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ABSTRACT

The levels and patterns of variation at a neutral locus are analyzed in a haploid asexual population
undergoing accumulation of deleterious mutations due to Muller’s ratchet. We find that the movement
of Muller’s ratchet can be associated with a considerable reduction in genetic diversity below classical
neutral expectation. The extent to which variability is reduced is a function of the deleterious mutation
rate, the fitness effects of the mutations, and the population size. Approximate analytical expressions for the
expected genetic diversity are compared with simulation results under two different models of deleterious
mutations: a model where all deleterious mutations have equal effects and a model where there are two
classes of deleterious mutations. We also find that Muller’s ratchet can produce a considerable distortion
in the neutral frequency spectrum toward an excess of rare variants.

VERY population is continuously exposed to newly
occurring mutations, the majority of which are proba-
bly deleterious. MULLER (1964) pointed out that, in the
absence of recombination and back mutation, a finite
population would suffer an accumulation of deleterious
mutations due to the irreversible loss of the classes of
individuals with the least numbers of mutations—the
least-loaded classes. Consider the simplest case of a non-
recombining haploid population of Nbreeding individ-
uals, subject to mutations with a deleterious effect s, oc-
curring at a rate U per individual per generation. With
multiplicative fitness interactions between loci and a
Poisson distribution of the number of mutations oc-
curring per individual per generation, the population
is divided into classes of individuals according to the
number of mutations they carry. In an effectively infinite
population at deterministic equilibrium, the frequen-
cies of the classes, after mutation but prior to selection,
are given by a Poisson distribution with mean U/s
(Hatcu 1978). In particular, the size of the class free
of deleterious mutations is ny = Nfy = Nexp(—U/s). If
the size of this class is not very large, genetic drift will
cause it to be lost. After such an event, it will be replaced
by the next least-loaded class. Then a new deterministic
equilibrium will be approached and, after some time,
the least-loaded class will be lost again.

This is the repetitive irreversible process known as
Muller’s ratchet. Muller’s ratchet has been thought to
play a role in providing an evolutionary advantage to
sex and recombination and to cause the degeneration
of large nonrecombining portions of the genome of
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sexual organisms, such as Y chromosomes, and the ex-
tinction of small asexual populations (MULLER 1964;
FELSENSTEIN 1974; CHARLESWORTH 1978; MAYNARD
SmiTH 1978; LyncH et al. 1993; GESSLER and Xu 1999).
A great deal of theoretical work has been done to under-
stand the circumstances under which Muller’s ratchet
can produce evolutionary effects. In particular, one can
ask the question: How many generations on average will
it take for an asexual population to lose its present best
class of individuals (Haicu 1978; PAMmILO et al. 1987,
STEPHAN et al. 1993; GESSLER 1995; Hiccs and WoobD-
cock 1995; CHARLESWORTH and CHARLESWORTH 1997;
GorpO and CHARLESWORTH 2000a,b)?

Although the biological importance of the ratchet can
be assessed by the quantification of this time and the
associated decline in mean fitness, its extremely high
sensitivity to small changes in the parameters (GORDO
and CHARLESWORTH 2000a,b), together with our lack
of knowledge of the exact values of the relevant pa-
rameters of mutation and selection (KEIGHTLEY and
EYRE-WALKER 1999), make it hard to draw definitive
conclusions about the ratchet’s role. For example, if the
majority of deleterious mutations are mildly deleterious
(with s < 1%), then, with our present knowledge of
the deleterious mutation rate, Muller’s ratchet could
potentially be a major process driving the degeneration
of Y chromosomes, even in very large populations such
as those of Drosophila (GORDO and CHARLESWORTH
2000b). But if this is not the case, its operation may be
biologically negligible in that context.

One signature of the operation of Muller’s ratchet is
the fixation of deleterious alleles as a consequence of
the recurrent loss of the best class (Hiccs and Woob-
cock 1995; CHARLESWORTH and CHARLESWORTH 1997;
BErRGSTROM and PriTcHARD 1998). In this article, we
try to evaluate another signature of its operation. It is
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well known that the elimination of strongly deleterious
mutations can substantially reduce variation levels at
linked neutral sites—an effect known as “background
selection” (CHARLESWORTH et al. 1993). Background
selection, as classically stated, assumes that no irrevers-
ible accumulation of deleterious mutations occurs,
which is not the case when the ratchet is turning. We
therefore asked the following question: What is the level
and pattern of neutral variation in a population where
Muller’s ratchet is operating? Observations on neutral
variability in asexual populations or on Y chromosomes
may detect the signature of processes such as the ratchet
(CHARLESWORTH and CHARLESWORTH 2000), so that it
is important to have theoretical predictions of what to
expect.

This question is examined using Monte Carlo stochas-
tic simulations of a neutral locus embedded in a set of
selected loci that accumulate deleterious mutations by
the ratchet mechanism. Variability at the neutral locus
is measured and compared with both analytical and
simulated results based on the structured coalescent.
Tajima’s D statistic (TajiMa 1989) and Fu and Li’s D*
statistic (Fu and L1 1993), commonly used to test devia-
tions from the standard neutral model, are calculated,
and their power to reject neutrality in a population
undergoing a ratchet mechanism is assessed. Recent
studies on the rate of occurrence and selection coeffi-
cients of deleterious mutations have suggested that a
simple discrete distribution with two classes of mutation
effects seems to fit the data better than a continuous
distribution (KEIGHTLEY 1996; DAVIES ef al. 1999). We
therefore also studied a model in which the population
is subject to deleterious mutations with two major types
of effects and compared the level of neutral variability
under such a model to an analytical approximation.

SIMULATION METHODS

Multilocus Monte Carlo simulations: Following the
previous work of GORDO and CHARLESWORTH (2000a,b),
a haploid, nonrecombining population of N chromo-
somes was simulated with the following life cycle: muta-
tion, reproduction, and selection. In each generation,
mutations to deleterious alleles occur according to a
Poisson distribution with mean U. Multiplicative fitness
effects of the deleterious mutations are assumed. Two
kinds of model of the effects of deleterious mutations
are considered: a model in which all mutations have
the same selection coefficient (s) and a model where
mutations can have two types of deleterious effect (s
and s,, with s, < s,; GORDO and CHARLESWORTH 2001).
At a neutral locus, mutations are generated according
to the infinite-sites model; i.e., each mutation occurs at
a new site, at a total rate of w at the locus, which has
250 neutral sites. Every N generations, a sample of size
n = 25 chromosomes is taken from the population, and
variability measures at the neutral locus are computed.

For each set of parameter values, 10 simulation runs
were done, with 5 samples taken per run (no significant
correlation between samples was observed). A total of
50 samples was used for the computations.

