
TIME-RESOLVED FLUORESCENCE POLARIZATION FROM

ORDERED BIOLOGICAL ASSEMBLIES

THOMAS P. BURGHARDT
Cardiovascular Research Institute, University of California at San Francisco, San Francisco,
California 94143

ABSTRACT We calculate the time dependence of the polarized fluorescence signal from fluorescent-labeled elements of
a biological assembly that are rotationally diffusing in an arbitrary three-dimensional angular potential. We have
formulated this calculation using the model-independent description of the angular potential wherein the angular
potential is described by an expansion in a complete set of orthonormal functions with the expansion coefficients (or
order parameters) determined by time-independent methods (Burghardt, T. P., 1984, Biopolymers, 23:2382-2406).
We have applied the calculation to fluorescent-labeled myosin cross-bridges in relaxed muscle fibers. In a related paper
we describe the experimental observation of the myosin cross-bridges rotationally diffusing in an angular potential
(Burghardt, T. P., and N. L. Thompson, 1985, Biochemistry, 24:3731-3735).

INTRODUCTION

Time-resolved fluorescence anisotropy decay after excita-
tion by polarized light (TRFAD) is a technique employed
in the study of the rotational diffusion of macromolecules
in solution (1-6). Recently this technique has also been
applied to the study of the rotational motion of elements of
ordered systems such as the macromolecular constituents
of biological assemblies; e.g., subfragment 1 (S-1) of
skeletal muscle myofibrils (7) and proteins or lipids in lipid
membranes (8-12). The rotational motion of free, rigid
macromolecules is usually described by a model that
assumes the macromolecule is a rigid body that freely
diffuses about its principal hydrodynamic axes (1, 2, 13).
When the equilibrium orientations of an isotropic ensem-
ble of the macromolecules is perturbed, the relaxation back
to equilibrium is characterized by an exponential decay.
This behavior has been observed for some proteins in
solution using TRFAD (3).
The mathematical description of motion of the constitu-

ents of ordered biological assemblies usually employs the
model of rotational diffusion of the constituents in an
angular potential. This model, often called restricted rota-
tional diffusion, similarly predicts exponential relaxation
to equilibrium in agreement with experiment (7, 8, 14-16).
Aside from this feature, however, the modeling of
restricted rotational diffusion differs from the free diffu-
sion case in that the model really corresponds to many
distinguishable models since there is ambiguity in assign-
ing the form of the potential. In general, the exact form of
the potential is not known a priori and a variety of
potentials are equally suitable (8, 15). Experimental mea-
surements with fluorescence, at present, are also not
capable of distinguishing different potentials.

Ambiguity in the experimental determination of the
time-independent angular distribution of constituent
macromolecules in biological assemblies (a quantity
directly related to the potential [17]) has led us in the past
to develop model-independent methods to experimentally
measure the angular distribution without specifying a
model (18-21). Here we formulate a similar approach to
the time-dependent problem and reduce the model depen-
dence of the mathematical description by eliminating the
model for the angular potential. The constituent macro-
molecules are still assumed to be rotationally diffusing in a
potential, but the potential is described by an expansion in
an appropriate complete set of orthonormal functions. The
solution to the restricted rotational diffusion equation is
also expressed as an expansion in the same orthonormal
functions. When this solution, which is the probability
density of molecular orientations, is used to calculate the
time-dependent anisotropy decay, r(t) we find it is an
infinite sum of exponentials with relaxation times and
amplitude factors that depend in a complicated manner on
the diffusion constants and the expansion coefficients of
the potential. This procedure uses the potential as
expanded in orthonormal functions as it is measured with
time-independent experiments when the model-indepen-
dent forms of these techniques are used. As in previous
model-independent treatments any explicit model of the
potential can also be readily used in the formalism.
We derive a form of r(t) that is applicable to a rigid

macromolecule undergoing general restricted rotational
diffusion by expressing r(t) in terms of the eigenvalues and
eigenvectors of the restricted rotational diffusion equation.
The eigenvalues and eigenvectors depend on rotational
diffusion constants and the expansion coefficients of the
potential. This formula for r(t), the time-independent
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measurement of the potential, and the eigenvector solution
to the restricted rotational diffusion equation specify the
explicit time course of r(t).
The application described in this paper calculates r(t)

