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ABSTRACT

While nonrandom associations between zygotes at different loci (zygotic associations) frequently occur
in Hardy-Weinberg disequilibrium populations, statistical analysis of such associations has received little
attention. In this article, we describe the joint distributions of zygotes at multiple loci, which are completely
characterized by heterozygosities at individual loci and various multilocus zygotic associations. These
zygotic associations are defined in the same fashion as the usual multilocus linkage (gametic) disequilibria
on the basis of gametic and allelic frequencies. The estimation and test procedures are described with
details being given for three loci. The sampling properties of the estimates are examined through Monte
Carlo simulation. The estimates of three-locus associations are not free of bias due to the presence of
two-locus associations and vice versa. The power of detecting the zygotic associations is small unless different
loci are strongly associated and/or sample sizes are large (>100). The analysis of zygotic associations
not only offers an effective means of packaging numerous genic disequilibria required for a complete
characterization of multilocus structure, but also provides opportunities for making inference about
evolutionary and demographic processes through a comparative assessment of zygotic association wvs.

gametic disequilibrium for the same set of loci in nonequilibrium populations.

ULTILOCUS associations are most commonly
studied at the gametic level. In this case, linkage
disequilibrium or more appropriately gametic disequi-
librium can be used to sufficiently describe the nonran-
dom associations of alleles at different loci ordered
within gametes (BENNETT 1954; WEIR 1996). The evi-
dence of gametic disequilibrium is important in infer-
ring about the history of a population, the evolutionary
forces governing these loci, and the location of the
loci on the chromosomes. This approach to studying
multilocus associations is appropriate for a haploid pop-
ulation where different gametes can be counted directly
or for a Hardy-Weinberg equilibrium population where
gametic frequencies can be inferred from genotypic
(zygotic) frequencies. However, natural populations are
rarely at equilibrium because of many disturbing forces
such as inbreeding, population structure, and selection.
In a nonequilibrium population, a complete character-
ization of multilocus associations requires gametic and
many other genic disequilibria (COCKERHAM and WEIR
1973; WEIR 1979). Even with a moderate number of
loci each with a few alleles, the number of genic disequi-
libria to be characterized and estimated can quickly
increase beyond comprehension. Thus, with a large
number of loci each with many alleles, it is necessary

'Address for correspondence: Alberta Agriculture, Food and Rural De-
velopment, No. 301, J. G. O’Donoghue Bldg., 7000 - 113 St., Edmon-
ton, Alberta T6H 5T6, Canada. E-mail: rongcai.yang@gov.ab.ca

Genetics 161: 435-445 (May 2002)

to have a single measure that is similar to gametic dis-
equilibrium, but at zygote level.

Recently, YANG (2000) described characterization and
estimation of such a measure for a pair of loci, which
is called zygotic association. According to YANG (2000),
the zygotic association is simply the deviation of two-
locus zygotic frequencies from products of single-locus
zygotic frequencies, but is composed of all nonallelic
genic disequilibria at the two loci. Thus, in experimental
population genetic studies, the zygotic association can
be estimated directly by comparing the two- and single-
locus zygotic frequencies observed in a sample of diploid
individuals. HALDANE (1949) was probably the first to
recognize that the zygotic association can be generated
as a result of partial inbreeding even in a linkage (ga-
metic) equilibrium population. Subsequent studies
have shown that such zygotic associations may arise from
mixed selfing random mating (BENNETT and BINET
1956; ALLARD et al. 1968; WEIR and COCKERHAM 1973),
associative overdominance (OHTA and COCKERHAM
1974; CHARLESWORTH 1991), admixture of two or more
distinct gene pools (BARTON and GALE 1993), or heter-
otic selection (MrtToN 1997). Thus, knowledge of ex-
tent and patterns of zygotic associations at two or more
loci is essential for inferring about evolutionary and
demographic processes. However, while there is sub-
stantial literature on gametic disequilibria at three or
more loci (e.g., BENNETT 1954; BROWN 1975; HiLL 1975;
THOMSON and BAUR 1984; BArTON 2000), equivalent
development for multilocus zygotic associations is not
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yet available. In this article, we first describe the joint
distributions of zygotes at multiple loci and their rela-
tionships with heterozygosities and zygotic associations.
We then describe statistical procedures of estimating
and testing multilocus zygotic associations from a sam-
ple of diploid individuals, with the details being given
for the case of three loci. The sampling properties of
the estimates are examined by computer simulation.

THEORY AND ANALYSIS

Consider a diploid population in which individual
genotypes are known at m loci (e.g., codominant pheno-
typic markers such as the MN blood groups, allozymes,
and microsatellites). Then, a genotype at a particular
locus can be unambiguously recognized as a homozy-
gote or heterozygote, depending on whether or not the
two alleles at the locus are the same. Just as frequencies
of genes or gametes at one or more loci are needed
for defining and characterizing gametic disequilibria,
frequencies of zygotes at one or more loci are required
for defining and characterizing multilocus zygotic asso-
ciations. These zygotic frequencies and their relation-
ships with heterozygosities and multilocus zygotic associ-
ations are described below.