Coalescent simulations: A model in which all muta-
tions have identical selection coefficients (s) was simu-
lated using the coalescent process. Our method is based
on the structured coalescent described in CHARLES-
WORTH et al. (1995), with a slight modification. The
program follows the genealogies of a sample of neutral
alleles backward in time. These can move between the
different classes of individuals defined by the number
of deleterious mutations harbored by each individual.
The frequencies of these classes, after selection, are
given by their deterministic expectation, i.e., according
to a Poisson distribution with parameter A = U(1 — s) /s
when 7, > 1. When n, = Ne » < 1, the distribution is
replaced by a shifted Poisson distribution with parame-
ter N = U(l — s)/s — k, where k = min{;, Nf¥ > 1}
(GESSLER 1995; see below for details). The first step in
the program is to generate a transition matrix, Q;, of
the probabilities that an individual with ¢ mutations in
a given generation has an ancestor with j mutations in
the previous generation, according to Equation 3 of
CHARLESWORTH et al. (1995). Then, the haplotypes in
which the neutral alleles in the sample are embedded
are generated randomly from the equilibrium distribu-
tion after selection (this is different from CHARLES-
WORTH et al. 1995, who considered the equilibrium distri-
bution after mutation and prior to selection—although
in practice, this makes no difference for the values of
s considered here).

After these two preliminary steps, the backward pro-
cess starts. Every generation, the number of mutations
in the ancestor of each individual is obtained randomly
by using the probabilities in the matrix Q; as expected
values. When all the ancestors have been assigned to
a class, coalescence is allowed to occur between in-
dividuals belonging to the same class, with probability
ki(k; — 1)/2/Nf#, where k; is the number of lineages
with i deleterious mutations present in the sample at a
given generation and Nf¥ is the deterministic equilib-
rium size of class i, after selection. The possibility of
more than one coalescent event within a class is ne-
glected. As commonly implemented in previous algo-
rithms for the structured coalescent (Hupson 1990;
CHARLESWORTH et al. 1995), simultaneous coalescent
events are possible in the same generation only if they
occur in different classes. Once the most recent com-
mon ancestor of the whole sample is reached, neutral
mutations are distributed over the gene tree generated
by the simulation according to the infinite-sites model.
For each set of parameter values, 10* trees were gener-
ated.

Measures of genetic diversity at a neutral locus: Two
measures of genetic variation in a sample of alleles at
the neutral locus are considered: the mean number of
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pairwise differences between randomly sampled se-
quences, k, and the number of segregating sites, S. Un-
der the infinite-sites model in the absence of deleterious
mutations, the expectations of these quantities for a
haploid population are

k=0

(EwENs 1979), where 6 = 2N, where the subscript 0
refers to the strictly neutral model. In the absence of
recombination, these expectations are reduced by a fac-
tor of ~f; = exp(—U/s) in a large population that is
at equilibrium between recurrent mutation to strongly
deleterious alleles and their elimination by purifying
selection (background selection). This approximation
was shown previously to be accurate in a population
where Muller’s ratchet does not operate (CHARLES-
WORTH et al. 1993).

The mutational frequency spectrum: Selection against
deleterious mutations is expected to affect k more than
S, since k is weighted toward variants at intermediate
frequencies (TajiMA 1989; CHARLESWORTH ef al. 1993).
This is observed when computing statistics, such as Taji-
ma’s D, designed to test deviations from the frequency
spectrum predicted under strict neutrality. Tajima’s D
is defined as

k— 0,

\Var(k — 6,)

where 0, = S/2='1/¢ and Var(k — 0,) is calculated
assuming no recombination (Tajima 1989). Negative
values of D are associated with a skew in the distribution
of frequencies of neutral mutations toward an excess of
rare variants. Because we expect a negative D in the pres-
ence of purifying selection (CHARLESWORTH et al. 1993),
we asked how often, in the presence of a ratchet, we can
reject the neutral model because of very negative I’s.
For a given 0 value, we ran standard coalescent simula-
tions (HupsonN 1990) of the neutral infinite-sites muta-
tional model and calculated the critical values [at the
95% confidence interval (C.1.)] of the statistic D. We
then used forward simulations to compute the rejection
power, given by the proportion of forward simulations
whose observed D was lower than the critical value ex-
pected under neutrality: Pow 1. Although in some spe-
cies, such as Drosophila melanogaster, one has information
about genome-wide levels of variability, from which one
can estimate 0, in others such information is not avail-
able. Because 0 is generally not known, we also per-
formed a power analysis assuming a fixed number of
segregating sites, S (Hupson 1993). We generated stan-
dard neutral genealogies, distributed $ mutations onto
them, and obtained the 95% critical values of D. After-
ward, we ran structured coalescent simulations, also dis-
tributing S mutations onto the genealogical trees, and
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FiGUure 1.—Simulations of the effect of Muller’s ratchet on
mean number of pairwise differences at a neutral locus k
(relative to that under strict neutrality, k) as a function of
the selection coefficient against deleterious mutations (s). The
mutation rate is 0.05 and Nis 1000 (triangles), 3000 (circles),
and 8000 (squares). We start observing clicks of the ratchet
when s < 0.03 for N = 1000, s < 0.02 for N = 3000, and s <
0.015 for N = 8000. The continuous line is the frequency of the
least-loaded class at the mutation-selection deterministic equilib-
rium, f. The error bars correspond to two standard errors.

calculated Pow 2, the proportion of times the value of
D obtained in the structured coalescent simulations was
lower than the critical D in the neutral simulations. A
total of 10* genealogical trees were run for every set of
parameters.

RESULTS

Muller’s ratchet and genetic diversity: Suppose that
the accumulation of deleterious alleles is occurring due
to the repetitive “clicks” of Muller’s ratchet. What is the
expected level of variability at a locus evolving neutrally?
In Figure 1 we show the reduction in the mean number
of pairwise differences caused by deleterious mutations,
i.e., the ratio of the observed k to that expected in the
absence of purifying selection, kj, as a function of s. We
also plot the deterministic equilibrium frequency of the
least-loaded class, f,. For any value of N, with a suffi-
ciently large value of s the reduction in kis independent
of Nand is very well approximated by f. With recurrent
mutations with very large deleterious effects, the rate at
which the ratchet operates is extremely low (if it oper-
ates at all), and the level of variation at a neutral locus
reflects the size of the class of individuals with the high-
est fitness. This is because any neutral variant arising in
less fit classes is quickly driven to extinction (FISHER
1930, p. 122), or, putting it in another way, any neutral
variant sampled from mutated classes is very recently
derived from gametes belonging to the fittest class.
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Thus, for these cases we recover the classical background
selection approximation E(k) = 2Nfju (CHARLESWORTH
et al. 1993).