for the restricted macromolecules in the assembly when the
potential depends on two angular dimensions correspond-
ing to Euler angles f3 and y, see Fig. 1. This calculated r(t)
is used in a related paper to describe the rotational motion
of myosin cross-bridges in relaxed muscle fibers (22).
The advantages of this analytical method over previous

methods are (a) generality of application; (b) clarity in
assigning features of the observed signal to physical fea-
tures of the potential; and (c) ability to establish the
theoretical limitations of the TRFAD technique for deter-
mining physical parameters of the system. These advan-
tages are consequences of our method of solution wherein
the time-dependent orientation probability density and the
angular potential are expressed as sums of orthogonal
functions.

THEORY

Equation of Motion

A macromolecule rotationally diffusing in a potential, with
rotational diffusion constant D, and rotational mobility u,,
is described by the operator equation

a(Q7, t) = E {DjL2 + uiLi(Li V)IP(7, t)-9 P(1, t), (1)

where Q represents the three Euler angles a, ,B, and y
describing the orientation of a rigid body in space (see Fig.
1), t is time, 9i is a differential operator, and P(Q, t) is the
probability density for molecular orientations. The opera-
tors L, are identical to the quantum mechanical orbital
angular momentum operators and V is the angular poten-
tial. The equilibrium solution to Eq. 1, P0, is given by P0 = c
exp (- V/kT), where c is a normalization constant, k is
Boltzmann's constant, and T is the absolute temperature
(17).

Operator 9i is not self-adjoint. To convert If to the
self-adjoint form, H, we substitute P(Q, t) = pI/2Q(f2, t)

z

Z2

x,
y yi, Y2

xl

Y Y,

into Eq. 1 and find

dQ t) po:1/2 if pl/2 Q(Ql, t). (2)

It can then be shown that
3

H p- 1/2 Iy po/2 = ZDi{L3 -(L/)2 + (Li/}
i-I

(3)

when Einstein's relation ui = Di/kT holds (23), and when
/ = V/2kT such that

PO = c exp (-2/). (4)

Eq. 2 is the Sturm-Liouville problem and its solution is

Q(Ql, t) = E a,,1(Q) exp (-Eit), (5)

where E, are eigenvalues of the eigenvectors i,(Q) and
coefficients a, are determined by an initial condition on
Q(Q, t). We expand both ?, (Q) and / in terms of the
complete set of orthogonal functions, the Wigner rotation
matrix elements (24), such that

,i(Q) = E_ qQ/22 + 1 1/2
Df(Q)Qnm n 87r2 /

/7=EJf.m,n22 + 1\1/2D ()
R,m M, 8wr2 / n(l

(6)

(7)

The coefficientsf .m,. are determined from P0 in Eq. 4 using
the orthogonality relation for the DQ 's given by

dQ D *r (Q) D',. (Q) = 82p+ br RAM bvm'd\)m 292+1I (8)

where gois thedomain 0 <acz< 2r, 0 -< < 7r, 0 < y < 2ir,
and ,ij is the Kronecker delta. The eigenvalues Ei and
coefficients qm,,,,, are calculated from diagonalization of the
matrix with elements ( I, h', k' H j, h, k) where

(9)

z

Y3

Y
1

X3

FIGURE I The Euler angles. Three successive rotations performed in sequence describe the orientation of a rigid body in space. First, a
rotation about the z axis through angle a. Second, a rotation about the Yi axis through angle ,8. Third a rotation about the Z2 axis through
angle y.
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The matrix elements are calculated using the relations

L1 D2,,, = 1/21(9 - n)(9 + n +l )JI/2 DR
+ '/21(- n + 1)(Q + n)I'/2DD,,,., (lOa)

L2 D', = 2 1(R-n)(R + n + 1)11/2 D,

-2 (Qn + 1)Q+ n) 1/2D'w- (10b)

