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ABSTRACT In this paper, a theory of viscoplasticity formulated by Prager and Hohen-
emser is developed for a two-dimensional membrane surface and applied to the
analysis of the flow of "microtethers" pulled from red blood cells attached to glass
substrates. The viscoplastic flow involves two intrinsic material constants: yield shear
and surface viscosity. The intrinsic viscosity for plastic flow of membrane is calculated
to be I x 10-2 dyn-s/cm from microtether flow experiments, three orders of magnitude
greater than surface viscosities of lipid membrane components. The fluid dissipation
is dominated by the flow of a structural matrix which has exceeded its yield shear.
The yield shear is the maximum shear resultant that the membrane can sustain before
it begins to deform irreversibly. The yield shear is found to be in the range 2-8 x 10-2
dyn/cm, two or three orders of magnitude smaller than the isotropic tension required
to lyse red cells.

INTRODUCTION

The material structure of a plasma membrane determines the viability of the membrane
when exposed to external forces. In turn, the security of the cell cytoplasm and the
life of the cell are dependent on the integrity of the membrane. Because of the impor-
tance of the strength of the membrane, considerable research has been undertaken to
determine the "deformability" and elasticity of plasma membranes. Most of these
experiments have been performed on the human red blood cell because of its geometric
simplicity and essentially homogeneous liquid interior surrounded by a plasma mem-
brane. Recently, an innovative, two-dimensional hyperelastic material concept and
finite deformation analysis (Skalak et al., 1973; Evans, 1973 a, b) have provided corre-
lation of existing elasticity experiments on fluid shear and micropipette deformation
of human red cells (Hochmuth and Mohandas, 1972; Evans, 1973 b; Evans and
LaCelle, 1975).
Although the solid property of elasticity has been studied both experimentally and

theoretically, the irrecoverable, plastic flow of plasma membrane has not been investi-
gated in detail. However, there have been observations of plastic flow and failure of
red cell membrane both in in vitro and in vivo (Kochen, 1968; LaCelle, 1970; Bessis,
1973; Weed and Reed, 1965; Bull and Kuhn, 1970; Bull et al., 1968). In particular,
Hochmuth et al. (1973) and Williamson et al. (1975) measured the plastic growth of
"microtethers" pulled from point attached red cells under the action of fluid shear
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stress. Quiantitative experimental and analytical studies of the yield, growth and failure
of the membrane material are of interest not only from the scientific viewpoint of mate-
rial structure but also from the clinical viewpoint concerning membrane failure in
hemolytic anemias.
To characterize the plasticity of living membrane, both the yield shear and the rate

of deformation (related to the intrinsic viscosity) produced by the action of a known
membrane shear, must be measured. Fluid-like behavior of lipid bilayers and plasma
membranes has been reported in numerous publications (for a review of the relevant
literature see Edidin, 1974 a, b), and the observation of this "fluidity" has stimulated
the proposition of a model for membrane structure, the "fluid mosaic model" (Singer
and Nicholson, 1972). However, this "fluidity" represents the translational mobility
of portions of membrane, or particles located in the lipid bilayer component of the
membrane. Mechanical experiments cited above on red cell membranes have demon-
strated that an elastic structural component must exist in conjunction with the liquid,
lipid bilayer in order to provide the observed membrane elasticity or solid-like behav-
ior. Therefore, a composite arrangement is indicated, conceptually consisting of a two-
dimensional structural component covered by a two-dimensional, liquid lipid bilayer
(Evans and LaCelle, 1975, and Evans, 1975). The intrinsic viscosity for the plastic flow
of membrane includes the effects of frictional dissipation in the structural component
responsible for the membrane elasticity as well as that in the liquid, lipid bilayer. Most
likely, the frictional dissipation in the structural component will dominate and the
viscosity will be primarily indicative of the plastic flow of this component. Obviously,
the yield shear of the membrane will only relate to plastic failure of the elastic struc-
tural component. Measuring the yield shear and viscosity in plastic flow will, there-
fore, provide necessary additional information about the membrane composite.

In this communication, a theory of viscoplasticity formulated by Prager and Ho-
henemser in 1932 (see Prager, 1961) will be developed for a two-dimensional membrane
surface (isotropic in the plane of the membrane). Application of this development to
microtether growth experiments of Hochmuth et al. (1973) will be considered.