For intermediate selection coefficients, Muller’s ratchet
starts to operate at a reasonable rate. Two phenomena
start to occur: The size of the best class fluctuates around
its deterministic equilibrium value and is driven to 0
with a time lag that varies stochastically (Haica 1978),
and fixations of deleterious alleles in the population
start to occur (Hices and Woobpcock 1995; CHARLES-
WORTH and CHARLESWORTH 1997). Therefore, neither
is the size of the least-loaded class constant nor is the
frequency of every deleterious allele predicted by the
mutation-selection deterministic equilibrium. For ex-
ample, for s = 0.01 and U = 0.05, as in Figure 1, the
ratchet clicks on average every 110 generations for N =
1000, every 170 generations for N = 3000, and every
331 generations for N = 8000. We find that, under
conditions favorable to the operation of Muller’s
ratchet, variability is always higher than the value pre-
dicted by f; (although always lower than the expectation
under the strictly neutral model) and that the reduction
in variability is dependent on N.

The conditions for the operation of the ratchet re-
quire that s is not very large and/or NJf; is relatively
small. This implies that the mean time that a gamete
with a deleterious mutation persists in the population
can be larger than the mean coalescent time within the
least-loaded class (1/s > Nf;), which means that more
loaded classes can contribute significantly to variability.
Hence, in these circumstances the relative genetic diver-
sity (k/ky) is higher than the value predicted simply by
Jo» as seen in Figure 1. For a given N and U, there is a
value of s, s, that produces a minimum in diversity. If
we plot the results of Figure 1 as a function of Nfs we
observe that the minimum occurs for Nfys ~ 1. When
Nfys > 1, increasing s increases diversity through the
increase in fj; when Nfjs < 1, decreasing s increases
diversity due to the contribution of classes other than
the least-loaded one. With very weak selection, the re-
duction in variability becomes very small and is negligi-
ble in the limiting case s < 1/N, as deleterious alleles
then become effectively neutral and do not interfere
with the dynamics of the linked neutral locus at which
variation is being measured (Crow and Kimura 1970,
p- 322).

We try to approximate the reduction in genetic diver-
sity as follows. Because LE(k) = 2uT;, where 75 is the ex-
pected time to the most recent common ancestor of two
randomly sampled gametes, we approximate 7; using the
coalescent approach of HupsoN and KaprLaN (1994) by
assuming that a population subject to recurrent dele-
terious mutations can be thought of as a subdivided
population in which mutation plays the role of migra-
tion. Under conditions where an approximate muta-
tion-selection balance can be attained, i.e., when n, > 1,
(STEPHAN et al. 1993; GEsSLER 1995), the sizes of the

mutational classes are close to their deterministic expec-
tation most of the time, and the assumption of mutation-
selection balance to calculate the coalescent time should
produce reasonable results. The expressions for the coa-
lescent time are given in APPENDIX A, which are equiva-
lent to Equation 12 of Hubson and KaprLaN (1994).
When Njf; < 1, the distribution of mutations can devi-
ate considerably from a Poisson with mean U/s. For
these cases, GESSLER (1995) has suggested that a shifted
Poisson distribution of mean N\, where A = U/s — kwith
k = min{i, Nfi > 1}, is a better approximation. For
these cases we replace Equation A2 of APPENDIX A by

U
U+ (1 —s)/)\’

Qi,i—l = (1)
where Q;; , is the probability that a gamete with i muta-
tions derives from a gamete with ¢ — 1 mutations. T,
can be calculated in the same way as before, but using
Equation 1.

In Figure 2, we compare the results of these analytical
approximations (leading to Equation Ab in APPENDIX
A) with those from the exact Monte Carlo forward simu-
lations. The deleterious mutation rate is 0.05, and two
values of s are considered: s = 0.005 and s = 0.015.
Figure 2 shows that variability is more reduced for larger
values of N and slowly approaches the value f; as N —
oo (absence of the ratchet). The analytical expressions
provide reasonably good approximations to the simula-
tion results. Note that, for the case s = 0.005 in the
range of values of N considered, the deterministic value
of ny is <1, so that Equation 1 was used to calculate the
mean coalescent time. Simulations of the structured
coalescent were run and compared with both the results
of the exact Monte Carlo forward simulations and Equa-
tion Ab. As expected, no difference is observed between
the mean number of pairwise differences predicted by
Equation A5 and the one obtained in the coalescent
simulations, since they are based on the same assump-
tions (results not shown).

In Figure 3, we consider the effects of different values
of Uwith a constant population size of 2000 individuals.
As expected, the larger the value of U, the bigger the
reduction in variability, for any given value of s. The
reduction in expected variability predicted by the coales-
cent approach is a reasonably good approximation to
the means obtained in the forward simulations, even
for cases where n, < 1. However, for the cases where
ny < 1, with the smaller values of s and large values of
U in Figure 3, coalescent predictions (and, therefore,
coalescent simulations) underestimate the mean pair-
wise differences in the forward simulations. For exam-
ple, in Figure 3 with U= 0.1 and s = 0.003, the reduction
in the mean pairwise differences observed in forward
simulations is 0.217 (with 95% C.I. 0.027) while the
prediction from Equation Ab is 0.164. A similar behavior
is detected upon close examination of Figure 2, al-
though the difference there is much smaller.
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FIGURE 2.—Relation between the mean number of pairwise
differences, relative to that under strict neutrality, and popula-
tion size (N). The deleterious mutation rate is 0.05. The simu-
lation results for s = 0.005 (squares) and 0.015 (circles) are
shown. The dashed and solid lines are the corresponding
theoretical values calculated using Equations A2-A5. For suf-
ficiently large values of N, k/k, would be ~5 X 1075 for s =
0.005 and ~0.04 for s = 0.015. The error bars correspond to
two standard errors.

There are at least two reasons to expect a discrepancy
between the coalescence approximations and the for-
ward simulations in these cases. The first is that, when
ny << 1, the time between clicks of the ratchet is so small
that it is very difficult to maintain the stability assumed
in the approximations over reasonable periods of time.
The second is that, due to this fact, the frequency of
the least-loaded class experiences large fluctuations and
spends a considerable amount of time above the ex-
pected value assumed in the coalescent approximations.
This implies that the level of genetic diversity is likely
to be underestimated by the coalescent approach. We
observe such underestimation whenever selection is very
weak and the mutation rate is very high, so that the
ratchet clicks >100 times over N generations.

From the results presented here, we conclude that
Muller’s ratchet can considerably reduce genetic diver-
sity at a neutral locus. The extent to which this variation
is reduced depends strongly on s (Figure 1), N (Figure
2),and U (Figure 3). For large values of U, the reduction
is essentially unaffected by changes in s over a wide
range of intermediate selection coefficients (Figure 3),
which is important since the exact value of s is poorly
known.