L3 DQ ,n = n Dm'n (1(Oc)
it +12

DJml,kjD m2k2=2 (-I)+
i-lit -121

(2j + 1) Dik 12( 12 (lOd)\mn MI2 -m k1 k2 -k

and the orthogonality condition of Eq. 8. The quantity

\MI M2 -m

is a Wigner 3-j symbol (24).
The matrix elements ( j1" h', k'lHI j, h, k) for a

symmetric molecule such that D, = D2 are explicitly,

(lj',h',k'IHI j,h,k)
= [D j(j + 1) + (D3 - D,)k2] 5 j,h',h 6k,k

+ Tf,"M' (_1) (8k 2 1)/2 (2j + 1)1/2(2j + 1)1/2

x [DIR(P + 1) +(D3- DI)n'] x (
m h

:1

-hi

Application to Time-resolved Fluorescence
Anisotropy Decay

In a TRFAD experiment the polarized fluorescence inten-
sity from fluorophores specifically attached to mobile
elements of the biological assembly is observed. This
intensity is the projection of P(Q, t) onto [v(x) *]2
where v(x) is a unit vector in the direction of polarization
along which the emitted light is observed, x is its angle
from the z axis, see Fig. 2; and ,U is the unit electric dipole
moment for emission of the fluorophore. v(x) is fixed in the
lab frame and g, is fixed in the molecular frame (the frame
fixed in the elemental subunit). It is convenient to express v
and t,, in a spherical basis using the transformations

VI=- V1i2 (Vx+iV,)
V-1 = V (V. - iV,),

vo= vz
(12)

where Vx, Vy, and V. are cartesian components of a vector
(24). We express v(x) in terms of the lab frame coordinates
using the Wigner rotation matrix

Vmo0 = Z D',,m Vlab
mri

(13)

and find

[V(X) * fil]S = D(- 1)m+fle fSm.DlDi
m.m'
n,W

where

S = Kav v + [Kb cOs2 (X) + K, sin2 (X)2V2v
+ [Kb sin2 (X) + K, COs2 (x)I v3 V

+ 2(K, - Kb) sin (x) cos (X)vw'v".

(14)

(15)

lQ j il
x Vn k -k'

-
I kf,,mI n It1)h+k
n nt

29 + 1 \1/2(29'+ /2

8ir2 87r2 )Z (2L + 1)

m ml -M M h -h' )()( K)

Constants Ka, Kb, and K, in Eq. 15 are related to the
numerical aperture of the collection optics for emitted light
polarized in the x, y, and z directions of the lab frame (19,
25). The unit vectors vl, v2, and V3 point along the x, y, and
z axis in the lab frame. Finally, the observed fluorescence
signal, F, is

F = Fo f dg P (Q, t) (v * I,)2, (16)

x {Dl[(9-n)(9+ n + 1)

n(+l :t1 -§)

Lj
+ nn'D3

n n' -N

(9 - n + 1)(9' + n')JI 2

1* (1 1)

where Fo is a constant. As shown above P(Q, t) is found
from the solution to the Sturm-Liouville equation, Q(Q, t),
and the original substitution P(Q, t) = PoI2Q(Q, t). Using
Eqs. 5 and 6 this is explicitly

P(Q, t) = Y ai exp (-Eit) Z qtmn
i R.m

(29 + 1 1/2 pl2
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For the calculation of the observed F from Eq. 16 it is
desirable to have P(Q, t) in the form

P(Q, t) = a, exp (-Eit)

(22 + 1 1/2
>ZPQrMn,n 87r2 (18)

With the definition of gQm as

g'mW -(2 ) dg D*Q (Q) Po/2(() D nw,(Q)m~ 87r2 /, (19)

that is calculable from PO, we can show using Eq. 8 that
Eqs. 18 and 19 require

(22' + 1 \1/2

n
r 8r ) gf,m,n (20)

Substituting the expanded version of P(Q, t) from Eq. 18
and (v gj)2 from Eq. 14 into Eq. 16 and performing the
integration indicated using Eqs. 1Od and 8 we find

F= Fo ai exp (-Eit) (K. + Kb + Kc) P8o2o

+ (5)1 [S. {I- ' (Pi,2,-2 + P2,2,-2)