TWO-DIMENSIONAL VISCOPLASTICITY

The fundamental difference between a solid and liquid material is that a solid can sus-
tain a non-zero shear stress without flowing while a liquid cannot. The transition from
solid to liquid-like behavior is characterized by a yield stress. For a stress greater than
the yield stress, plastic (permanent) deformation occurs with the net shear stress above
the yield stress being balanced by the viscous dissipation which results from the flow
of the material. The simple theory of viscoplasticity introduced by Bingham in 1922
and generalized by Hohenemser and Prager in 1932 (see Prager, 1961) involves two in-
trinsic material constants: a yield stress and a viscosity. Here, we will adapt the theory
to the flow of a two-dimensional membrane material. (It is important to recognize that
viscous dissipation also occurs during the elastic deformation of the membrane. In
general, the viscosity parameter that characterizes the viscoelastic response will be
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different than the plastic flow constant. In a companion article, a simple viscoelastic
resultant vs. finite deformation and rate of deformation constitutive relation is pre-
sented and a relaxation experiment is analyzed to obtain the viscosity parameter.)
As previously mentioned, the membrane behaves as a two-dimensional anisotropic

material (Evans, 1973 a, b; Skalak et al., 1973). Stresses in the plane of the membrane
are not coupled to the direction normal to the surface,' i.e., the membrane cannot
change thickness in response to an in-plane stress but can only change surface geome-
try. From the viewpoint of ultrastructure, this is expected because the material is a
composite of molecular monolayers: a continuum in two-dimensions with a molecular
character in the third. Because of the fixed thickness, an applied force is considered to
be distributed per unit length (resultants) on the side of a surface element in contrast to
the stress concept of force per unit area. In addition, the red cell membrane exhibits
both elastic (solid) and viscous (fluid-like) behavior (Hochmuth et al., 1973). There-
fore, the simplest constitutive equation which describes the plastic behavior of this
membrane will have a yieldshear (with CGS units of dynes per centimeter) and surface
viscosity (dyn-s/cm) as material constants in a tensor relationship between membrane
resultants and rate of deformation. In this case, the rate of deformation will be propor-
tional to the resultant deviator and a yield function (Prager, 1961):

rO;F < 0
2nJ$j, = -,(1)

I FT'; F > 0

where 7p,, is the membrane (surface) viscosity in plastic flow, Vij is the rate of deforma-
tion tensor in the plane of the membrane (the indices i, j represent the in-plane mem-
brane coordinates, either 1 or 2), F is the yield function (when F < 0, the membrane
behaves in a rigid, solid manner; when F > 0, the membrane flows with a non-zero rate
of deformation) and T, is the resultant deviator. The resultant deviator is the dif-
ference between the resultant tensor (describing the force distribution in the mem-
brane) and the mean tension in the membrane:

T'= - 4Tkkj (2)

where b5, is the identity matrix. (The Einstein summation convention for repeated
indices will be used). The resultant deviator is zero when the shear resultant in the
membrane is zero. The membrane is assumed to be isotropic in the plane of the surface
(on the scale of the two-dimensional continuum). Therefore, the yield function will
depend only on the second invariant, T,,, of the resultant deviator (the first invari-
ant is the trace, which is identically zero, Tkk 0). The simple relationship for
the yield function proposed by Hohenemser and Prager (see Prager, 1961) for three-
dimensional materials can be expressed for the membrane as,

F = 1 - (To/ IT', 11/2), (3)

Hydrostatic pressure differences must be opposed by resultant components that arise from surface curva-
ture.
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where To is the yield shear. The second invariant of the resultant deviator is given
by

T', = T -2
- TI T2, (4)

which is the square of the maximum shear resultant in the material element. If the
maximum shear resultant is less than the yield shear, then the yield function is negative
and, by definition, the rate of deformation tensor is zero. Elastic, recoverable deforma-
tion will take place.
The rate of deformation tensor VJj is determined by the time rate of change of the

Lagrangian strain tensor. The Lagrangian strain tensor is defined by the change in the
square of the metric length in the instantaneous coordinate system (ds2) relative to that
in the initial material coordinate system (ds2):

ds2 - ds' = dxkdxk - dakdak = 2e,,daidaj, (5)

where dxk is the kth component of the length element in the instantaneous state and
dak is the kth component of the length element in the initial state. From the chain
rule, the Lagrangian strain tensor, Ej,, is given by

e i = i [(d Xkl/d a)(dCxk/aaj) - b,j] (6)
By taking the material rate of change of Eq. 5, the rate of deformation tensor is ob-
tained in terms of the time rate of change of the Lagrangian strain tensor:

[(dvil/xj) + (dvj/Oxi)] dx,dxj = 2 j,daidaj, (7)

where ( ) denotes the partial derivative with respect to time; vi is the ith component of
the in-plane velocity field, ii. The rate of deformation tensor is

Vii = 4 [(d vi/d x) + (d vi/Oxi)]. (8)

For an arbitrary choice of vectors, Eq. 7 becomes,

Vij = Ekl(aak/l Xi)(a a,/ xj). (9)
Fig. 1 illustrates the deformation of a membrane element in the principal axis coor-
dinate system. The derivatives, dxl /da, and dx2/da2, define the principal extension
ratios of the material axis, A1 and X2. (The element has been deformed from the
natural or force free state to the elastic limit, determined by the yield shear To. This
must be taken into account when considering the overall growth of the element from
the natural state.) The principal strains are

Ell = (X2 _ 1)/2,9 2 = (X2 1)/2,
A, = dx,/da,, A2 = dx2/da2. (10)

Using Eq. 9, the rate of deformation tensor components can be determined:

Vil = Al/Al = aVI/Oxl
V22 = 2/>A2 = dv2/8x2
V,2= V21 =0. (11)
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FIGURE I Schematic illustration of(A) the deformation of a square membrane material element
in the principal axis system and (B) the principal components of the rate of deformation of
the plane element in extension. The principal tensions, T11 and T22, are forces per unit length.
(Fig. from Evans and Hochmuth, 1976.)

(The principal axis system orientation is assumed not to change with time.) The condi-
tion of two-dimensional incompressibility (constant element area) is defined by XI-
2 = 1. Therefore, the time rate of change of the extension ratio in one direction is
simply related to the time rate ofchange of the other extension ratio.

2/X2= - I/A, (12)
and

V22= - V,,.

In Eulerian variables, the two-dimensional incompressibility condition is given by

(0v1/Ox,) + (0v2/0x2) = O.

The resultant deviator in the principal axis system is,

T = (T1/2) - (T22/2),

22= -(T,,/2) + (T22/2),

2 T= , = 0, (13)

and the second invariant of the resultant deviator is (from Eq. 4) the square of the
maximum shear resultant

T; = [(T,1/2) - (T22/2)]2. (14)

Eqs. 11, 13, 14 create a single viscoplastic flow relation from Eq. 1

2?,q(j/X1) =4 F < .(15)
L(TI,/2) (T2/2) To; F > 0

where the yield function is

F = 1 - To/l(T112) - (T22/2)1.
The viscoplastic flow relation (15) can be expressed in Eulerian variables as
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O; F< O

L(Ti,/2) - (T22/2) - To; F > 0
(16)

Eq. 15 relates the time rate of plastic growth of the element to the applied membrane
tension. Eq. 16 relates the velocity gradient to the applied membrane tension. The
former is useful when considering the change in shape of a specific element as time
progresses; the latter facilitates the solution of membrane flow behavior in a fixed
(Eulerian) frame of reference.

PLASTIC GROWTH OF A MICROTETHER

Fig. 2 shows a scanning electron micrograph of a glutaraldehyde "fixed" micro-
tether produced by fluid shear of a point attached red blood cell. The main body of the
cell is elastically deformed into a teardrop shape and can recover its original discoid
geometry (Hochmuth and Mohandas, 1972). The microtether, on the other hand,
includes both elastic and plastic deformations; the elastic component is recovered when
flow is terminated but the plastic growth is irrecoverable. Because of the limit of opti-
cal resolution, the cross-sectional dimensions of the microtether are unobservable
during growth; therefore, analysis of the microtether growth is impossible unless

FIGURE 2 Scanning electron micrograph ofa glutaraldehyde "fixed" microtether pulled from the
red cell membrane by extracellular fluid shear. Extracellular fluid flow is from left to right with
the tether attachment point at the extreme left and a portion of the cell body shown at the right.
The curvature in the tether is an artifact which occurs during the drying process. (Compare with
Fig. 6 in Hochmuth et al., 1973). Scale indicates 2 Mm.
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FIGURE 3 Schematic illustration of the microtether and the region of viscous dissipation or
"necking" region where the dynamics of the plastic flow are important. The geometry of a mem-
brane material element is shown in the enlarged view.