Muller’s ratchet and the frequency spectrum: We now
consider the effect of Muller’s ratchet on the frequency
spectrum of mutations at the neutral locus. As explained
above, we examined Tajima’s D, which is widely used
for this purpose (Fu 1997). In Table 1, we show, for
different values of s, the time between clicks of the
ratchet and average values of D obtained from forward
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Ficure 3.—The dependence of the relative reduction in
mean number of pairwise differences, k/ky, on the deleterious
mutation rate and selection coefficient, with N = 2000.
Squares are the simulation results for U = 0.01, and the solid
line is the analytical prediction; circles and the dashed-dot
line are the simulation and analytical results for U = 0.05;
diamonds and the dashed line are the results for U = 0.1.
Error bars represent two standard errors. Clicks of the ratchet
were observed in the simulations when s < 0.01 for U = 0.01,
s < 0.025 for U = 0.05, and s < 0.04 for U = 0.1.

and coalescent simulations, assuming a fixed value of
0. Coalescent simulations were run to compare with the
results obtained from forward simulations. As can be
seen in Table 1, they agree quite well with each other.
The power to detect deviations from neutrality in sam-
ples of size 25 is also shown in Table 1. Table 2 shows
the results of coalescent simulations where a fixed num-
ber of segregating mutations, S, was distributed over the
trees (see SIMULATION METHODS).

We find that the operation of Muller’s ratchet pro-
duces negative values of Tajima’s D in samples of realis-
tic size. The mean value of D for different values of N
and intermediate values of sis ~ —1. For the 0 and $
values considered, with intermediate values of Ns there
is considerable power to detect deviations from neutral-
ity in samples of size 25. For sample sizes of 10, however,
we generally found no power to reject neutrality (results
not shown). For a given N, the maximum negative aver-
age value of Tajima’s D is observed for intermediate
values of s. We observe that, as the time between turns
of the ratchet becomes very large, by increasing s and
N (or decreasing U), the average value of Tajima’s D
becomes less negative and the frequency spectrum be-
comes closer to that expected under neutrality (D —
0), as expected from previous results on background
selection (CHARLESWORTH e¢f al. 1995). We also com-
puted values of Fu and Li’s D* (not shown) and found
that this statistic is less powerful than Tajima’s D to
detect deviations from neutrality, for the sample size
considered and this range of parameter values.
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TABLE 1
Mean Tajima’s D and power with fixed 0
N = 2000 N = 3000 N = 8000
T D coal D forw Pow 1 T D coal D forw Pow 1 T D coal D forw Pow 1
s (gen) (2 SE) (2 SE) (%) (gen) (2 SE) (2 SE) (%) (gen) (2 SE) (2 SE) (%)
0.003 50 —-0.97 —1.01 25 56 —-0.96 —1.05 24 73 —1.02 —1.03 26
(0.04) (0.18) (0.04) (0.17) (0.04) (0.23)
0.005 72 —1.08 —-1.26 30 80 —-1.11 —1.02 31 102 —1.10 —1.05 23
(0.04) (0.15) (0.04) (0.19) (0.04) (0.20)
0.01 144 —1.20 —-1.30 35 165 —-1.21 —-1.14 35 293 —1.14 —-1.03 21
(0.04) (0.16) (0.04) (0.13) (0.04) (0.17)
0.015 325 —-1.22 —0.96 33 611 —-1.15 —1.11 30 2239 —0.90 —0.80 17
(0.04) (0.22) (0.04) (0.18) (0.06) (0.18)
0.02 1292 —1.03 —1.15 27 3478 —-0.91 —0.95 23 — —0.55 —0.65 10
(0.04) (0.20) (0.06) (0.28) (0.06) (0.23)
0.03 — —-0.60 —0.74 13 — —0.53 —0.80 12
(0.06) (0.20) (0.06) (0.22)
0.04 — —-0.33 —-0.29 9
(0.06) (0.24)

The mean values of Tajima’s D for different s values (two standard errors are shown below the means), based on forward
Monte Carlo simulations (D forw) and coalescent simulations (D coal). Pow 1 is the percentage of coalescent simulations that
yielded values of D lower than the critical value (at the 95% probability level) obtained as explained in SIMULATION METHODS.
T is the time between turns of Muller’s ratchet calculated from the simulations. —, no clicks were observed in the simulations.

Sample size is 25. 6 = 2N = 8, for the neutral locus as a whole. The deleterious mutation rate is 0.05.

Muller’s ratchet with two types of deleterious muta-
tions: Assume now that there are two major types of
deleterious mutations: one class of mutations causing
very strongly deleterious effects (s,) and another class
with weak deleterious effects (s,), occurring at rates U,
and U,, respectively. Although this mutational model is
probably too simplistic biologically, it has been sug-
gested that it provides a reasonably good fit to data from
experiments on the fitness effects of induced mutations,
at least in Caenorhabditis elegans (DAVIES et al. 1999). In
addition, it allows us to explore the combined operation
of two processes: Muller’s ratchet and background selec-
tion (see below; CHARLESWORTH 1996b; Gorpo and
CHARLESWORTH 2001). The deterministic equilibrium
frequency of the class with ¢ mutations of effect s, and
j mutations of effect s,, after selection, is the product
of the relevant Poisson distributions (JOHNSON 1999).
In particular the size of the least-loaded class, after selec-
tion, is

nwh = fifE = Ne U0-9/s g h=w/s,

s

We can easily extend the coalescent approach used
above to this two-type mutation model. The expression
for the mean number of pairwise differences relative to
the neutral case is given in APPENDIX B.

If ngy > 1, the population will be close to the determin-
istic equilibrium most of the time and the sizes of the
classes can be well approximated by Equation B3. When
s, is small and/or U is large, such that n, < 1, we
approximate the distribution of the classes with respect

to these mutations by a shifted Poisson with parameter
A\, (see APPENDIX B; GESSLER 1995).

In Table 3, we show the mean number of pairwise
differences relative to the neutral case, in populations
of'size 3000 and 6000 subject to both types of deleterious
mutations. We also show the case when the deleterious
mutations with selection coefficient s, are absent, for
comparison, and the results from Equation B3, which
are referred to as “theoretical.” The distortion of the
neutral frequency spectrum, as measured by the mean
Tajima’s D, is given for every set of parameters.

There are several distinct cases that can occur in a two-
type mutational model. The first is the accumulation of
mutations of effect s in the presence of much more
strongly deleterious mutations, for which there is no
ratchet—u.e., the combined operation of Muller’s ratchet
and background selection (GORDO and CHARLESWORTH
2001). The large effect mutations are expected to re-
duce variability by a fraction f,, and the additional pres-
ence of the other mutations, which are accumulating
due to Muller’s ratchet, is expected to reduce variability
even more. For the cases where this occurs (a, b, g, h,
1, and k in Table 3), we see that Equation B3 gives good
predictions of the relative diversity observed in the simu-
lations. Strongly deleterious mutations reduce diversity
at neutral sites by a fraction f, but they also reduce the
effective population size experienced by the small effect
mutations by approximately the same amount (GORDO
and CHARLESWORTH 2001). The small effect mutations
will then cause a reduction in genetic diversity according
to this new effective size (Nf;,). It follows that, in this
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TABLE 2