One locus: At a given locus, say locus j, the probability
of an individual genotype being heterozygous or homo-
zygous is defined as

SX) = H{(1 = H)'™5, (1)

where indicator X; takes either 1 or 0 to signal whether
the genotype at the jth locus is a heterozygote or homo-
zygote, and H; is the population heterozygosity at locus
J- Thus, f(1) = Hyand f(0) = 1 — H,. If the population is
in Hardy-Weinberg equilibrium, then the heterozygosity
(H)) is reduced to the gene diversity or expected hetero-
zygosity under Hardy-Weinberg equilibrium (%;). The
relationship between H; and 4 is given in YANG (2000,
Equation 5). Such a relationship has been the basis for
detecting Hardy-Weinberg disequilibrium (WEIR 1996).
Two loci: When two loci, say loci j and [, are consid-
ered, the joint distribution of indicators, X; and X, is

SXX) = AX)AX) + (1) Ny, (2)

where f(X)), for example, is given in (1) and w; is the
zygotic association between loci j and [ (YANG 2000).
Thus, f(11) = HH, + w;, f(10) = H(l — H) — o,
f01) = (1 — H)H, — w;, and f00) = (1 — H)(1 —
H) + o;. The marginal frequencies for the individual
loci are: f(0-) = f(00) + f(01) =1 — H,, f(1-) = f(10) +
SO1) = H, f(-0) = f00) + f(10) = 1 = H, and f(-1) =
J01) + f(11) = H,. These relationships enable w; to be
expressed in one of the following five ways:

w; = f00) — f(0-)f(-0) = —[/(10) — f(1-)/(-0)]
—LAOT) — f10) f-D)]
Sa1) = f(1) f(-1) = f(00) f(11) — f(10) f(O1).

Clearly, the zygotic association (w;) is bounded by the
marginal zygotic frequencies at the two individual loci,

max[—FIjH[, (1= H;)(l - H)] = w; < 0, if w; < 0
0 < wy = min[(1 — H)H, H(1 — H)], ifw;> 0.
(3)

Given that the variance of X, Var(X)) = H(1 — H),
and the covariance between X; and X,, Cov(X;, X)) =
wj, the correlation between heterozygosities at loci jand
lis given by

("‘)jl

“VH( - HyH(1 - H)

Tit

To see how the zygotic association (w;) is related to
different genic disequilibria including gametic disequi-
librium, it is necessary to first identify the relationships
between joint frequencies of homozygotes and heterozy-
gotes in (2) and genotypic frequencies,

f00) = X YPg, f01) = X33/Py

u=1 y=1 u=19¢2

f10) = 23 EﬂP:g:, (1) = s3337PY, (4a)
UFv )‘:l

utv 2
where, for example, /P is the frequency of genotypes
at loci jand [ from the union of gametes j, [, and j, [
(v, v=12,...,7ry2=1,2,...,5s). Then, using
CockerHAM and WEIR’s (1973) disequilibrium func-
tions for the two-locus frequencies (e.g.,"P}j), the zygotic
association at loci j and [ can be expressed in terms of
individual genic disequilibria,

o= fI00) 1) = f110) f01)
= 3 S| 2pipy + 29/ + 2pipine

+ 2P pDy + (D) + (D)? + Dy,
(4b)

where /p,, for example, is the frequency of allele u at
locus j. Clearly, each genic disequilibrium (D) in (4b) is
the deviation of a frequency from that based on random
association of genes and accounting for any lower order
disequilibria. For example, the gametic disequilibrium
("D¥) is the deviation of frequency of gamete j,/, from
the product of frequencies of alleles u and y at loci j
and /D = 1P — ip,p,. Itis also evident from (4b) that
even in a gametic equilibrium population ('D¥ = 0),
nonzero zygotic associations can arise from other forces
such as partial inbreeding as a result of “identity disequi-
librium” (DY # 0). On the other hand, in a Hardy-
Weinberg equilibrium population, the zygotic associa-
tion is a function of gametic disequilibrium only. YANG
(2000) has described in detail the interrelationships
among gene frequencies, genic disequilibria, and two-
locus zygotic associations.

Three loci: When three or more loci are considered
jointly, two alternative approaches can be used to de-
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scribe zygotic associations at these loci. The first is BART-
LETT’s (1935) multiplicative approach based on the
multiway contingency table. In the case of three loci,
the absence of three-locus zygotic association but the
presence of all three pairwise associations implies that

f(111) /(100) f(010) (001) = f(110) f(101) f(011) /(000),

where f(111), for example, is the joint frequency of
heterozygotes at the three loci. However, no explicit
formulas for these joint zygotic frequencies can be given,
and the numerical solutions are often sought. The sec-
ond approach is the additive formulation of BENNETT
(1954) in which the joint frequencies of heterozygosities
at three loci, for example, are linear functions of hetero-
zygosities and two- and three-locus zygotic associations.
Because of its relative simplicity relating to estimation
and hypothesis testing, the additive approach is used
for the subsequent development of multilocus zygotic
associations. Thus, the joint distribution of indicators
X;, X;, and X, for loci j, /, and o is given by

SXXiX,) = (X) X)) (X)) + fX) (=1)¥ o,
+ AX) (1) ow,
+f(XU)(_1)X7+Xlwﬂ + (_1)X1+X,+X"+]mjlu’ (5)

where f(X)) and w;, for example, are given in (1) and
(2), and wy, is the three-locus zygotic association. Three-
locus independence is implied by zero three-locus asso-
ciation, but with the presence of all pairwise associa-
tions, i.e.,

HXXX) = fX) X)) (X)) + AX) (=) o,
+ X)) (=D owy,
+ fAX) (=15 e (6)

Unlike the two-locus associations (e.g., w;) where the
minimum is always zero for both w; > 0 and w; < 0 (¢f.
Equation 3), the three-locus zygotic associations may
sometimes be bounded away from zero. In other words,
both positive and negative ;, values may be constrained
by their own minimum and maximum values. Let us
first define two quantities,