assumptions are made concerning the flow process. The advantage of the microtether
experiment is that the growth primarily involves membrane flow with a minimum of
cytoplasmic movement. This implies that the transmembrane, hydrostatic pressure
can be neglected. The normal force that results from tension along the meridian
(generator of the axially symmetric tether) is balanced by the tension in the circum-
ferential direction ("hoop" tension). Therefore, a membrane material element is
taken as a segment of a latitude ring formed by the surface between two planes normal
to the tether axis. Fig. 3 illustrates the tether and element geometry.
The equations of equilibrium are determined by the balance of normal and tangen-

tial forces on the element (see Flugge, 1973).

(T,,/R,) + (T22/R2) = 0,
(d/ds)(rT,,) - T22(dr/ds) = 0, (17)

where R,, R2 are the local principal radii of curvature of the membrane surface, and
ds, dr are incremental distances along the meridian and radius, respectively. The total
force that acts on the cell body, created by the flowing extracellular fluid, is balanced
by the projection of the tension, T1,, in the axial direction times the local circum-
ference.

2irr cos T,, = Fs, (18)

where r is the local radius and 0 is the angle between the meridian and the tether axis.
The force, Fs, is given by the surface area of the cell exposed to the fluid shear and the
shear stress, r,, produced by the extracellular fluid:

Fs = rsA. (19)
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Using Eq. 18 and either one of Eq. 17 (because the other will be identically satisfied)
specifies the balance of forces on the material element and the principal membrane
tensions.

TI, = F5/27rrcos6,

r(dT,,/ds) + (T,, - T22)(dr/ds) = 0. (20)
Now, the plastic flow of membrane material from the cell to the tether can be deter-

mined using the constitutive relation between shear resultant and the rate of deforma-
tion given by either Eq. 15 or 16. In conjunction with the relationship between rate of
deformation and shear resultant, it is necessary to establish the character of the initial
boundary that is the intersection between the microtether and the cell body. At this
location, the extrusion process begins. Upstream (in the cell body membrane), the
fluid shear forces are balanced by the elastic deformation of the membrane (Evans,
1973 b). Downstream (in the tether membrane), the forces are resisted by the rate of
deformation of the membrane forming the tether (Eq. 15 or 16). Because we asswne
that the membrane shear-resultant is equal to the yield shear just upstream of the inter-
section, no membrane flow can occur unless the shape is in the form of a cylinder (for
axial motion of a cylindrical surface, the rate of deformation is zero). Therefore, in the
vicinity of the yield point (at the tether intersection with the cell body), the boundary
condition is that the membrane forms a cylindrical surface and, therefore, 0 o.2 To
produce yield and plastic deformation, the membrane shear resultant must exceed the
yield shear; this occurs by changing the angle 0 of the surface relative to the tether
axis. As shown in Fig. 3, the angle is zero at the intersection with cell body and pro-
gressively increases as the region of dissipation is entered (after plastic flow com-
mences). With increased tether growth, additional membrane material is pulled from
the cell body. The tether radius decreases as the plastic extension continues until a
minimum cross section is attained, determined by the finite thickness of the membrane
itself. Any element that reaches the minimum radius condition becomes a fixed cylin-
der and no further rate of deformation can occur in the element. Therefore, there will
be a finite region between these two cylinders where viscous dissipation occurs. (The
minimum tether radius will be determined by the structural matrix that is involved in
the plastic flow process. As we will show, the lipid bilayer, which probably lies super-
ficially over the matrix, offers negligible resistance to the material shear. However, the
effect of the tether radius on area compressibility of each lipid layer may contribute to
a normal traction and resistance to decreasing the tether radius. The structural matrix
may also include a small amount of cytoplasmic fluid that has formed a gel with the

2In general, viscous dissipation also occurs in the cell body as material moves along the surface with com-
plete capability of elastic recovery. Such viscoelastic behavior can be incorporated into the boundary condi-
tion by introducing specific conical angles, 90 > 0, and the condition that the surface viscosity d in plastic
flow equals the surface viscosity q, for viscoelasticity at the tether intersection. However, as a first approxi-
mation (because the correction is related to I - cos 80 which is small for small angles), we are analyzing the
00 = 0 case.
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matrix and will act to increase the minimum tether radius. It is important to recog-
nize that the parameter, r,, which is used in the plastic flow analysis is the radius of a
cylindrical surface representing only the structural matrix. For a protein matrix under
the lipid bilayer, the minimum radius, r, is the total tether radius minus the bilayer
thickness.)