Mean Tajima’s D and power with fixed §

N = 2000 N = 3000 N = 8000
D coal Pow 2 D coal Pow 2 D coal Pow 2
s (2 SE) (%) (2 SE) (%) (2 SE) (%)
S=30
0.003 —-1.17 33 -1.31 43 —1.54 58
(0.01) (0.01) (0.01)
0.005 —1.33 41 —-1.43 50 —1.68 70
(0.01) (0.01) (0.01)
0.01 —1.53 57 —1.66 69 —1.88 86
(0.01) (0.01) (0.01)
0.015 —1.60 65 —-1.61 65 —1.42 50
(0.01) (0.01) (0.01)
0.02 —1.31 42 —-1.20 36 —0.83 19
(0.01) (0.01) (0.01)
0.03 —-0.71 15 —0.59 12 —0.34 8
(0.02) (0.02) (0.02)
0.04 —0.43 9 —-0.36 8 —=0.20 5
(0.02) (0.02) (0.02)
S=10
0.003 —-1.03 27 —-1.17 35 —-1.87 47
(0.01) (0.01) (0.01)
0.005 —1.19 35 —-1.26 40 —1.49 56
(0.01) (0.01) (0.01)
0.01 —1.36 46 —1.47 53 —1.65 68
(0.01) (0.01) (0.01)
0.015 —1.40 48 —-1.43 50 —1.26 41
(0.01) (0.01) (0.04)
0.02 —-1.17 34 —1.06 30 —-0.72 17
(0.01) (0.02) (0.02)
0.03 —0.65 15 —-0.53 13 -0.31 8
(0.02) (0.02) (0.02)
0.04 —0.37 9 —-0.31 8 —0.18 6
(0.02) (0.02) (0.02)

The mean values of Tajima’s D for different s values (two standard errors are shown below the means),
based on simulations of the structured coalescent are shown. Pow 2 is the percentage of simulations that
yielded values of D lower than the critical value (at the 95% probability level) obtained by coalescent simulations
of the neutral model, as explained in SIMULATION METHODS. The number of segregating sites, S, in the sample

is fixed. U = 0.05.

case, the resulting reduction in the mean number of
pairwise differences caused by both types of mutations
is given by

5 i(Nfob, U, 5)

with k/k calculated with Equation Ab.

The average values of Tajima’s D are ~ —0.9 and
there is some power to reject neutrality in samples of
reasonable size (25 chromosomes and 6 = 6, in the
cases in Table 3).

The second case occurs when both types of mutations
are accumulating due to the ratchet. In Table 3, we
show some examples of this (c, d, e, f, 1, m, o, and p).
We see that Equation B3 predicts the expected mean

number of pairwise differences relative to that under
strict neutrality reasonably well. Average values of Taji-
ma’s Dare between —0.8 and —1, for the 0 value consid-
ered, and there is some power to detect a distortion in
the frequency spectrum, for a sample size of 25.

The third case occurs if the effects of both types of
mutations are very large and/or the mutation rates are
very small, such that none will accumulate. This corre-
sponds to the classical background selection model, with
no recombination and two mutational classes. In Table
3, we see that, when we did not observe any clicks of
the ratchet (cases j and n) and when ny > 1/s and
ny > 1/, the reduction in genetic diversity is well
approximated by f, (as expected from the expressions
in APPENDIX B). Note that this is the result expected
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TABLE 3

The reduction in the mean number of pairwise differences (k/k,) due to Muller’s ratchet with

two classes of mutations

N 00275
N = 3000: U, = 0.03: o U = 0.05: Powl  k/k (2 SE):
S k/ky (2 SE) k/k, theoretical Ts, Ts, D (2 SE) (%) U, =0
2.0.003  0.124 (0.023) 0.136 44 — —0.91 (0.21) 16 0.156 (0.019)
b. 0.005 0.116 (0.019) 0.110 57 — —0.95 (0.17) 22 0.140 (0.020)
c. 0.01 0.082 (0.018) 0.080 115 6753 —0.93 (0.21) 25 0.104 (0.024)
d.0.015  0.086 (0.016) 0.064 931 3858  —0.98 (0.24) 36 0.102 (0.017)
e. 0.02 0.083 (0.018) 0.067 494 4260 —0.77 (0.24) 21 0.125 (0.018)
£.0.03 0.085 (0.022) 0.093 4560 4913 —0.93 (0.19) 25 0.193 (0.022)
s, = 0.0275
N = 3000: U, = 0.03: B U, = 0.01: Pow 1 k/ky (2 SE):
S k/ky (2 SE) k/k, theoretical Ts, Ts, D (2 SE) (%) U, =0
g.0.003  0.195 (0.035) 0.211 402 — —0.65 (0.23) 16 0.273 (0.036)
h. 0.005 0.164 (0.024) 0.158 656 — —0.86 (0.23) 24 0.291 (0.045)
i.0.01 0.15 (0.032) 0.172 4313 — —0.86 (0.24) 30 0.401 (0.056)
j-0.02 0.246 (0.039) 0.233 — — —0.36 (0.28) 14 0.565 (0.089)
s, = 0.0275
N = 6000: U, = 0.03: _ U, = 0.05: Pow 1 k/ky (2 SE):
S k/ky (2 SE) k/k, theoretical Ts, Ts, D (2 SE) (%) U, =
k. 0.005 0.079 (0.018) 0.059 69 — —0.86 (0.23) 26 0.081 (0.011)
1. 0.01 0.060 (0.017) 0.044 154 11657 —0.79 (0.21) 16 0.051 (0.013)
m.0.02  0.062 (0.014) 0.049 1508 15188  —0.99 (0.190) 26 0.090 (0.019)
n. 0.03 0.056 (0.013) 0.081 — — —0.65 (0.25) 19 0.171 (0.030)
s = 0.01
N = 3000: U, = 0.03: U = 0.03: Pow 1l  k/k (2 SE):
S k/ky (2 SE) k/k, theoretical Ts, Ts, D (2 SE) (%) U, =0
0.0.003 0.135 (0.021) 0.156 68 480 —1.18 (0.16) 32 0.190 (0.030)
p.0.005  0.111 (0.024) 0.123 101 325  —1.14 (0.20) 30 0.186 (0.030)

Ts, and Ts, are the average time (in generations) between clicks of the ratchet with respect to each type of
deleterious mutation. —, no clicks were observed during the runs. Other symbols are as in Table 1. Pow 1 is
based on forward simulations with fixed 6 = 6. The last column contains the reduction of neutral diversity in

the absence of mutations with selection coefficient s,.

from a one-class deleterious mutational model in which
the relevant selection coefficient is the harmonic mean
of the selection coefficients in the two-class mutational
model (CHARLESWORTH 1996a).