+ A4/' (P2,-2,2 + P2.2,2) + V2AC/A. (P2,-2,-l

+ P2,2,-l) +V+ e ( + P2,2,1) + (3)I(14eUe

+ e4e4) (P2,-2,0 + P2,2,o) S o{e ye

x (P2,-l,-2 + P2,1,-2) + AelA (P2,-1,2 + P2,1,2)

+ VF24AeA(Pe,_1-I + pi2 1 _) + XF /,el (pi

+ Pi2j,I) + (3)/(#eye + ie4,) (Pi2,-I,o + Pz2,1,o)

+ (3)(S + S e) {Aeye P 2,0,-2 + Ie4e Po2,0,2

+ X Ae/e P2,O,-I + X,2/AePe2,0,1

()1/2 ( y + e ) }jj-

FIGURE 2 The geometry of the time-resolved fluorescence polarization
experiment performed on an ordered system. A molecular coordinate
frame defined by (x,,O, y,.,d, z.1) is fixed in a subunit, S, of the ordered
assembly. The absorption and emission dipoles lu and ;e are also fixed in
this frame. Coordinates (x, y, z) define the laboratory frame. The
excitation beam has a linearly polarized electric field vector E and
propagates along the y axis. Vector E makes an angle e with the z axis.
Fluorescent emission is collected with optics positioned along the x axis.
The polarization of the emission is analyzed along vector v, which is in the
yz plane and makes an angle x with the z axis.

The eigenvectors r,(Q) are orthonormal so we can invert
Eq. 22 to solve for ai. Using Eqs. 6 and 22 we find

a1 = Eq,m,,n (82 21)

n~~~~~~n

Expressing E(e) and Aa in a spherical basis using Eq. 12
and rotating E(e) into the molecular frame using Eq. 13 we
find

(E ;iS)2 = ( 1)+nMaManEmt'EwD'mD'
,M'

n,n

(24)

Eq. 23 can be integrated using Eqs. 19, 24, lOd, and 8 such
that

a_= _ (_ I )h'+k' q*a, q ,m

R,m,n h,h'
('+m'k+k'

*R',m',n (29 + 1 )'/1(22' + 1)112M-hM-k:(21)

We specify a, from an initial condition on Q(Q, t). For a

TRFAD experiment

Q(Q, t = 0) = pl,2[E(e) * a]2 = E aq, (Q), (22)
i

where At. is the unit electric dipole moment for absorption,
E(e) is the unit electric field vector of the excitation light,
and e is the angle E makes with the lab z axis, see Fig. 2.

x Eh'E
h' k' -m' h k -n'

(25)

The coefficients P in Eq. 18 are the amplitudes of the
relaxation modes available to the system. The modes relax
to the equilibrium configuration with relaxation time 1 /Ei.
The magnitude of the p,m s's, calculated from Eq. 20, is
related to the equilibrium angular distribution P0. The
relaxation modes that contribute to the TRFAD signal
(only those with = 0, 2) are identified in Eq. 21.
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Application to the Restricted Rotational
Diffusion of Cross-Bridges in a Relaxed
Muscle Fiber

In a related paper (22) we apply the formalism of the
previous sections to cross-bridges in a muscle fiber. For
these measurements we employ low aperture excitation
and collection optics so that E is linearly polarized and
Ka = Kb = 0. If we assume P0 depends only on the Euler
angles ,B and y (not a) and that the linearly polarized
excitation light points along the lab z axis, then the
polarization anisotropy, defined by the relation

F(t 0, X 0) - F(E = 0, X = 900)
r(t) F(E= , X =O) + 2F(E= 0, X =900) (26)

is given by

r(t)

31/2 aiexp (Eit) (#-' P,0-
1 Pe 2,0, 2

+ Ac4eP2,0,2 + XJ(#c1 P2-I + y yPe 2,0,1)

+ (3)1/2 (4Ae + 14c/)PP2,0.}

Z aiexp (-Eit)p'0,o,

where

a, p *p,+{87r2(29 + 1)11/2 /.-mA-n
Q,m,n

O O O m n -m-nn
28

and

~~(29+ ~ ~~~ (29' + 112

.Qf(2Q + 1 ) 1/2E (- )1 qQ,,

0 0 O -n n' n- n'

x fsin (f3)d3dyPy"2 Yj,'n-(f,, Y). (29)

In Eq. 29 Y2,,,, is a spherical harmonic (26), and the domain
of integration is 0 -< .< ir, 0 < y < 2 7r. The denominator
in Eq. 27 is time dependent, unlike the anisotropy for free
rotational diffusion.