B = min[ £(111), £(100), £(010), £(001)]
Bo = min[ £(110), £(101), £(011), £(000)],

where f(111) = H, H, H, + H w, + H v, + H, o,
for example, is obtained using (6). Thus, following the
development by THOMsON and Baur (1984) for the
three-locus gametic disequilibrium, the maximum and
minimum values for w;, > 0 [denoted as u)ﬁ;(max) and
wj,(min)] are

o} (max) = B,
o, (min) = max[0, —B4] (7a)

and those for w; < 0 [denoted as wj,(max) and wj,
(min)] are

wj,(max) = —f,
oy, (min) = max[0, —B,]. (7b)

Since any of the eight f(X;X,X,) values can be negative,
neither oj,(min) nor j(min) is necessarily zero.
Clearly, the B, and B, values can be used to determine
the sign and range of wy,,

oj,(min) = wj, = oj,(max), if B; <0, B, > 0 and |B|=|Bs|

oy, (max) = wy, = wj,(min), if B; > 0, By < 0 and [B|=[B.l
o, (max) = wj, = wj,(max), if B, =0andp, =0, (8)

but some pairs of the 3, and B, values (e.g., B; < 0 and
B2 < 0) would not lead to the definable wj,. Given 0 =
H;, H,, H, = 1, all profiles of heterozygosities {H, H, H,},
but with no two-locus associations (i.e., w; = w;, = 0, =
0), would produce the condition of 3; = 0 and 8, = 0
[i.e, ((X;X,X,) = X)) f(X)A(X,) = 0] and thus definable
wj, values. However, given a heterozygosity profile, not
all configurations of two-locus zygotic associations {w;
w;, w,} would lead to the conditions given in (8) under
which wj, can be defined.

Table 1 shows some numerical examples to illustrate
effects of heterozygosities, which are pairwise zygotic
associations on the ranges of the three-locus association
(wy,). For example, with H; = H, = 0.05 and H, = 0.1,
the ranges for w;, w,, and o, are —0.0025 = w; =
0.0475, —0.005 = w;, = 0.045, and —0.005 = w;, = 0.045,
respectively. Each of these three ranges is divided by 19
to obtain 20 equally divided values from the minimum
to the maximum. Thus, there are 8000 (20 w;s X
20 w;,’s X 20 w,,’s) configurations of the two-locus zygotic
associations that can be used to define the ranges for
wj,. Of these 8000 configurations, 240 have the ranges
with w;, < 0, 1496 have the ranges with w; > 0, and
2158 have the ranges of wj(max) = w;, = 0j,(max),
but the remaining 4106 configurations do not lead to
any definable w;,. In each of these three cases, we iden-
tify a configuration that leads to the maximum range
of wy, (it is noted that many other configurations may
also lead to the same maximum range in each case).
As in the two-locus case, we wish to learn how the three-
locus zygotic association (w,) is related to genic disequi-
libria. To focus our interest in the relationships between
zygotic associations and gametic disequilibria, we as-
sume that a zygote is formed from random union of
two gametes (i.e., the population is in Hardy-Weinberg
equilibrium). Because, under this assumption, the zy-
gotic frequencies are just products of the gametic fre-
quencies, the three-locus zygotic and gametic frequen-
cies are directly related. For convenience, we consider
only the case of two alleles at each of the three loci
and the notation in this case is varied to reduce the
superscripts and subscripts. The frequencies of the two
alleles Jand j at locus j are p;and p; (=1 — p)), those
of the two alleles L and /at locus lare p, and p, (=1 —
p1), and those of the two alleles O and o at locus o are
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TABLE 1

Ranges for three-locus zygotic associations

Example
H, H, H, Bounds on wy, U oy wj, Wy, Range for oy,

0.1 0.05 0.1 0y, <0 240 0.0396 —0.0024 0.0003 —0.0041 —0.0015

;>0 1496 0.0238 0.0239 0.0239 0.0002 0.0213

0y, (max) = 0, = of,(max) 2158 0.0212 0.0213 0.0213 —0.0045 0.0192

0 0 0 —0.0003 0.0023

0.1 0.1 0.1 0y, <0 294 —0.0047 0.0742 0.0058 —0.0085 —0.0033

;>0 933 0.0479 0.0479 0.0479 0.0004 0.0425

0y (max) = o, = wj,(max) 1698 0.0426 0.0426 0.0426 —0.0085 0.0388

0 0 0 —0.0010 0.0090

0.1 0.1 0.5 w;, <0 805 0.0584 —0.0237 -0.0237 —0.0295 —0.0032

wjp, >0 805 0.0584 0.0237 0.0237 0.0032 0.0295

0y (max) = 0, = wj,(max) 2288 0.0426 0.0026 0.0026 —0.0216 0.0258

0 0 0 —0.0050 0.0050

0.1 0.3 0.5 0y, <0 1246 0.0384 —0.0132 0.0868 —0.0337 —0.0021

0, >0 1284 0.0384 0.0184 —0.0395 0.0011 0.0326

0y, (max) = 0, = of,(max) 2761 0.0226 0.0263 0.1026 —0.0321 0.0153

0 0 0 —0.0150 0.0150
0.5 0.5 0.5 0, <0 0
0y, >0 0

0y (max) = 0, = wj(max) 2440 0.0132 0.0132 0.0132 —0.1184 0.1184

0 0 0 —0.1250 0.1250

Shown are configurations of two-locus zygotic associations (w;) that lead to definable three-locus associations and examples
for resultant maximum ranges for three-locus zygotic association (w;,) for each heterozygosity profile (f1;, H,, and H,).
“The number of w; configurations that satisfy the bound set for w3 as specified in column 4. The total number of w;

configurations is 8000 (20 w; X 20 w;, X 20 o).