In order to obtain a relationship between the viscoplastic material properties (sur-
face viscosity, ip, and yield shear, To) and the experimentally determined variables
(extracellular fluid shear stress, r5, tether growth rate, AL/At, and minimum tether
diameter, 2r,), the steady flow ofmembrane material through the region of dissipation
is analyzed using Eulerian variables represented by Eq. 16:

2n,(dv,/ds) = (T11/2) - (T22/2) - To. (21)
Eq. 16 has been rewritten in terms of the velocity component along the tether meridian
(generator) and the corresponding coordinate. If the time rate of change of the length
of a membrane element were to be considered (e.g. in the case of oscillating flow), then
the Lagrangian variables represented in Eq. 15 would be more useful.
With the use of Eqs. 20 and 21, the tether flow relation is written as

(21p/TO) (dv./ds) = - (F./4rTO) r(d/dr) (l/rcosO) - 1. (22)
The continuity relation for the velocity along the tether generator (v,) is used to ob-
tain an alternate form for the rate of deformation:

(d/ds) (rv,) = 0, (23)
or,

(dv,/ds) = (vl/r) sin 0. (24)
In terms of the initial velocity, vso, and initial radius, ro, Eq. 24 becomes

dv,/ds = vsoro/r2 sin 0,

and Eq. 22 can be written as

(tOvsOr0/r3)sin0 = - (d/dr-)[(F/rcos0) + lnr], (25)

where F F/47r To and to 2n./ TO, which is a characteristic time constant for the
membrane material indicative of membrane "fluidity" (i.e., large values of to corre-
spond to more liquid-like behavior than small values of ta).3
There is a critical (minimum) value of extracellular fluid shear stress, TVt, that must

be exceeded in order to produce tether growth. Since Eq. 17 indicates that T22 = 0
in the cylindrical portion of the cell membrane just before yield, Eqs. 18, 19, and 21
establish an expression for the yield shear for a tether with minimum radius r,:

sA= 4rr,To. (26)

3For an ideal solid, to = 0 and for an ideal liquid, to0 .
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As previously discussed, the membrane shear resultant equals the yield shear at the
intersection of the tether with the cell body.

T1(0)/2= To. (27)

From Eqs. 19, 20, 26, and 27, the parameter Fis found to equal the initial radius and,

F= F,/4rTo = ro = (T,/Trlt)r,. (28)

Eq. 28 demonstrates that the initial radius, ro, is related to the applied force-ratio,
TsA /IT,A,

ror = Ts/TT = X, (29)

where X is the maximum extension ratio for a material element (after yield has oc-
curred).
The initial velocity, v,0, is relative to the dissipation region. The rate of tether

growth, AL/At, is measured between the attachment point and the cell body and will,
therefore, equal the difference between the initial (upstream) and final (downstream)
velocities, vs0 and v,,, in the dissipation region:

AL/At = v, - vS0. (30)

By Eq. 23 for continuity, v., = vsoA and Eq. 30 can be rewritten as

AL/At = v,0(X - 1) = Vs,(I - 1/X), (31)

It is apparent that v., minus vs0 is given in terms of experimentally measurable quan-
tities and that when the extracellular fluid shear stress equals rai, no growth will
take place.

Eq. 25 can be written in dimensionless form:

(tOv,,/r,)(sinO/1P) = - (d/dP)[(X/Pcos0) + Inr;], (32)
where a scaled radius, r, has been introduced that ranges between one and the maxi-
mum extension ratio, A. Eq. 32 is a nonlinear differential equation that specifies the
surface angle, 0, as a function of radius and can only be solved on a digital computer.
Eq. 32 is subject to the condition that 0 = 0 (dv,/ds = 0) at the beginning and ending
of the dissipation region where the curvature along the meridian goes to zero. Given
these conditions, there is a specific relationship between the "flow constant", tov,, /rr,
and the maximum extension ratio (shear stress ratio, Tr/Tc6t). The value of the flow
constant for a specific stress ratio is found by iterative numerical integration of Eq. 32
from the minimum radius to the maximum radius until the condition, cos 0 = 1, is
reached at the upstream end ofthe tether.

