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ABSTRACT

We examine how genomic imprinting may have evolved at an X-linked locus, using six diallelic models
of selection in which one allele is imprintable and the other is not. Selection pressures are generated by
genetic conflict between mothers and their offspring. The various models describe cases of maternal and
paternal inactivation, in which females may be monogamous or bigamous. When inactivation is maternal,
we examine the situations in which only female offspring exhibit imprinting as well as when both sexes
do. We compare our results to those previously obtained for an autosomal locus and to four models in
which a dominant modifier of biallelic expression is subjected to the same selection pressures. We find
that, in accord with verbal predictions, maternal inactivation of growth enhancers and paternal inactivation
of growth inhibitors are more likely than imprinting in the respective opposite directions, although these
latter outcomes are possible for certain parameter combinations. The expected outcomes are easier to
evolve than the same outcomes for autosomal loci, contradicting the available evidence concerning the
direction of imprinting on mammalian sex chromosomes. In most of our models stable polymorphism of

imprinting status is possible, a behavior not predicted by verbal accounts.

HE differential expression of mammalian genes de-
pending on the sex of the parent from which they
are inherited is known as genomic imprinting (BARLOW
1995; FRANKLIN et al. 1996; JoHN and SurANI 1996;
BArRTOLOMET and TILGHMAN 1997). In its typical form,
imprinting is the nonexpression in at least some tissues
for some period of development of a paternally or ma-
ternally derived gene. The best-known example of an
imprinted gene is that of insulin-like growth factor II
(Igf-2): in most tissues of all mammals studied to date
(e.g., humans, mice, rats, deer mice, pigs, sheep, and
opossum) only the paternally derived gene is expressed
and the maternally derived gene is silent (DECHIARA et
al. 1991; GIANNOUKAKIS ¢t al. 1993; PEDONE et al. 1994;
VRANA el al. 1998; NEZER et al. 1999; McLAREN and
MONTGOMERY 1999; O’NEILL et al. 2000). This form of
non-Mendelian expression thus renders the individual
functionally haploid at the imprinted locus. Theoretical
arguments suggest that diploidy is strongly favored in
organisms with high levels of recombination such as
mammals (OTTo and GOLDSTEIN 1992), leading to the
question of how an imprinted system might arise.
The most prominent suggestion for the evolutionary
origin of genomic imprinting, the “genetic-conflict hy-
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pothesis,” was proposed by Haig and co-workers (HA1G
and GrRaAHAM 1991; MooRE and Ha1c 1991; Haic 1992).
It argues that multiple paternity within or among a female
mammal’s pregnancies gives rise to a genetic conflict be-
tween parents. All offspring are equally related to their
mother, whereas they may have different fathers. Fetal
growth-promoting genes such as Igf-2 should be inacti-
vated by the mother, according to the genetic-conflict
hypothesis, because she can maximize their survival
(and hence her own fitness) by controlling the rate at
which she nourishes her offspring. It is in the father’s
interest, however, to ensure that his children survive,
possibly at the expense of half-sibs not his, and so he makes
sure their growth-enhancing genes are transcribed. This
conflict can also be viewed as being between mothers
and their offspring (SPENCER ¢t al. 1998). The prediction
for growth-inhibiting loci, such as murine insulin-like
growth factor 2 receptor (Igf2-r), follows from the same
logic: they should be maternally active only. And, in-
deed, these predictions seem to be largely upheld, al-
though there are intriguing exceptions (HURsT and
McVEAN 1998; SPENCER et al. 1999; SPENCER 2000).

A number of these exceptions concern loci on the
mammalian X chromosome, inferred from the effects
of uniparental disomy in humans, as well as XO mice
and humans, which develop as females. For instance,
XO mice that inherit their single X chromosome from
their father are developmentally retarded compared to
both XO mice with a maternal X and normal XX females
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TABLE 1

Model and case names developed in this article

Case Biology modeled

IP1 Imprinting, paternal inactivation,
monogamous females

P2 Imprinting, paternal inactivation,
bigamous females

IMF1 Imprinting, maternal inactivation in females
only, monogamous females

IMF2 Imprinting, maternal inactivation in females
only, bigamous females

IMA1 Imprinting, maternal inactivation in all,
monogamous females

IMA2 Imprinting, maternal inactivation in all,
bigamous females

BF1 Biallelic modifier, female expression only,
monogamous females

BF2 Biallelic modifier, female expression only,
bigamous females

BA1 Biallelic modifier, expression in all,
monogamous females

BA2 Biallelic modifier, expression in all,

bigamous females

(JAMIESON et al. 1998). This observation suggests that a
fetal growth enhancer on the X is paternally inactivated
or downregulated, the opposite prediction from the
original verbal version of the genetic-conflict hypothe-
sis. Nevertheless, mathematical modeling of this hypoth-
esis as it applies to autosomal genes has revealed that
the purely verbal descriptions are misleading and such
nonstandard outcomes are possible (SPENCER et al. 1998;
Iwasa et al. 1999). In this article, therefore, we examine
mathematically the effect of genetic conflict on poten-
tial imprinting at a sex-linked locus.