po and p, (=1 — py). The gametic disequilibrium be-
tween the j-/loci is denoted as D;, between the j-0 loci
as D, between the lo loci as D, and the three-locus
gametic disequilibrium as Djy,. These seven parameters
are used to obtain the vector of eight three-locus ga-
metic frequencies, g = [g/Lo 8o 8o 8o 8jro §jro &jio gjlo] ',
where gy, for example, is

gio = pipipo + [}]Dlo + pLDjO + POD]‘I + Djlo

(BRowN 1975; THOMSON and Baur 1984). Under ran-
dom mating, the zygotic frequencies are just appro-
priate sums of elements of the matrix gg’, but the level
of heterozygosity is not in any particular sorted order.
Fortunately, an (8 X 8) matrix G is found to enable
the relationships between heterozygosities and gametic
frequencies to be expressed directly, i.e., f = Gg, where
f = [/(000) f{001) f(010) f(011) f(100) f(101) f(110)
f(111)]" and

gio 8o 8po 8pe Zjro i jio i
&io o Zpo o jte Zjro  &j  &ijio
&go & o o o i Ljwo Lo
8o &po Zjro o Gjw Gjio &jo &jro
G = (&0 & Lo L Lo o Zpo & |-
Zjto Zjro Zjo - Gjto - gjro o i gjio
gjo &jw Zjro o Zuo o o &jio

o Zjio 8jro gjro 8o Zpo Lo o (9)

Note that G is a symmetric matrix and the eight gametic
frequencies in its first row or column are identical to

those in g whereas rows (columns) 2 to 8 are just differ-
ent rearrangements of the eight gametic frequencies
required to obtain the desired zygotic frequencies in f.
In the absence of two-locus gametic disequilibria (i.e.,
D, = D;,= D,,= 0), the expressions of zygotic frequencies
in f are greatly simplified. For example, the frequency of
homozygotes at all three loci, j, /, and o, is given by

J000) = (ppupo + Du)* + (pyprpo = Dy)*
+ (ppipo — D) + (pypups + Di)®
+ (piprpo = Du)* + (pippo + Du)®
+ (Bipupo + Dp)* + (pipups — Du)?
=0 -H)1d-H) - H)

—2(1 = 2p) (1 — 2p) (1 — 2po) Dy, + 8D},
(10)

Here H, for example, is the same as the expected het-
erozygosity under Hardy-Weinberg equilibrium (4 =
2p; p). Given that w; = 2(1 — 2p)(1 — 2p)D; + 4D
(YaNG 2000), for example, w; = w; = w; = 0 in the
absence of the pairwise gametic disequilibria. Thus, the
three-locus zygotic association can be expressed in terms
of gene frequencies and three-locus gametic disequilib-

rium
w;, = —[f(000) — (1 — H)(1 — H)(1 — H,)]
2(1 = 2p) (1 — 2p) (1 — 2po) Dy, — 8Dj,  (11)
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TABLE 2

Three-locus gametic and zygotic associations

Value of o,

Range of Dy, Size of negative Dy, Size of positive Dy,

b I Po —piprpo (L = po) 100% 50% 50% 100%

0.1 0.1 0.1 —0.001 0.009 —0.0010 —0.0005 0.0044 0.0086
0.1 0.1 0.2 —0.002 0.008 —0.0016 —0.0008 0.0029 0.0056
0.1 0.1 0.3 —0.003 0.007 —0.0016 —0.0008 0.0017 0.0032
0.1 0.1 0.4 —0.004 0.006 —0.0012 —0.0005 0.0007 0.0012
0.1 0.1 0.5 —0.005 0.005 —0.0002 —0.0001 —0.0001 —0.0002
0.1 0.2 0.2 —0.004 0.016 —0.0024 —0.0012 0.0041 0.0072
0.1 0.2 0.3 —0.006 0.014 —0.0026 —0.0012 0.0023 0.0038
0.1 0.2 0.4 —0.008 0.012 —0.0020 —0.0009 0.0009 0.0012
0.1 0.2 0.5 —0.010 0.010 —0.0008 —0.0002 —0.0002 —0.0008
0.1 0.3 0.3 —0.009 0.021 —0.0030 —0.0013 0.0018 0.0018
0.1 0.3 0.4 —-0.012 0.018 —0.0027 —0.0011 0.0005 —0.0003
0.1 0.3 0.5 —0.015 0.015 —0.0018 —0.0005 —0.0005 —0.0018
0.1 0.4 0.4 —0.016 0.024 —0.0031 —0.0010 —0.0004 —0.0031
0.1 0.4 0.5 —0.020 0.020 —0.0032 —0.0008 —0.0008 —0.0032
0.1 0.5 0.5 —0.025 0.025 —0.0050 —0.0013 —0.0013 —0.0050
0.2 0.2 0.2 —0.008 0.032 —0.0040 —0.0019 0.0049 0.0056
0.2 0.2 0.3 —0.012 0.028 —0.0046 —0.0020 0.0025 0.0018
0.2 0.2 0.4 —0.016 0.024 —0.0044 —0.0017 0.0006 —0.0012
0.2 0.2 0.5 —0.020 0.020 —0.0032 —0.0008 —0.0008 —0.0032
0.2 0.3 0.3 —0.018 0.042 —0.0060 —0.0024 0.0005 —0.0060
0.2 0.3 0.4 —0.024 0.036 —0.0069 —0.0023 —0.0009 —0.0069
0.2 0.3 0.5 —0.030 0.030 —0.0072 —0.0018 —0.0018 -0.0072
0.2 0.4 0.4 —0.032 0.048 —0.0097 —0.0028 —0.0035 —0.0161
0.2 0.4 0.5 —0.040 0.040 —0.0128 —0.0032 —0.0032 —0.0128
0.2 0.5 0.5 —0.050 0.050 —0.0200 —0.0050 —0.0050 —0.0200
0.3 0.3 0.3 —0.027 0.063 —0.0093 —0.0032 —0.0039 -0.0237
0.3 0.3 0.4 —0.036 0.054 -0.0127 —0.0037 —0.0041 —0.0199
0.3 0.3 0.5 —0.045 0.045 —0.0162 —0.0041 —0.0041 —-0.0162
0.3 0.4 0.4 —0.048 0.072 —0.0200 —0.0054 —0.0092 —0.0392
0.3 0.4 0.5 —0.060 0.060 —0.0288 —0.0072 —0.0072 —0.0288
0.3 0.5 0.5 —0.075 0.075 —0.0450 —0.0113 —0.0113 —0.0450
0.4 0.4 0.4 —0.064 0.096 —0.0338 —0.0087 -0.0177 -0.0722
0.4 0.4 0.5 —0.080 0.080 —0.0512 —0.0128 —0.0128 —0.0512
0.4 0.5 0.5 —0.100 0.100 —0.0800 —0.0200 —0.0200 —0.0800
0.5 0.5 0.5 —-0.125 0.125 —0.1250 —0.0313 —0.0313 —0.1250