Fig. 4 is a plot of the dimensionless tether growth rate,

G, - (to/rt) (AL/At) = (tov,/r,)I[1 - (r`t/TA), (33)
as a function of extracellular fluid shear stress ratio, r/Tit. Fig. 5 shows the geome-
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FIGURE 4 Plot of the dimensionless tether growth rate, (to/ri) (AL/At), as a function of the ex-
tracellular fluid shear stress ratio, /ICnt.
FIGURE 5 Calculated geometries for the region of dissipation are shown for two extracellular
fluid shear stress ratios, T/TCr't = 2.2 and 4.

try of the dissipation region for two values of the fluid shear-stress ratio, T./T;nt = 2.2,
4.

RED CELL MEMBRANE VISCO-PLASTIC PARAMETERS

In summary, the material properties of the membrane (the yield shear To and the mem-
brane viscosity q.) that characterize its viscoplastic flow can be determined by,

To= rC'tA/4wrr,(dyn/cm) (34)

to = r,G,/(AL/At)(seconds) (35)

np = Toto/2(dyn-s/cm). (36)

Therefore, it is necessary to know the total force on the tether (e.g., the extracellular
fluid shear stress times the exposed surface area, rsA), the minimum tether radius,
r,, the tether growth rate, AL/At, and the minimum or "critical" force required to
produce the tether (e.g., T'0tA).
Hochmuth et al. (1973) have published data on tether growth rate and the critical

stress for tethering:

TCit 1.5 dyn/cm2
3 x 1O-6cm/s < AL/At < 2 x l10-cm/s

for
1.3 < T,/Trit < 2.3.
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Using the value of 70 x 10-8 cm2 for the surface area exposed to extracellular fluid
shear stress (one-half of the total red cell surface area), the yield shear is obtained in
terms of the minimum tether radius from Eq. 34,

To~=(8 x 10-8)/r,(cm)(dyn/cm).

The characteristic time constant, to, is obtained from Eq. 35, Fig. 4, and the data range
taken from Hochmuth et al. (1973),

to= r,[0.7/(3 x 10-6)] = r,(cm)-2.3 x 105(seconds),

or

to = r,[4.9/(2 x 10-s)] = r,(cm).2.4 x 105(seconds).

It is interesting to note that the ratio, G,/(AL/At), which is proportional to the
characteristic time constant, is essentially constant for the range of parameters given.
The surface viscosity is calculated using Eq. 36, and the two previous relations (inde-
pendent of the minimum tether radius),

np = 1 x 10-2 dyn-s/cm.
In the companion article on membrane viscoelasticity, it is shown that the viscosity
parameter, ,, is of the order 10-3 dyn-s/cm when the membrane behaves in an elastic
solid manner. As we have shown,4 the surface viscosity determined from "fluidity"
measurements of the lipid membrane components (Edidin, 1974a and b) is of the order
10-5 dyn-s/cm. It is apparent that the lipid bilayer contributes negligibly to the fluid
dynamic resistance of the whole plasma membrane and that an additional structural
matrix must be responsible for the observed mechanical behavior.
The minimum tether radius needs to be determined from scanning electron micros-

copy of red cells fixed in the sheared state. However, taking a range of 100-500 x
10-1 cm for the minimum radius of the plasma membrane (including sub-surface pro-
tein elements) will give a range for the yield shear of

1.6x102dyn/cm < To < 8 x 10-2dyn/cm

and for the characteristic time constant of

0.2s < to < 1.Os.

The red cell membrane exhibits hyperelastic behavior below the yield shear that
can be modeled by a relationship between tension and extension ratio (Evans, 1973 b),

Tl = (s/2)(A2 - `),

for the uniaxial extension of a material element at constant area. The two-dimensional

4Evans, E. A., and R. M. Hochmuth. Calculations of surface viscosity from lateral diffusion in membranes.
Submitted for publication.
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shear modulus, A, has been measured at 7 x 10-3 dyn/cm (Evans and LaCelle, 1975).
If it is assumed the membrane is perfectly elastic up to the yield shear, then the maxi-
mum elastic extension ratio an element can attain is given by

T11/2 = TO = (i/4)(X2 -_E2).
For the range of yield shear given, the maximum elastic extension ratio would lie
between

3 < XE < 6.