MODELS

Following SPENCER ef al. (1998), we assume that mat-
ing is random and each female has exactly two offspring
in a sibship. When females are monogamous, clearly
both offspring have the same father; when females are
bigamous, we assume two randomly selected fathers
have one offspring each. The various cases we develop
are listed in Table 1.

Imprinting models: We adapt the autosomal parent-
offspring conflict model of SPENCER el al. (1998) to
apply to a sex-linked locus. Suppose that there are two
alleles, A and a, at the X-linked locus, with the A allele
having standard expression and « being imprintable.
In the terms of this model, deciding whether or not
imprinting evolves entails finding the conditions under
which a can invade a population fixed for A and when
a can fix, driving A to extinction. Let x be the frequency
of AA females, y be that of Aa females and z (= 1 —
x — y) be that of aa females. The frequency of A males

is denoted by p and that of @ males by ¢ (= 1 — p). As
in SPENCER et al. (1998), the parent-offspring conflict is
implemented by assuming that the effect of imprinting
reduces the viability of the imprinted individual by an
amount s (s = 1), butincreases the viability of the sibship
as a whole by an amount ¢/2 (¢ = —1) per imprinted
sib. For growth enhancers, therefore, s and ¢ are posi-
tive; for growth inhibitors, they are negative.

Case IP1:We first treat the case of paternal inactivation
and monogamous females. With the help of Table 2,
we derive the following iterations for the values of x, y,
z, p, and ¢ after a single generation of selection,x’, y',
Z, p', and ¢, respectively,

e
el e g

q(l - (x + ;))(1 - s)(l + ?Z) (1)

in which the mean fitness of females, T, is the sum of the
righthand sides of Equations 1 so that ' + y' + 2 =1,
and

Ty

T

r_ h) =)
P x+2 and ¢ 2+z. (2)
These equations afford just two equilibria (i.e., values
of x, y, z, p, and gsuch that x' = x,y =y, 2/ =z p' =
p, and ¢ = ¢), both of which are trivial: fixation of A
(te, x=1,y=0,2= 0, p =1, and ¢ = 0) and fixation
of a (ie,x=0,y=0,2z=1,p=0,and ¢ = 1). Local
stability analysis (EDELSTEIN-KESHET 1988; see APPEN-
DIX A) shows that just one of these equilibria is stable
for given values of s and ¢: fixation of A when ¢ < 4s/
(3 — 3s) and fixation of awhen ¢ > 4s/(3 — 3s). Indeed,
the stability can be shown (see APPENDIX A) to be global.
Case IP2: If each female mates at random with two
different males, Table 3 allows us to show that Equations
1 become

gy
Ty = xg(1 — s)(l + ;<1 + 2‘1))
+ 2(1 - sq(l + t(l + q)) + ?’—lq) + zp(l + H)
2 o o)) 4 4
T = q(g + z)(l - s)(l + ;(1 + g)) (3)

whereas Equations 2 are unchanged. Local stability anal-
ysis (see APPENDIX A) shows that case IP2 affords the
same two fixation equilibria as for case IP1, as well as a
potential third internal equilibrium, at which the female
genotype frequencies are given by the quasi-Hardy-
Weinberg formula (£, ¥, £) = (p% 2p4, §°), where
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is the equilibrium value for p. This third equilibrium is

feasible (i.e., all genotype frequencies are between zero

and one) and locally stable provided

2s oy 4s

< b
1 -5 2 — 3s

(5)

which occurs if and only if both fixation equilibria are

T
f

FIGURE 1.—Regions of s
parameter space determin-

ing the stability of equilibria
-0.5 0.0 0.5 1.0 for various cases. The re-
gion to the right and below
pairs of curves for each case
has nonimprinting (A fixa-

tion); the region above and
to the left has imprinting (a
fixation); the region be-
tween each pair (not appli-
cable for case IP1) has a sta-
ble polymorphism (A and
a). (a) Cases IP1 (dotted
line) and IP2 (solid lines).
(b) Case IP1 (dotted line)
and the corresponding au-
tosomal model of SPENCER
et al. (1998), P-OP1 (both
lines). (c¢) Case IP2 (solid
line) and the corresponding

autosomal model of SPENCER
et al. (1998), P-OP2 (dashed
line and lower solid line).
(d) Cases IMF1 and IMF2
(dotted lines) and IMAI,
IMA2, P-OMI1, and P-OM2
(solid lines). The lower
solid line also applies to IP1.
(e) Cases IP2 (solid lines),
IMF2 (dotted lines), and
IMA2 (dashed lines).

locally unstable. This tripartite division of parameter
space into two regions of fixation and one region in
between admitting polymorphism (see Figure 1) is typi-
cal of our results and mimics the autosomal model re-
sults of SPENCER et al. (1998).