Shown are three-locus zygotic associations (w;,) in the presence of three-locus gametic disequilibrium (D)

but absence of the pairwise disequilibria (D; = D,

= D, = 0). The Hardy-Weinberg equilibrium population

is assumed so that the values of w;, are directly related to D, and gene frequencies (p;, pr, and py).

(¢f. Equation 5). Table 2 lists the values of three-locus
zygotic association (wj,) in the presence of three-locus
gametic disequilibrium (D,,) but absence of the pairwise
disequilibria (D; = D, = D, = 0) for various gene fre-
quencies (p; = p, = po). In this case, the range of Dy, is
defined by the gene frequencies —p; pr po = Dy, = py;
pr(1 = po). The values of w;, are calculated for two sizes
of negative Dy, (—p; p. poand —0.5p; p, po) and two sizes
of positive Dy, [p; p.(1 — po) and 0.5p, p.(1 — po)]. The
higher the absolute values that D, can take, the larger
the absolute values of wy,. It is evident from (11) that
wj, is always negative if Dy, < 0, but can be either positive
or negative if D, > 0 with wj, being positive only if 0 <
Dy, < (1 = 2p) (1 = 2p) (1 = 2po) /4. As Py, pr, and po
are approaching 0.5, the range of Dy, is expanded and

the absolute values of wy, are increased. In the cases of
py=050r p = 0.5 or p, = 0.5, wy, is always negative
because wy, = —8D3,.

The combined effect of two- and three-locus gametic
disequilibria on the values of wj, is also examined (nu-
merical results are not presented). The joint contribu-
tion of two- and three-locus gametic disequilibria to
wj, greatly cloaks their relationships with w;. However,
there are clearly cases where the wj, values exceed the
limits of wj, under the cases of no pairwise disequilibria.
For example, for p; = p, = po = 0.5, the ranges for Dj,
D,,, and D, are all from —0.25 to 0.25, but permissible
values of D;, are determined by different combinations
of these pairwise disequilibria with the given gene fre-
quencies (THOMSON and BAUR 1984). It is found that
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when Dy, = D, = D, = Dy, = —0.25, w, is —0.5, which
exceeds the limit of —0.125 in the case of no two-locus
disequilibria (D; = D, = D, = 0).

More than three loci: The extension to four or more
loci following BENNETT (1954) is straightforward. For
example, the joint distribution of indicators X;, X, X,,

and X, for loci j, I, 0, and ¢, respectively, is given by
SXXX,X) = f(X) (X)) f(X,) (X)) + (X)) (=D ey,
+AX) (DY, + X)) (1) e,
+ X)) (=5 My, + AX) AX) (=) e,
+ AX) AX) (=D, + AX) AX) (=1 owy,
+ ) X)) (1) ey, + X)) X)) (=15 owy,
+ X) AX) (1) Ny

1\ XA XX X
+ (=D w0, + ;,0, t w0, + ('o/lm[])

(12)

where (X)), 0;, and w, for example, are given in (1),
(2),and (5), and w;,, is the four-locus zygotic association.
In other words, the frequencies of 16 zygote classes for
loci j, [, 0, and ¢ can be uniquely defined in terms of the
four heterozygosities for individual loci, the six pairwise
zygotic associations, four three-locus zygotic associa-
tions, and one four-locus association. The three prod-
ucts of pairwise zygotic associations in the last term of
(12) arise from the “two-locus” recombination, a distinct
feature inherent in the associations for more than three
linked loci (BENNETT 1954; LEwoONTIN 1964; Cock-
ERHAM and TacHIpDA 1986). A set of functions,
S(X;X,X,X,), can be defined in a similar manner as (6)
for f,(X;X,X,) to provide the basis for defining the range
of wj,. The higher order zygotic associations are re-
quired for deriving higher moments of the number of
heterozygous loci (YANG 2000) or covariances of two-
locus sample zygotic associations (WEIR 1996, Chap. 4).