Approximation of the Equilibrium Angular
Distribution from Fluorescent-labeled
Muscle Fibers

The application of steady-state fluorescence polarization
measurements to estimate P0 is based on the assumption
that the probe carrying molecule is acted on only by those
torques that confine it in its local environment, and that a
reference frame fixed in the local environment of the

restricted molecule is a constant rotation from the labora-
tory fixed frame. The importance of this assumption is
most easily demonstrated by an example of fluorescent-
labeled lipids in vesicles dispursed in solution. In its local
environment the lipid is confined in the membrane. Rela-
tive to a laboratory fixed frame, however, the lipid is
randomly distributed and the vesicles themselves are freely
rotationally diffusing and consequently applying nonlocal
torques on the lipids. Steady-state measurements on this
system would indicate their angular distribution to be
random despite the local ordering of the lipids in the
membrane.
The steady-state fluorescence polarization from relaxed

muscle fibers indicate the fibers possess cylindrical sym-
metry about the fiber axis (27). We choose the fiber axis to
correspond to the lab frame z axis in Fig. 2. This implies
the cross-bridges are randomly oriented relative to the
fiber axis, i.e., their angular distribution is independent of
Euler angle a. However, because the cross-bridges project
from the thick filament radially, a locally fixed frame is
probably not a single rotation from the lab fixed frame so
that P0 is not necessarily independent of a. We do make the
assumption that P0 is independent of a but the assumption
is based on evidence from TRFAD experiments performed
on muscle fibers oriented nearly parallel to the excitation
beam propagation direction. In these experiments,
described in detail in a related paper (22), the anisotropy
relaxation times are related to cross-bridge rotational
motion about an axis parallel to the fiber axis. This
relaxation time should be influenced by the a dependence
of P0. The data indicates the cross-bridge is moving
relatively freely in this degree of freedom suggesting P0 is
independent of a.
The determination of P0 as a function of the other

degrees of freedom (corresponding to Euler angles f3 and y)
is correctly done by the steady-state measurements. The
model-independent treatment of steady-state fluorescence
polarization from extrinsic fluorescent probes in biological
assemblies leads to a series of equations restricting the
order parameters of the elements to which the probes are
attached (18). Several workers have measured the steady-
state fluorescence polarization from 5- [2-(iodoacetyl)
aminoethyl] aminonapthalene- 1 -sulfonic acid (1,5-
IAEDANS)-labeled muscle fibers (28-30). We use the
model-independent equations with the data of Wilson and
Mendelson, 1983 (referred to as WM) to approximate the
angular distribution of cross-bridges in relaxed muscle
fibers.'

'To accurately measure the steady-state angular distribution of the
cross-bridges, the lifetime of the fluorescent probe should be much shorter
than the rotational correlation time of the cross-bridge (18). Alterna-
tively, in time-resolved measurements the probe lifetime should be long
enough to detect the correlation time of the cross-bridge motion.
Although the lifetime of the probe 1,5-IAEDANS is intermediate such
that it can perform both tasks, other probes may not be so versatile. When
the probe lifetime is long enough for the time-resolved measurements but
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The general expression for the fluorescence polarization
signal from a muscle fiber possessing cylindrical symmetry
about the fiber axis is, in the present notation (from Eq. 16,
reference 18)

F =1 ~_72po OJ 87r2 \1/2

Fo 9 oloo + T. \:'(2J+ 1)~ ~ ~ J- k

x zomlk + bom)k J,2 + dJ+MJ], (30)

where PoJO,k are order parameters related to PO by Eq. 18
such that

PO_ P(fl, t _ ,P0o DQ (Q) (31)
~~~~~~~~~~'

and

(2\1/2 [ sin2(1)]
O= CCos2(,) -2 J(