The fourth case occurs when the presence of strongly
deleterious mutations reduces the effective population
size by such a large amount that the smaller mutations
become effectively neutral, z.e, Nf s <1 (CHARLES-
WORTH 1996b). Under these conditions, genetic drift is
the major force determining the dynamics of the small
effect mutations and driving them to fixation. Some
examples of this case are considered in Table 4, with
two different mutational models for the small effect
mutations: one considering irreversible mutation and
another, more realistic model, allowing for back muta-
tion (McVEAN and CHARLESWORTH 2000). In these
cases, the reduction in the mean number of pairwise
differences is very close to the one caused by the strong
mutations, since the weak ones are effectively neutral
(Kimura 1983) and do not have any significant effect on

the neutral locus at which variation is being measured.
Therefore, k/ky can essentially be approximated by f, .
In this case, the average Tajima’s D is much less negative
than in some of the previous cases, and it is very difficult
to detect distortions in the frequency spectrum (¢f.
CHARLESWORTH et al. 1995), especially when allowing for
back mutation.

As in the previous model, in this two-type mutational
model we also find that, when Muller’s ratchet starts
to operate, the level of k/k, is roughly the same over
intermediate values of the selection coefficient, for a
fixed population size and mutation rate.

DISCUSSION

Muller’s ratchet and neutral variation: Genetic diver-
sity at a neutral locus results from the balance between
the rate at which variation is generated (mutation pres-
sure) and the rate with which it is lost (genetic drift). In
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TABLE 4

The effects of background selection on weakly selected mutations with and without back mutation

Without back mutation U=0
Uhack S k/ky (2 SE) fo, D (2 SE) Pow 1 (%) k/ky (2 SE) D (2 SE) Pow 1 (%)
0 0.001 0.127 (0.032) 0.115 —0.76 (0.24) 22 0.130 (0.029) —0.46 (0.23) 8
0 0.0005 0.102 (0.025) 0.115 —0.61 (0.26) 21

With back mutation U=20

Uk S k/ky (2 SE) fo, D (2 SE) Pow 1 (%) k/ky (2 SE) D (2 SE) Pow 1 (%)
0.001 0.0005 0.115 (0.027) 0.115 —0.46 (0.29) 14 0.130 (0.029) —0.46 (0.23) 8
0.01 0.0005 0.146 (0.029) 0.115 —0.39 (0.22) 8

Uy 1s the mutation rate to back mutations, with respect to the small-effect mutational type. Power is based on forward
simulations with 6 = 6. Other symbols are as in Table 1. Parameter values are N = 3000, U, = 0.09, s, = 0.04, U; = 0.01. The
simulation results due simply to the presence of mutations with effect s, at rate Uj, (i.e., without weak mutations) are presented
in the last column. The value of U, was chosen to make the effect of background selection sufficiently strong that the weak
mutations become effectively neutral in the presence of the strong mutations.

a population that is permanently at equilibrium under
recurrent mutation to deleterious alleles, in the absence
of recombination neutral genetic diversity is expected
to be smaller than the strict neutral expectation
(CHARLESWORTH et al. 1993). This results from the fact
that a large fraction of individuals in such a population
are destined to be eliminated relatively quickly, so that
its effective size is reduced to the class of individuals that
do not carry deleterious mutations, Nf, (CHARLESWORTH et
al. 1993).

In this article, we have quantified the expected ge-
netic diversity when a population is not permanently at
equilibrium, but is losing its least-loaded class at a given
rate. We have shown that the operation of Muller’s
ratchet is consistent with a considerable reduction in
genetic diversity. The extent to which such variation is
reduced is a function, not only of the relevant mutation
and selection parameters, but also of population size.
In particular, in a population where Muller’s ratchet
does not operate, or does so at an exceedingly slow
rate, which is expected when Nfjs > 10 (Gorpo and
CHARLESWORTH 2000a,b), the effective size is well ap-
proximated by Nf,. But when the ratchet starts to oper-
ate, the effective size is higher than Nf;. Although it has
been suggested that the operation of Muller’s ratchet
causes a different value of genetic diversity from that
given by the simple 2Nf approximation (CHARLES-
WORTH el al. 1993), this study is the first attempt to
formally demonstrate that it does so and to estimate by
how much.

We have shown that the mean coalescent time of
two randomly sampled alleles derived from a structured
coalescent model with fixed class size (HupsoN and
KapLan 1994) is a good predictor of expected genetic
diversity when the ratchet is operating. Just as is ob-
served in the full Monte Carlo simulations, the analytical
approximation predicts a minimum genetic diversity for

an intermediate value of the selection coefficient. Our
results are closely related to those of HiIGGs and Woob-
cock (1995), who studied the effect of deleterious muta-
tions on genealogies in very small populations and
showed that the probability of common parentage was
maximal for some intermediate value of the selection
coefficient against deleterious alleles. The results from
Figure 8 of HicGs and Woobpcock (1995) can be ob-
tained by our approximation, provided that we correct
them for sampling after selection.

Our results are also related to those of TACHIDA
(2000), who found that diversity at neutral sites was
minimal for an intermediate strength of selection, al-
though his model is different from the one we consider
here. In Tachida’s independent multicodon (IMC)
model, a gene is composed of a set of completely linked
sites. One-third of the sites are neutral and two-thirds
are selected, with selection coefficients drawn from a
normal distribution. In our model, the selection coeffi-
cient is constant, but the qualitative effect on neutral
diversity is the same. The simulation results regarding
genetic diversity at neutral sites in Table 1 of TACHIDA
(2000) can be obtained by our approximation, if we
substitute s in our approximation by the value corre-
sponding to the mean strength of selection (o) consid-
ered in his Table 1 (a = 2Ns). With our formula, we
obtain good estimates of the average genetic diversity
at neutral sites observed in his simulations, except when
a < 5. As an example, with u = 1 X 107 per site
(implying U = 0.002 for the whole nonrecombining
region) and o = 5 (implying s = 0.005), the value of
neutral variability observed in Tachida’s simulations is
0.00857 and the value predicted by our approximation
is 0.00836.

In contrast to the classical background selection
model with strong selection (Hubpson and KapLAN 1994;
CHARLESWORTH ¢t al. 1995), if Muller’s ratchet is op-
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erating under weak selection, a considerable distortion
of the frequency spectrum at the neutral locus, toward
an excess of rare variants, is expected in samples of
realistic size (as seen in Table 1). But such an effect
may be difficult to detect when the ratchet causes a very
large reduction in variation, as may be the case in large
populations (see below). This signature of the ratchet
is quite close to that of selective sweeps, but not as
extreme (see below). For the parameter values tested
we found more power for Tajima’s D test than for Fu
and Li’s D* test to reject neutrality under the operation
of the ratchet than in its absence.

Because a model that considers that all deleterious
mutations have the same effect on fitness is a simplifica-
tion, we also studied the pattern of neutral variation
under a two-type deleterious mutational model (GORDO
and CHARLESWORTH 2000b). We considered several dis-
tinct cases. In the case where none of the deleterious
mutations accumulate, the classical background selec-
tion scenario, we recover the expected prediction: The
reduction in genetic diversity is well approximated by
considering the harmonic mean of the selection coeffi-
cients of the two-type model. Tajima’s D is negative on
average, but distortions of the frequency spectrum are
hard to detect (see Table 3). In the case where one
of the mutational types is sufficiently strongly selected
against that it does not accumulate, but the other type
of deleterious mutations does accumulate, we essentially
observe the effects of the ratchet in a population of
reduced size Nf. In the case where both mutational
types accumulate, we again observe negative values of
Tajima’s D and obtain reasonably good predictions of
the genetic diversity by the extended coalescent ap-
proach.