Evans and LaCelle reported that departure from elastic behavior appeared rapidly for
extension ratios greater than 3:1 in micropipette aspiration experiments.
From the value of the yield shear, it is apparent that plastic (extension) failure of the

membrane can occur at significantly lower tensions than in lysis (isotropic tensions of
the order 5-20 dyn/cm, see Rand, 1964). The mechanisms of failure in isotropic ten-
sion (lysis) and in extension (plastic fragmentation) are different and need to be con-
sidered separately (Evans, 1975).

We thank Allen Rakow, research associate in Chemical Engineering at Washington University, for fixing the
cells in glutaraldehyde and furnishing the photograph in Fig. 2.

Both authors are supported by U.S. Public Health Service NIH Research Career Development Awards,
HLO(X63 and HL70612. In addition, this work was supported in part by USPHS NIH Grant HL16711 and
National Science Foundation Grant GK43118.

Receivedforpublication 25 April 1975.

REFERENCES

BESSIS, M. 1973. Living Blood Cells and Their Ultrastructure. Springer-Verlag, New York.
BULL, B. S., and I. N. KUHN. 1970. The production of schistocytes by fibrin strands. Blood. 35:104.
BULL, B. S., M. L. RUBENBERG, J. V. DACIE, and M. C. BRAIN. 1968. Microangiopathic haemolytic anemia:

mechanism of red-cell fragmentation. In vitro studies. Br. J. Haenatol. 14:643.
EDIDIN, M. 1974 a. Two-dimensional diffusion in membranes. Symp. Soc. Exp. Biol. 28:1.
EDiDIN, M. 1974 b. Rotational and translational diffusion in membranes. Ann. Rev. Biophys. Bioengr. 3:179.
EVANS, E. A. 1973 a. A new material concept for the red cell membrane. Biophys. J. 13:926.
EVANS, E. A. 1973 b. New membrane concept applied to the analysis of fluid shear- and micropipette-de-
formed red blood cells. Biophys. J. 13:941.

EVANS, E. A. 1975. Composite material structure of red cell membranes. In Erythrocyte Structure and
Function. G. J. Brewer, editor. Alan Liss, New York. 491.

EVANS, E. A., and R. M. HOCHMUTH. 1976. Membrane viscoelasticity. Biophys. J. 16:1.
EVANS, E. A., and P. L. LACELLE. 1975. Intrinsic material properties of the erythrocyte membrane indicated
by mechanical analysis of deformation. Blood. 45:29.

FLUGGE, W. 1973. Stresses in Shells. Springer-Verlag, New York.
HOCHMUTH, R. M., and N. MOHANDAS. 1972. Uniaxial loading of the red cell membrane. J. Biomech.

5:501.
HOCHMUTH, R. M., N. MOHANDAS, and P. L. BLACKSHEAR, JR. 1973. Measurement of the elastic modulus

for red cell membrane using a fluid mechanical technique. Biophys. J. 13:747.
KOCHEN, J. A. 1968. Visco-elastic properties of the red cell membrane. In Hemorheology. A. L. Copeley,

editor. Pergamon Press, Oxford. 455.

E. A. EVANS AND R. M. HOCHMUTH Membrane Viscoplastic Flow 25



LACELLE, P. L. 1970. Alteration of membrane deformability in hemolytic anemias. Semin. Hematol.
7:355.

PRAGER, W. 1961. Introduction to Mechanics of Continua. Dover Publications, Inc. New York.
RAND, R. P. 1964. Mechanical properties of the red cell membrane. II. Viscoelastic breakdown of the mem-

brane. Biophys. J. 4:303.
SINGER, S. J., and G. L. NICOLSON. 1972. The fluid mosaic model of the structure of cell membranes. Sci-

ence (Washington, D. C.). 175:720.
SKALAK, R., A. TOZEREN, R. P. ZARDA, and S. CHIEN. 1973. Strain energy function of red blood cell mem-

branes. Biophys. J. 13:245.
WEED, R. I., and C. J. REED. 1965. The relation of erythrocyte fragmentation to cellular destruction. Blood.

26:894.
WILLIAMSON, J. W., M. 0. SHANAHAN, and R. M. HocHMuTH. 1975. The influence of temperature on red

cell deformability. Blood. In press.

26 BIOPHYSICAL JOURNAL VOLUME 16 1976


