protein/lipid ratios are functions of Rp/RL, the
ratio between the protein and lipid molecular radius, and
P, the affinity constant between protein molecules. As
shown in the figure, the critical concentration for the
protein transition is strongly dependent on P, whereas the
critical concentration for the annular lipid is somewhat
less sensitive to the actual value of P. The dependence of
the critical protein/lipid ratio on Rp/RL for the annular
lipid is shown in Fig. 8. In this figure (P/L)c represents
the protein/lipid molar ratio at which the annular lipid
become connected and the protein molecules "float" in a
continuum of annular lipid. At this concentration the free
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FIGURE 8 Critical protein/lipid ratio, (P/L)c, for the connectedness
transition of the annular lipid as a function of Rp/RL. This curve was
calculated for P = I and for a protein molecule that spans half of the
bilayer. For transbilayer proteins (P/L)c should be divided by two.

lipid becomes disrupted into separate compartments
isolated from each other.

DISCUSSION

Biological membranes are heterogeneous systems com-
posed of different protein and lipid components. Composi-
tional domains arise as a result of the topological distribu-
tion of these components within the bilayer matrix. The
actual size, number, and geometry of these domains are
determined by the magnitude of the interactions between
the various components. Since these interactions can be
affected by external physicochemical variables, changes in
the chemical or physical environment will often trigger
lateral reorganization processes and affect functional
properties of the membrane. The existence of composition-
ally distinct domains may influence functional properties
of the membrane either by defining local environments
with specific properties or by affecting the large scale
organization of the membrane. A complete understanding
of these effects requires the development of a quantitative
characterization of the lateral distribution of molecules
within the bilayer, so that organizational parameters can
be correlated with physical properties of the membrane.
These studies are designed to develop a unified representa-
tion of the lateral organization of biological membranes
and to identify the organizational parameters relevant to
various biological processes.

Previous theoretical and experimental studies have
focused on the molecular aspects of protein-lipid interac-
tions and the local perturbations that protein molecules
exert on the surrounding lipid. Our studies have aimed to
investigate long-range effects induced by short-range
interactions. We have made computer models of protein-
lipid systems, assuming that the distribution of protein
molecules within the lateral plane of the bilayer is dictated
by an effective intermolecular potential expressed as an
affinity constant P. This parameter P can be experimen-
tally evaluated from freeze fracture electron micrographs

as discussed above, or from the compositional dependence
of an appropriate physical observable (Snyder and Freire,
paper in preparation).

Even though our calculated protein distributions are
independent of the existence of a boundary lipid, we have
divided the lipid population into annular and free lipid.
The annular lipid has been considered to be a single layer
of lipid surrounding the protein molecules. Experimental
support for this assumption comes from calorimetric and
spectroscopic evidence. Calorimetric scans of protein-lipid
systems indicate that the number of lipid molecules partic-
ipating in the lipid phase transition diminishes upon
increasing the protein/lipid ratio. The actual number of
lipids subtracted from the transition per protein molecule
can be estimated from the initial slope of AH vs. protein/
lipid plot (15). Analysis of the data for gramicidin (16),
melittin (Freire, unpublished results), and Ca2" ATPase
from sarcoplasmic reticulum (17) yields values of 6, 16,
and 43, respectively for the number of lipid molecules
withdrawn from the transition per protein molecule. These
numbers are proportional to the molecular dimensions of
the protein molecules and equivalent to the number of lipid
molecules required to cover the perimeter of one protein.
Similar conclusions have been obtained with electron spin
resonance (18-20), nuclear magnetic resonance (18, 20),
and Raman spectroscopy (16, 20).
The resulting computer generated distributions contain

protein domains, protein plus annular lipid domains, and
free lipid domains. The distribution of lipid domains and
the relative population of annular and free lipid are
dictated by the lateral distribution of protein molecules.
This distribution is best characterized in terms of the
radial distribution function, as was also demonstrated by
Pearson et al. (14).
The physical extension of protein, annular, and free

lipid domains is measured in terms of pair connectedness
functions. These functions are negligibly small at low
concentrations but increase abruptly at the critical
protein/lipid ratio in which domain percolation occurs.
Dynamic Monte Carlo calculations (Van Osdol et al.
manuscript in preparation) based upon our calculated
protein-lipid distributions predict a decrease in the lateral
diffusion coefficients upon increasing the protein/lipid
ratios and an abrupt change in the diffusion coefficients at
the percolation thresholds. The amplitude and the direc-
tion of the changes at the critical protein/lipid ratios
depend on the difference between the intrinsic diffusion
coefficients of the percolating domains.
2H NMR studies on gramicidin-DMPC (21) and

cytochrome oxidase-DMPC (22) indicate that the quadru-
pole splittings, APQ, increase at low protein/lipid ratios
until they reach a maximum value and then decrease
precipitously at higher protein/lipid ratios. This behavior
indicates a disordering effect at low protein/lipid ratios
and an ordering effect at high protein concentrations (21).
It is interesting to note that for both protein systems the
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position of the maximum in AVQ coincides with the
protein/lipid ratio at which the annular lipid becomes
connected and the free lipid is disrupted into isolated
compartments. Similar 2H NMR studies on cholesterol-
DMPC (23) have shown that the quadrupole splitting is
maximal at 20 mol % cholesterol, i.e., the concentration at
which the cholesterol rich domains become connected and
the free lipid is disrupted (9). These observations suggest
the existence of strong correlations between local order
parameters and the long-range organization of the
membrane. Future work should elucidate the precise
nature and the biological implications of these effects. In
this work we have computer modeled protein distributions
in terms of an effective radial potential that modulates the
state of protein aggregation. In a future paper the effects
of specific interactions leading to the formation of well
defined structural patterns on the membrane surface will
be presented.

APPENDIX

Matrix Representation
A two-dimensional surface of total area S can be mathematically
represented by an m x n matrix D II Dij II , in which the matrix elements
DU denote elementary surface elements with position coordinates
centered at i, j. The actual value of Dj can be used to describe any
property of the surface element centered at i, j. The area, 65, of each
surface element Dj1 is equal to S/(m·n) and defines the "resolution"
with which continuous functions can be represented. In principle, aS can
be made arbitrarily small by increasing the size of the matrix D, so that
any desired degree of resolution can be obtained.

For mathematical convenience we assume that the surface elements D::
are hexagonally packed, forming a triangular lattice. In that case a
two-dimensional surface of total area S - h x I can be represented with
a resolution length do with a matrix of order

2h 1
m - --o' n=d. (Al)

Scaling
Changes in resolution can be obtained by scaling the resolution length.
An nth order scaling corresponds to a 2` reduction in the resolution
length. After a nth scaling d, = do2-', and the coordinates of the point
(io, jo) become

i"= 2n(i0- 1) + 1, (A2)

jn= 2(jo- 1) + 1. (A3)

It must be noted that a triangular lattice is invariant under a nth scaling,
i.e., the lattice remains triangular under any scaling transformation. This
is not true for a square lattice, for example.

Metric
The distance R between any two points (i,j) and (I',f) is given by

R= X2 +-y2, (A4)

where

X = l'- jiI + '/2Sgn (j' - j) Ei,,i]d, (A6)

where rei is a parity symbol defined as

O; Pi P= P

Ei X = + 1; i' = even, i = odd

-1; i' = odd, i = even.

Sgn(j' -j) = + 1 ifj' >j, Sgn(j' -j) = - 1 ifj'<j.
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