~~~~~~(32a)
(2\1/2

bo IICos2(X) -sin2(X)
3 2

1~~~~~~

dJ+= -4 [(-1)'+ 1] sin2()sin2(X) (2,2, -2,21J,0)

+_[COS2(E- -sin2(-)][cos2(X)- sin2(x)]

x (2,2,0,0IJ,0) + [(-1)'- 1] sin(e)cos(E)

x sin(x)cos(x) (2,2,1, -I|J,O)
Ma=AL'A,14(2, 2, -2, 21J, 0)

+ Ma;aA -'-'(2, 2, 2, -21J, 0)

+ A ta'1
0 12(2, 2, -1, iIJ, o)

+ A.g,L-'2( 2, 2, 1, -i | J, 0)
+ (aAa4, + ;aj;aa)(eAe + AeAe

x 2/3(2, 2, 0, 0lJ, 0)

(32b)

(32c)

Mj I2,4',4, 4,4 1/(2,2, +2, +1± 2IJ, T i)

a ±A r7(2, 2, ± 1, +2|J, + I

+ IaMa(AaAe + MI) 47/3(2, 2, 0, +1IJ, T )

+ (41L + MO4o)M° 31 27'(2,2, +i,OIJ, Ti) (32d)

U 2 = WUA±^AO.gU4u 22, 2, -+1, I+1lJ, T+2)
±1 ±1

+ Ma Ma (MAeM + Me) V13( 2, 2, 0, T2IJ, T2)

+ (iA!I1 + M1L 3i(2, 2, T2, OIJ, T2) (32e)

'3 - 0a±1atl±u lie1 ;/ ( 2 2, T IIJ, T3 )

+ 11A4'L' V2W(2, 2, +1, T2IJ, T3) (32f)

M4 = a (2, 2, 2, 21J, 4 )

aO'e = ;2/2§(Mal -a, + 1a,e 0,)

a,e ±1
m = Lac,e /a,e

±2 = ±'Aey,

(32g)

(32h)

(32i)

(32j)

The symbols (ji, j2, kl, k2U1, k) are Clebsch-Gordon
coefficients (24). WM summarized their data with the
three ratios Fll, F1, and GI, such that

F(e = 0, X = 0) - F(e = 0, X = 900)
F(E = 0, X = 0) + F(E = 0, X = 900)

(33a)

F(E = 900, X = 900) - F(e= 900, X = 0)
F,mF(e = 90, X = 900) + F(E = 900,x=0) (33b)

F(E = 0, X = 0) - F(e = 900, x = 0)
I F(E = 0, X = 0) + F(e = 900, x = 0)

(33c)

Combining Eqs. 30 and 33 we obtain three equations
restricting the values of PJ,O,k such that

- -F1 10 pO.k(2 + 1

( ( ) (

O/2 8) \1/2

J,1 k (2J2 1)

{(-)1 3j6 )2_ I(1 -+-F) M k
- (2, 2,-2, 2|J,01(1Fll Mj, = O (34a)

9-G 0JkOo+ pO,k (2J+ I)

F6 1-L Mk G6 mJ,2 I-(27 C mek 6J,2

+ (2,2,0,0IJO) (1 -GI)M1=o. (34c)

For the three Eqs. 34a-c and one more equation from
the normalization of PO there are 15 unknown order
parameters. There are no further restrictions on these
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fluorescence quencher (31).
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parameters implied from steady-state fluorescence polari-
zation data using 1,5-IAEDANS as the probe. Under
these circumstances we can only make plausible simplify-
ing, model-dependent assumptions about the angular
arrangement of the cross-bridges in the muscle fiber to
reduce the degrees of freedom in Eq. 34.