It would be of interest to study a potentially more
realistic case that considers a continuous distribution
of selection coefficients, but we have not pursued this
here. In qualitative terms, one would expect that a con-
tinuous distribution with a high frequency of weakly
deleterious mutations, such as the case of an exponen-
tial distribution, would produce similar results to those
in the two-type model considered here: i.e., negative
Tajima’s D values and a reduction in genetic diversity.
But the quantitative effects will depend on the shape
of the distribution of selection coefficients and the dele-
terious mutation rate, which are presently a matter for
debate (DAVIES et al. 1999; KEiGHTLEY and EYRE-WALKER
1999).

Muller’s ratchet and the Y chromosome: It has been
suggested that Muller’s ratchet has been a potentially
major process in shaping the evolution of Y chromo-
somes (CHARLESWORTH 1978). It is therefore interest-
ing to try to quantify the levels of neutral variation ex-
pected under its operation. It is of special interest to
ask about the diversity levels expected under the ratchet
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Ficure 4.—The signatures of Muller’s ratchet in large hypo-
thetical populations of nonrecombining Y or neo-Y chromo-
somes. The parameters are N = 125,000 for dashed lines and
N = 500,000 for solid lines, with U = 0.01 for circles and U =
0.03 for squares. (A) The expected number of fixations over
a period of 500,000 generations. These are based on the ex-
pressions for the time between clicks of Muller’s ratchet in
GORrRDO and CHARLESWORTH (2000a,b) for the cases when
Nfy > 1 and the results of GESSLER (1995) for the cases when
Nfy < 1. (B) Expected mean number of pairwise differences
relative to that in the absence of deleterious mutations, calcu-
lated using the analytical prediction.

in systems with relatively young Y chromosomes (Rick
1996; CHARLESWORTH and CHARLESWORTH 2000).
Some examples of these systems are the Y chromosomes
of the plant species Silene latifolia and S. dioica (FiLATOV
et al. 2000) and the neo-Y chromosomes (resulting from
fusions between an autosome and the old Y chromo-
some) of some Drosophila species such as D. miranda
(CHARLESWORTH and CHARLESWORTH 2000).

In Figures 4 and 5 we show some expectations for
the signatures of Muller’s ratchet. Figure 4A shows the
expected number of fixations of deleterious alleles over
a period of 500,000 generations (in the case of D. mi-
randa, this corresponds to ~0.1 million years). Figure
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F1Gure 5.—Average value of Tajima’s D for a sample size
of 12 for 6 = 5 (A) and sample size 12 for 6 = 100 (B). Lines
and symbols are as in Figure 4.

4B shows the reduction in the mean number of pairwise
differences. Figure 5, A and B, shows the average values
of Tajima’s D caused by the ratchet. The number of
fixations is estimated from the number of clicks of Mull-
er’s ratchet over the time period, since there is a one-
to-one correspondence between clicks and fixation events
(CHARLESWORTH and CHARLESWORTH 1997). The param-
eter values N and U were assigned in the light of the
data presently available (DRAKE ef al. 1998; KEIGHTLEY
and EYRE-WALKER 1999; FiLaTov et al. 2000; Y1 2000).
As previously discussed (GORDO and CHARLESWORTH
2000b) substantial declines in fitness of the nonrecom-
bining chromosome can be produced, especially for
intermediate s values.

Associated with the fixation of deleterious mutations
by the ratchet, a reduction in genetic diversity of ~10-
to 100-fold is expected (as calculated by Equation B3
and the simulations of the structured coalescent). This
is expected across a wide range of values of selection
coefficients for which the ratchet can operate, since the
mutation rate is the major determinant of the level of
variation expected (Figure 4B). In samples of moderate

size (n = 12 in Figure 5), average Tajima’s D values of
~ —1 are expected when the selection coefficient is
intermediate. For larger samples, the average values of
Tajima’s D become more negative. As an example, with
a sample size of 40, with N = 125,000, U = 0.01, and
s =0.1-0.2%, we obtained an average value of Tajima’s
D of —1.7 for 6 = 50 and —1.9 for 6 = 100. The power
to reject neutrality for these two examples was >80%
(assuming a fixed 0). A large amount of sequence infor-
mation and large samples are, however, needed to de-
tect this effect. For example, in Drosophila, where nor-
mal levels of variability are ~1-3% per nucleotide site
(MorryamMa and PoweLL 1996), the above example im-
plies sequencing ~5000-10,000 neutral sites. One can
ask if increasing sample size (n) will produce higher
power than increasing 6 by increasing the number of
sites sequenced. From simulations of the structured coa-
lescent with 70 held constant, we found that increasing
n seems to give more power than increasing 6.

The additional presence of much more strongly dele-
terious mutations, causing background selection, will
result both in an increase in the number of fixations
(Gorpo and CHARLESWORTH 2001) and in a bigger
reduction in genetic diversity, as expected from the
results presented before. There is evidence for consider-
ably reduced levels of variability in some Y chromosome
systems (CHARLESWORTH and CHARLESWORTH 2000).
For the Y chromosome of the dioecious plant S. latifolia
and the neo-Y chromosome of D. miranda, nucleotide
variability is 20- to 30-fold lower than for the X chromo-
some (FrLatov et al. 2000; BACHTROG and CHARLES-
wORTH 2002). If the simple process we have studied was
the sole cause of the observed reduction, the results in
Figure 4B imply that the deleterious mutation rate for
such nonrecombining chromosomes is unlikely to be
>0.01.