STATISTICAL INFERENCE

Maximum-likelihood estimation: For m loci, there are
2" possible classes of zygotes with two extreme classes
being mlocus homozygotes (00 - - - 0) and mlocus
heterozygotes (11 - - - 1). A total of 2" — 1 parameters
can be estimated. Here we focus on the estimation for
the case of three loci (m = 3), letting j = 1, [ = 2, and
o = 3 for convenience. Table 3 lists the eight classes of
zygotes with the expected frequencies of f{000), f{001),
f(010), f(011), f(100), f(101), f(110), and f(111) as ob-
tained from (5). Seven parameters are estimable: three
heterozygosities (H,, Hy, and Hs), three two-locus zygotic
associations (wjy, w3, and wy3), and one three-locus zy-
gotic association (wgs). If a sample of n individuals is
taken from a diploid population and if the numbers of
each class in the sample are assumed to be multinomially
distributed, frequencies of these classes can be esti-
mated using the maximum-likelihood (ML) method.

Let n, be the numbers of the abcth class of zygotes
with a, b, and ¢ representing indicators X;, X, and Xj,
respectively. Thus the ML estimates of f’s are given by

Jlabe) = ny,/n to satisfy the maximized multinomial
likelihood,
ny 1 1 R
max L = - IT IT T1L/fCabe)]ma.
1 1 1 p o
a=0 Hb:(J =0Mape a=0 b=0 =0

Various one- and two-locus marginal frequencies are
given by sums of the three-locus frequencies as indicated
by dots for the indices summed. For example, flab-) =
T_oflabe) and fla--) = Z}-y - f(abc). Note that the one-
locus marginal frequencies, f’(ln) = H, f(~1-) = H,
and f(--1) = FI, are the estimates of heterozygosities at
loci 1, 2, and 3, respectively. The zygotic associations
for two loci (e.g., wyy) and for all three loci (wg3) are
estimated as

G2 = f1) = J(1-) f-1) (13a)
and
Bros = fI11) = fl-)ds — f-1-) 13
= feDbiy = fl) f(1) f-1),  (13D)
respectively. These ML estimates are biased as indicated
from their expected values,
(n—1) (n— 3)

E(®y) = Twm and  E(®p3) = T(Dm-

Sampling variances of linear combinations of multi-
nomial variables are known exactly. For example,
var(H,)) = H,(1 — H,)/n. The sampling variances of
zygotic association estimates involve quadratic functions
of observed heterozygosities and can be calculated using
FisHeRr’s (1954) expression for the approximate vari-
ance of a function of multinomial observations n,,, for
example, with expectations E(n,,) = nf{abc). The sam-
pling variances of ®;, and &, are

1
Var(®p) = —[AiA; + BiBwiy — 0] (14a)
n

and

. 1
Var(dy) = ;[A1A2A3 + 6019013095 + A (ByBywgs — 003%)

+ Ay(BiBswys — 0fs) + As(BiBwyy — 0l)

+ w15 (BiBBy — 2Biwys — 2By — 2Bywyg) — i),

(14b)

where A, = H(1 — H) and B, = (1 — 2H) with t = 1,
2, 3. Equations 14a and 14b are essentially the same as
Equations 3 and 13 of BRownN (1975) for the sampling
variances of two- and three-locus gametic disequilibria.

Hypothesis testing: Since the ML estimate &; is approxi-
mately normally distributed, i.e., ®; ~ N[E(®;), Var(®,) ],
a test statistic (x?) that is constructed, after setting o, to
zero in both E(®;) and Var(®,), is distributed as chi
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TABLE 3

Joint frequencies of zygotes at three loci

s
>
&

Frequency

SO D
SO OO
—_O = O O =

f(lll) = H\HyHs + H\wos + Hywis + Hiwig + w3

JA10) = HiHy(1 — Hs) — Hiwy — Howys + (1 — Hy)wyy — wygs

S01) = Hi(1 — Hy)Hy — Hiowgy + (1 — Hy)w3 — Hswiy — o195

JA00) = Hi(1 — Hy) (1 — Hs) + Hwys — (1 — Hy)wys — (1 — Hy)op + wyss
SJ011) = (1 = H)HoHy + (1 — Hy)wyy — Howys — Hawys — wygg

S010) = (1 — H)Hy(1 — Hs) — (1 — H)wy + Howyy —
f(OOI) = (1 =H)(1 = H)H; — (1 = H)wy — (1 = Hy)wys + Hzwys + w93

0 f(OOO) =0 -H)1 - H)(1 - H) + (1 - H)wy + (1 — Hy)o + (1 — H)w, — oy

(I = Hy)wys + e

Shown are the joint frequency distributions of indicator variables, X, X,, and X;in terms of their heterozygosi-
ties (H,, Hy, and H;) and zygotic associations (wjy, w3, 093, and wye3) at loci 1, 2, and 3.

square with 1 d.f., where subscript i indexes for 12, 13,
23, and 123 for the three loci. For example, the test
statistic for estimated zygotic association at loci 1 and 2

(@12),

~9 ~9
W79 nwiy

 Var(plow = 0) B (1 — H) H,(1 — )

X¥2 >
is used to test for w;s = 0.