Mirror reflection symmetry such that any one half-
sarcomere has a mirror reflection in the opposite half-
sarcomere is sometimes assumed for muscle fibers (32).
Imposing this requirement on P0 requires PJ,O,k = 0 when
J = 1 or 3. Furthermore, the cross-bridges in a relaxed
fiber are known to be rather highly disordered from ESR
studies (33). This observation has led investigators to
presume that y dependence in P0 is absent (28, 34). We use
this observation to justify neglecting the highest order y
related order parameters such that P,o,2 = P0,o,±4 = 0.
Finally, for the orientations Of Aa and ,U that are experi-
mentally justified (see the next paragraph) we must

0 0 0 0require, p2,0, I = P2,0,1 = 0 and P2,0,2 = P2,0,-2 so that the
degrees of freedom in the order parameters of Eqs. 34 are
reduced to four. Thus, with Eqs. 34 and the normalization
of P0 we can solve for p0,0,, po 0,0 P002, and po-
Up to now we have assumed the quantities m', e4, and

Mk, that depend on the direction of the absorption and
emission dipole moments MUa and M, in Eqs. 32c-j, are
known. Previously, TRFAD measurements performed on
the head portion of the myosin molecule (subfragment 1 or
S- 1) that is labeled with 1 ,5-IAEDANS and bulk dissolved
have given some indication of the orientation of the probe
relative to the hydrodynamic principal axis frame of the
protein fragment (3). From these studies it is indicated
that if

Aa = [sin (Oa) cos (0a), sin (Oa) sin (4Oa), cOs (O#a)

ACe = [sin (O.) cos (4.), sin (0e) sin (O.), cos (OJ)] (35)

and the hydrodynamic principal frame (our molecular
frame) has its z axis along the long dimension of the
ellipsoid of revolution shape given to S-1, then Oa and Oe
are <400 and Oa = e = 0. At excitation and emission
wavelengths that differ from those employed in reference
3, WM found that the angle between the absorption and
emission dipole is 180 and that 350 <O a < 450 and 180 <
14 < 360 is consistent with their data when a Gaussian
distribution of cross-bridges in the relaxed muscle fiber is
assumed. When Oa = 400 and Oe = 220 is assumed and with
Eqs. 32, 34, and 35 we now suggest that

PO(f, y) = 0.045 Y0,0 + 0.0239 Y20(13, "y)
+ 0.000798 [Y2, 2(/3, e) + Y2,2(3,a)]
+ 0.00797 Y4,0(#3, y) (36)

represents a reasonable approximation to P0 in relaxed
muscle fibers. Other choices for Oa and Oe consistent with
the constraints mentioned above do not qualitatively alter

this angular distribution. Given this P0 Eqs. 27-29 have
two free parameters, the rotational diffusion constants D,
and D3, to determine the observed time course of the
anisotropy r(t). We vary DI and D3 to best fit the experi-
mental anisotropy curves from labeled cross-bridges in
muscle fibers. These experiments are described in detail in
a related paper (22). When DI = 1.25 x I05 s-' and D3 =
3.0 x 105s-' we find

r(t) = 0.04 + 0.03 exp (-t/1,585 ns)

+ 0.20 exp (- t/ 1,000 ns) + negligible terms, (37)

which is well approximated by r(t) = 0.25 exp (- t/ 1,000
ns) as measured for the relaxed muscle fiber data (22).

Time-resolved Fluorescence Polarization
Signals from Fibers in Other Geometries

We have presented the formal solution to the problem of
rotational diffusion in a general three-dimensional angular
potential. However, in the application of the two previous
sections we have assumed the angular potential is indepen-
dent of one of these dimensions. We have further argued
that this assumption is appropriate for the relaxed muscle
fiber when its symmetry (fiber) axis points along the
direction of polarization of the excitation light (the vertical
fiber geometry). When the fiber is oriented in any other
direction this assumption is not necessarily valid. We
performed TRFAD experiments on fibers when the fiber
axis is positioned at 900 to the excitation light polarization
(the horizontal fiber geometry) (22). We wish to use the
theory to make an approximate calculation of the aniso-
tropy relaxation time for the horizontal fiber to determine
if the theory can anticipate the observed result.