Selective sweeps vs. the ratchet: A large reduction in
variability could, of course, be caused by another pro-
cess, such as a recent selective sweep. When an advanta-
geous mutation arises and goes to fixation in a nonre-
combining population, it wipes out linked neutral
variation—the hitchhiking effect (MAYNARD SmiTH and
HaicH 1974). After such a sweep, variation is slowly
restored by mutation, with most of the new neutral
variants being at low frequency. Selective sweeps there-
fore cause distortions of the neutral frequency spectrum
(BRAVERMAN et al. 1995; SIMONSEN et al. 1995), just as
with repetitive clicks of the ratchet. In Table 5, we com-
pare the pattern of variability under the ratchet and
under a recent sweep. We assume knowledge of the
neutral equilibrium value of 0, in the absence of any
of these processes, and study conditions under which
genetic diversity is reduced by ~20- to 30-fold. As is
clear from Table 5, a recent sweep generally produces
more negative average Tajima’s D than the ratchet, for
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TABLE 5

Comparison of the ratchet with the hitchhiking model

Ratchet: N = 125,000, U = 0.01

n S D

Pow 1 (%)

Hitchhiking: N = 125,000

S D Pow 1 (%)

s = 0.0002, k/k, = 0.04,0 =5

25-fold reduction

Tin = 0.04N gen, 6 = 5

n s D Pow 1 (%) s D Pow 1 (%)
12 0.79 —0.56 2 1.12 —-1.22 12
40 1.66 —0.84 10 2.93 —1.51 48

100 3.00 —-1.11 32 5.39 —-1.71 84

6 =10 6 =10

n s D Pow 1 (%) s D Pow 1 (%)
12 1.63 —0.63 7 2.16 —1.34 31
40 3.38 —1.06 37 6.01 —1.85 91

100 5.92 —1.36 57 11.1 —-2.10 99

6 =20 6 =20

n S D Pow 1 (%) S D Pow 1 (%)
12 3.21 —-0.73 26 4.26 —1.55 59
40 6.78 —-1.29 45 11.93 —2.19 99

100 11.98 —-1.67 73 22.08 —2.38 100

s = 0.0005, k/ky = 0.03,0 =5

33-fold reduction

Tin = 0.03N gen, 6 = 5

n S D Pow 1 (%) S D Pow 1 (%)
12 0.58 —0.67 2 0.82 —1.18 6
40 1.29 —-0.91 11 2.27 —1.43 37

100 2.35 —1.12 29 4.66 —1.69 80

s = 0.001, k/ky = 0.02,0 =5

50-fold reduction

Tin = 0.02N gen, 6 = 5

n S D Pow 1 (%) S D Pow 1 (%)
2 0.46 —0.69 2 0.53 —-1.19 4
40 1.09 —1.04 9 1.63 —1.36 25
100 2.01 —1.15 24 3.53 —1.56 65

The reduction in genetic diversity was chosen to be of the order of that observed in the D. miranda neo-Y
chromosome data (BACHTROG and CHARLESWORTH 2002). The Sand D values are means over 1000 coalescent
trees for each model. For the ratchet, results are based on the structured coalescent; for hitchhiking, results
are based on coalescent simulations (Hupsox 1990) from a population that expanded from size 1 to N
instantaneously at time 75, in the past. Tj;, was chosen to produce the same mean level of variability as with

the ratchet.

a given reduction in diversity. In small samples, a sweep
is more likely to be detected than the operation of the
ratchet, but it is clear that there is a wide range of
parameter space in which no unambiguous conclusion
can be drawn. Other statistics, such as patterns of linkage
disequilibrium, could also be helpful in trying to distin-
guish between these and other models (CHARLESWORTH
and CHARLESWORTH 2000). Further work is needed to
assess the power of such statistics to distinguish between
background selection, Muller’s ratchet, and selective
sweeps.
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APPENDIX A

Assume that there are m mutational classes in the
population, so that a sample may contain gametes with
0, 1, 2, up to m mutations. The probability that a gamete
with i mutations derives from a gamete with ¢ — 1 muta-
tions is

B UeY
0V + freV

(fier(1 — 5)" /e YU "
(1 = )7/ e DUV + (f(1 — 5)/e VeV’

Qi,/t—l =

which is a special case of Equation 3 in CHARLESWORTH
et al. 1995, and f¥ is the frequency of the ¢ class, after
selection. (We assume here that the mutation rate is
sufficiently low that we can neglect mutations from
classes other than the adjacent one.)

If the distribution of the frequencies of the classes is
close to the deterministic expectation most of the time,

then
e Ul — s)/s
%= o WN0=9 and  fr o= pr 2o /S
fO f 1 P

(AL)

so that
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s

1+ @G- 1s’ (A2)

Q,z,i—l =
Suppose that we sample randomly two individuals and
that these belong to classes ¢ and j. If 7 and j # 0,
there are two possible mutational events in the previous
generation: Either gamete ¢ came from the ¢ — 1 class
(with probability Q;; ), or gamete j came from the j —
1 class (with probability Q;;); if i = j they can also
coalesce, with probability 1/Nf¥, since the size of class
i, after selection (which is when we are sampling) is
Nf#. Let T;; be the mean time (in generations) back to
the common ancestor of a sample of two gametes with
iand j (i, j = 0) mutations. We then have

S
Tj=\1—= Qi1 — Q1 — ﬁf]; (T + 1
S
+ Qi,i—l(Ti—l,j +1) + Qj,j—l(];’j_l D+ ﬁf]i;’

where 8; = 1if = jand 0 otherwise. Rearranging, we
have

1
Qi + Q1 + 8/ NfF
Qi
S ’ T,
T Qi1 T Q1 + 8/ NfF Yl (A3)
+ Qljjil 7—;‘71’
Qi1 + Q1 + 8/ NfF

which is equivalent to Equation 12 of Hupson and
KaprLaN (1994) for a sample size of two, with the differ-
ence that we are counting individuals as postselection
adults. The mean time for the most recent common
ancestor of two randomly sampled sequences is then

T, = X [EfFT (A4)

ij=0
and the resulting mean number of pairwise differences
relative to the neutral expectation will be

knvuog=1L (A5)
ko N
APPENDIX B

Suppose that we take a random sample of two individ-
uals from a population subject to recurrent mutations

with two types of effect, s, and s,, occurring at two differ-
entrates, U, and U, respectively. Suppose one individual
carries ¢ mutations of type s, and k mutations of type s,
and the other carries j mutations of type s, and / muta-
tions of type s,. Let T;;;, be the time to the most recent
common ancestor of these individuals. If the population
is close to the deterministic equilibrium this time will

be given by

1
Q.+ Qu +Q, Q. +OpS/NFfE
Q’mﬂ -
+ - Ti1nji
st + Qhuﬂ + st,\ + QIJL,,, + Byskl/Nfr' Ji
Qbk}(*l
+ Ti,k—z,ﬂ
Tirju = Q.S,v,,l + Qth + stl-‘r Qb,,H + 5,/§k,/Nf,- Ji s
+ Q. T,
Qu + Quo + Q + Quy, + 3D/NEfE T
QbH*I
+ - o Lk
Qi+ Qy,  Q  +Qy,  * 3.0/ Nf¥ fi
where
18, isj,
o=—2"  and =% (Bl
Q. =17 (i— s, Qo =15 Gi—1)s, (B1)

which is the extension of the previous approximation
for mutations of equal effects. When 7y < 1, because
Nfy, < 1, we use, as previously, the shifted Poisson distri-

bution with parameter A, = U/s, — K, where K =
min{k: Nfy fi = 1}, so that

_ U
U+ (1= s)/DN

Q.. (B2)

Using these approximations, the mean time to the most
recent common ancestor of two random gametes is

=3 fifiTm (B3a)
i,j,k,l
and
k T;
=(N, Uy, s, U, ) = =, (B3b)
ky N
with
U(l — s)f e "
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