Simulation: Monte Carlo simulation is carried out to
examine the performance of the estimators and test
statistics for the four zygotic associations, wj, ®3, Wy,
and wyy. The eight frequencies of zygote classes,
f(X1 X, X5), can be constructed from given values of the
four zygotic associations and three heterozygosities, H,
H,, and H; (¢f. Table 3). For each of the 18 configura-
tions given in Table 1, we consider three values (maxi-
mum, minimum, and zero) of three-locus zygotic associ-
ation (wys). Thus, there are a total of 54 populations
constructed. From each population, 10,000 replicate
samples of sizes n = 30, 100, and 300 are drawn. Estima-
tion and test are made for each simulated sample and
descriptive statistics are calculated across all the samples.

Table 4 presents means and standard deviations (SD)
of estimates from the simulated samples for 8 of the 54
constructed populations described above. The simula-
tion results are given only for n» = 30 and n = 300. It
is evident that the averages of estimated zygotic associa-
tions are very close to their theoretical values when there
is no or little association. In this case, bias is expected
to be negligible as it arises only from the factor of (n —
1) /n. However, when such a case is not true, there can
be a substantial amount of bias in the estimates. For
example, for the case of H, = 0.1, H, = 0.3, and H; =
0.5 with w;, = 0.023, w;3 = 0.026, wes = 0.103, and w93 =
—0.032, the respective averaged estimates of w;y, w3,
w3, and w3 are 0.023, 0.012, 0.099, and —0.025 for n =
30 and 0.024, 0.012, 0.103, and —0.027 for n = 300.
While ®;s and &,3 are almost identical to their theoretical
values, @5 is only less than one-half of its true value and
@95 1s also a downwardly biased estimate of w,95. However,
when w3 is set to zero, the estimates of all three two-

locus zygotic associations are unbiased; conversely ®;o5
is also an unbiased estimate of w;y; when there are no
two-locus associations.

While means of estimated zygotic associations for the
two sample sizes in Table 4 are similar, the larger sample
leads to a much smaller SD. It is thus no surprise to see
that the larger sample leads to a much greater power
of detecting nonzero zygotic associations. The estimated
powers for the cases of no zygotic associations in Table
4 are close to 0.05 as expected because a 5% significance
level is used to reject these null hypotheses. To further
explore the effect of sample sizes on the power, we
calculate the powers of detecting three-locus associa-
tions in the presence of two-locus associations (i) wy, =
w3 = ey = 0.0213 and (ii) w;s = 0.0226, w3 = 0.0263,
and wy = 0.0263 (¢f. Table 1) for sample sizes of 30,
100, 300, 500, and 1000 (the three loci are indexed as
j=1,1= 2, and o = 3). The critical value with a 5%
significance level, ¢yg;, which determines the rejection
region for the hypothesis Hy, w3 = 0, is

Coos — 1.96\/Var((1)123|(1)123 = O)

Thus, the power (the probability of rejecting the false
H,) is given by

P(|(3)123 | > Cons) = (I){_((ﬂms + 00.05)} + q){((ﬂm - Cu.os)}’

’\/Var((;)lzg) \/V3-r(6~)123)

where ®(x) is the cumulative density function of normal
variate x. The results of power calculations are displayed
in Figure 1. The power is very small when zygotic associa-
tions are close to zero and when sample sizes are small
(<100). These results corroborate those by BROWN
(1975) and TaOMPSON e al. (1988) on detecting ga-
metic disequilibria at two or three loci. On the other
hand, BRowN et al. (1980) and YANG (2000) have con-
cluded that the multilocus association in the variance
of the number of heterozygous loci (o%) is detectable
in a sample of moderate size (=30). However, the mag-
nitude of such association in o% may be appreciably
larger than an individual association examined here
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A 1.00

0.80

F1GUre 1.—Power to detect three-locus zy-
gotic associations with samples of sizes n = 30

(®), n=100 (<), n =300 (@), n =500 (O),
and n = 1000 (A) for two cases: (A) when
heterozygosities at three loci are H; = H, =

0.0192

" 0.60
z
[=]
A 0.40
0.20
0.00
-0.0045  -0.0005  0.0035 0.0075  0.0115  0.0155
B
.
@
z
[=]
=

0.05 and H; = 0.1, and three pairwise zygotic
associations are w;, = w3 = Wy = 0.0213; (B)
when heterozygosities at three loci are H, =
0.1, H, = 0.3, and H; = 0.5, and three pairwise
zygotic associations are w;, = 0.0226, w3 =

0.0263, and wy; = 0.00.1026.

-0.0321

-0.0242 -0.0163 -0.0084 -0.0005

Three-locus Zygotic Association

because it is the sum of gametic disequilibria or zygotic
associations between all pairs of loci.

It is also evident from Figure 1 that low heterozygosi-
ties at individual loci cause a very strong asymmetry
between positive and negative associations. The unbal-
anced intensities of associations from both positive and
negative sides result in unequal powers unless the sam-
ple size is very large. Because of the asymmetry, LEwON-
TIN’s (1964) normalized associations as often used in
the literature (e.g., HEDRICK 1987; ZaraTA 2000) may
give a false impression about intensities of multilocus
associations. For example, BRowN (1975) showed in his
Table VII that, with the same amount of normalized
three-locus gametic disequilibrium at both sides (7" =
+0.99), there is a substantial difference in sample size
requirements. In the case of gene frequencies equal to
0.2 and two two-locus gametic disequilibria being —0.4
with the third one being zero, BRowN (1975) found
that a sample size of n = 8402 is required to detect
T" = —0.99 with the power of 0.9, but only n = 82 is
needed to detect 7" = +0.99 with the same amount of
power. Had he not given the range of 7" (—0.0016 to
0.0224), one would be led to believe that the negative
disequilibrium is much more difficult to detect than its
positive counterpart. The reverse conclusion would be
drawn in the cases where the asymmetry is skewed to-
ward the negative side. The truth is that it is the actual,

0.0074

0.0153

not normalized, association that determines the power
and sample size requirement regardless of whether the
association is positive or negative. Thus, the use of nor-
malized measures for such purposes should be treated
with caution.