If we approximate the angular potential of the vertical
fiber to lowest order, only terms proportional tof2,0,0 in the
potential remain (see Eq. 7). In this approximation the
angular potential depends only on the Euler angle ,B (see
Fig. 1). When the fiber axis is rotated

(38)JSQ ,mn = F..f.Jkn D*km (ao0 ?00 To),
k

wheref,m,n are the order parameters describing the poten-
tial in the rotated frame and a0, ,80, and yo are the Euler
angles of the coordinate rotation. When the fiber is rotated
by 900 such that the fiber axis is perpendicular to the
excitation light polarization and at 450 to the beam propa-
gation direction (the experimental horizontal fiber geome-
try), a0 = -ir/4, i30 = 7r/2, and yo = 0. Then f20,0 =

-= i /4 f2,0.0, and f220 =-i V6/4.f2,0,0.
Ignoringf2,-2,0 andf'2,20 and applying the calculation of
the two previous sections usingf'2,0,0 in place off2,0,0 we find
the anisotropy relaxation time of the horizontal fiber to
be -2/3 that of the vertical fiber. Our observation of the
anisotropy relaxation time of the horizontal fiber to
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be -350 ns compared with -1,000 ns for the vertical fiber
confirms the trend anticipated by the above calculation.

METHODS

Symbolic algebraic manipulation was performed using a symbolic manip-
ulation program (SMP) (Inference Corp., Pasadena, CA) installed on a
VAX 750 virtual memory computer (Digital Equipment Corp., Marl-
boro, MA). Explicit symbolic calculation and numerical evaluation of
Eqs. 11 and 26-29, and the diagonalization and calculation of eigenvec-
tors of the matrix in Eq. 11 were performed on SMP. An error in SMP's
evaluation of some of the Wigner 3-j symbols was corrected by an
independent program for this evaluation. The programs used in this
calculation for use in SMP are available from the author.

Diagonalization and calculation of eigenvectors of the matrix of Eq. 11
were performed for the specific application described in theory. For this
application the matrix, H, with elements (j', 0, k'IHIj, 0, k) was
diagonalized. It can be shown from Eq. 11 and the symmetry properties of
the Wigner 3-j symbols (24) that these matrix elements are zero unless j'
+ j and k' + k equal even integers. This property implies H can be
diagonalized for even j, j', k, and k' independently from odd j, j', k, and k'.
It can be shown from Eqs. 27 and 29 that only eigenvectors of H that
include even j contribute to the TRFAD signal. Thus, diagonalization of
H for even j, j', k, and k' is all that is required for the calculation of the
anisotropy decay curve.
We performed the diagonalization ofH for the two cases when, j, j' - 4

and j, j' s 6. The relaxation times, 1/E;, and amplitudes, pQ,,,,,, are
identical in those two calculations for those relaxation times and ampli-
tudes that contribute to the anisotropy relaxation curves for relaxed
vertical fibers, i.e., i = 0, 1, 2 in Eq. 27 (see Eq. 37). This result indicates
that the approximation of the infinite matrix H with elements terminating
at j = j' = 4 is sufficient for the angular potential found in the relaxed
muscle fibers.

DISCUSSION

The theory describes an approach to the problem of
rotational diffusion in a potential that is very generally
applicable to biological assemblies. Our theory is used here
with the time-resolved fluorescence polarization technique.
A new feature of this treatment is that it adopts the
previously introduced model-independent approach to
describe the angular potential that restricts rotational
diffusion and incorporates the information of the time-
independent measurements into the time-dependent calcu-
lation. We have also applied the calculation to the motion
of myosin cross-bridges in relaxed muscle fibers that have
the fluorescent probe 1,5-IAEDANS specifically attached
to the cross-bridge. The results of these studies are
described in detail in a related publication (22).
The analytical methods of this approach are fundamen-

tally quite similar to the earlier work for ESR probes in
lipid membranes (35-36). Other treatments of time-
resolved fluorescence polarization from elements in
restricted rotational diffusion lack the generality of the
present treatment in that they impose restrictions on the
functional dependence of the potential and/or the mathe-
matical form of the potential is assumed a priori (8, 15,
37). The present treatment avoids these problems by
allowing the potential to be arbitrary and subject only to
the requirement that it can be described as an expansion in
a complete set of orthonormal functions. The utility of this

approach is demonstrated on a real biological system in
another publication (22).
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