DISCUSSION

This article describes measures of zygotic associations
at more than two loci and their estimation with samples
from diploid populations. These measures are defined
as departures of joint zygotic frequencies from the ex-
pected values of zero zygotic associations (¢f. Equations
2 and 5). This is very similar to the definition for gametic
disequilibria for two or more loci, which is based on
gametic and allelic frequencies (e.g., BENNETT 1954).
Thus, it is of little surprise to see that the measures of
multilocus zygotic associations share most of the statisti-
cal properties by the usual gametic disequilibria. How-
ever, the meanings of the two sets of measures are quite
different. In fact, a comparative assessment of zygotic
associations vs. gametic disequilibria may provide some
important insights into adaptive significance of geno-
types at different loci. For example, if strong zygotic
association but little gametic disequilibrium between a
pair of loci is observed, then the study population may
undergo natural selection favoring highly heterozygous
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individuals without distinguishing among different ho-
mozygotes in large and predominantly outcrossing pop-
ulations (MrTTON 1997). The assessment would be most
sensitive with quantitative trait loci (QTL) that directly
affect components of fitness. However, a lack of zygotic
associations may also mean that selection discriminates
among different homozygotes (e.g., favoring common
homozygotes, but selecting against rare homozygotes).
Thus, extra care is needed to choose homozygous QTL
with similar selection advantages for such an analysis.

There are a variety of methods of estimating and
interpreting multilocus gametic disequilibria from hap-
loid data or diploid data from a Hardy-Weinberg equilib-
rium population (e.g., BENNETT 1954; BROWN et al. 1980;
BarTON 2000). In contrast, with the diploid data from a
Hardy-Weinberg disequilibrium population, a complete
characterization of multilocus associations also requires
other types of genic disequilibria (COCKERHAM and
WEIR 1973; WEIR 1979). However, the exceedingly large
number of genic disequilibria encountered for multiple
alleles at many loci makes such detailed characterization
difficult for comparing multilocus organizations among
several populations. The multilocus zygotic associations
analyzed here summarize different genic disequilibria
with no need to consider whether or not the study popu-
lation is in Hardy-Weinberg equilibrium. The estimation
and hypothesis testing are quite straightforward as they
are merely the direct adoption of the procedures used
for diallelic haploid data. Thus, our method presents a
simple solution to the analysis of complex multilocus
structures in diploid populations.

Of course, such a highly compacted summary in the
multilocus zygotic associations represents a severe loss
of information. In particular, since the analysis is based
on the frequencies of zygote classes, it completely ig-
nores haplotype information such as linkages between
different loci. Thus, when significant zygotic associa-
tions are detected, there is a need to determine which
genic disequilibria are important. In light of great cur-
rent interest in the linkage (gametic) disequilibrium
approach to fine-scale QTL mapping (e.g., PRITCHARD
and Przeworski 2001; ReicH et al. 2001), it is essential
to determine if gametic disequilibrium is important in
the presence of significant zygotic associations. As
shown earlier, if the study population is in Hardy-Wein-
berg equilibrium, then there are direct relationships
between zygotic associations and various orders of ga-
metic disequilibria (¢f. Equations 4b and 11). In this
case, it is definitely more informative to work directly
with the raw genotypic data instead of the collapsed
data based on zygote classes so that haplotype frequen-
cies and gametic disequilibrium can be inferred. However,
in the presence of Hardy-Weinberg disequilibrium,
which may often be the case in natural populations,
gametic disequilibrium may be inflated because many
other types of nonallelic disequilibria may also cause
the multilocus associations. The knowledge about the

inflation may be gained through the comparative assess-
ment of gametic vs. zygotic associations mentioned above.

In estimating and testing for multilocus zygotic associ-
ations, we adopt BENNETT’s (1954) additive approach,
with frequencies of different zygote classes being ex-
pressed as a linear function of the zygotic associations
and heterozygosities (Table 3). This approach enables
us to explicitly give estimates and to elucidate the sam-
pling properties of these estimates. However, our tests
for two- and three-locus associations are not indepen-
dent as shown in the simulation results (Table 3). HiLL
(1975) discussed the use of the multiplicative approach
(or log-linear model analysis) for developing an inde-
pendent test for no three-locus association, but with the
presence of two-locus associations. Another possibility
is the exact test as suggested by ZAYKIN et al. (1995). In
the exact test, the probability of the observed multilocus
genotypic (zygotic) array conditional on the genotypic
arrays expected under an appropriate hypothesis of zero
zygotic association is evaluated to determine whether
or not it lies in the tail of the empirical distribution
generated by permutation. For example, the condi-
tional probability required for testing if w93 = 0, given
the presence of all three two-locus associations, is given

by

5

}) _ T H,,:u"nH!H:.:o IT=omr im0 TTizomsn!
w[ T Iieo ITi=0 7!

where 7,4, 1.+, and ny, are marginal total counts of
the abth, acth, and bcth classes of zygotes at locus pairs
12, 13, and 23, respectively. However, both log-linear
model analysis and exact test do not allow for the explicit
expression of the multilocus zygotic associations.
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