Case IMFI: We now turn to maternal inactivation,
starting with the case in which females are strictly mono-
gamous. We assume that genes found in hemizygous
males are not imprinted, even though they are mater-
nally inherited; this assumption is reversed below in case
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IMAI. With the help of Table 2, we derive the following
iterations in which 7;and 7, are the normalizing mean
female and male fitnesses, respectively,

4
e

e 3 e
T = ¢(1 — s)(%(l + %t) + z(l + %t)) (6)
and

T =x+ 1(1 + l) and T,q = 2(1 - l) + z(l + —t).
2" 8 2" 8 4
(7)

As for case IP2, there are three possible equilibria,
two trivial fixations and an internal, polymorphic equi-
librium, the expression for which is extremely long and
so not given here. (It is available on request from H. G.
Spencer and at http: /www.otago.ac.nz/zoology/research/
spencer.) Again, parameter space divides into three
parts: for low values of ¢ (¢ < 8s/(6 — 5s) ), nonimprinting
evolves, whereas for high values (> 2(6 —
9s — V36 — 44s + 95%)/(—8 + 9s)), imprinting evolves.
In between these ¢ values, numerical work indicates
that the internal equilibrium is stable.

Case IMF2: We now use Table 3 to derive the iterations
for maternal inactivation with bigamous females, ob-
taining Equations 6 and 7 again. Hence, the analysis of
equilibria is the same as for case IMF1.

Case IMA1: We now assume that « alleles found in
hemizygous males are imprinted, first confining our
attentions to the case when females are strictly monoga-
mous. With the help of Table 2, we derive the following
iterations,

e

2 4
Ty = p(1 — s)(l(l + @) +2(1 + t)) + q(x + 2(1 + l))
L ) 4 2 4
TZ = q(1 — s)(%(l + % + z(1 + t)) (8)
and
;o )] K
Tup x + 2(1 + 4)
Tog = (1 - s)(1<1 + S—t) +2(1 + t)) ©)
m 2 4 ’
in which

Tf=Tm=1+(t—s—st)(l—x—%)-f—%sty. (10)

The condition for a to invade is that ¢ > 45/(3 — 3s);

to fix it is ¢ > 4s5/(3 — 4s). In between these values a
stable equilibrium exists, at which the female genotype
frequencies are given by the quasi-Hardy-Weinberg for-
mula (%, §, 2) = (p% 2p¢, ¢°), where

45(1 + ) — 3t
st

b= (11)
is the equilibrium value for p.

Case IMA2: When females are bigamous Equations 8
and 9 are unchanged, paralleling the identity between
cases IMF1 and IMF2.

Modification of expression models: HursT (1999)
argued that the models of autosomal imprinting devel-
oped in SPENCER et al. (1999) should be compared with
models for a dominant modifier of biallelic expression
that had the same effects on the fitnesses within sibships.
(The dominance of the modifier allows its effect on the
population to be felt as soon as it arises, as is the case
for the imprintable mutant a.) He constructed a model
of a dominant modifier of expression and showed that
if females were strictly monogamous, the invasion condi-
tions for this modifier were the same as those for the
imprintable allele. Because such modifiers would retain
the benefits of diploidy (such as masking of deleterious
recessive mutations), he reasoned that modification of
expression was more likely to evolve than imprinting.
With multiple paternity, however, the conditions for an
imprintable allele to invade were less restrictive than
those for the modifier of expression. Thus HURsT (1999)
concluded that multiple paternity was indeed necessary
for autosomal imprinting to evolve (although it should
be noted that he did not examine the fixation condi-
tions for such modifiers).

We can derive comparable models of expression mod-
ification here. Suppose that a dominant, sex-linked
modifier allele, M, confers on its bearers the same viabili-
ties as imprinted individuals. We are interested in the
conditions under which M can invade and replace the
wild-type m allele. Table 4 shows these fitnesses (as well
as offspring frequencies) for the sibships arising when
females are strictly monogamous, for two sets of assump-
tions: that the expression of M is limited to females
(case BF1) and that it is expressed in both sexes (case
BAI). Table 5 shows the case when females are strictly
bigamous.

In all these models, let x; be the frequency of mm
females, x be that of Mm females, and x; (= 1 — x —
%) be that of MM females. The frequency of m males
is denoted by p; and that of M males by p, (= 1 — p).

Case BF1: Table 4 enables us to derive the following
recursion for these frequencies,

t
oo

7M=ﬁu—%@+@@+@—&é)
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2h+3)

Tixy = (1 — s)( + x;)(l + i)

+ ;(1 — s)(xl

(12)

in which 7;is the sum of the right-hand sides of Equa-
tions 12 so that x{ + x, + x; = 1 and

(- 'x?pl
Tuti ( 2)(1 by ) 16
Xoprt

Tupt = ( - x%)(l - 4) 16 (13)

in which 7}, is the sum of the right-hand sides of Equa-
tions 13 so that p; + p; = 1.

Local stability analysis shows that the modifying allele,
M, can invade a population fixed for m if ¢ > ¢ =
8(\/(3 — 25)/(3 — 3s) — 1). The condition for the fixa-
tion of M cannot be obtained using the usual methods
(since the leading eigenvalue is exactly one; see APPEN-
pIX B) and we have instead obtained it numerically (see
APPENDIX B) and plotted it in Figure 2a. In between the
dotted lines of Figure 2a, numerical work indicates that
there is a stable polymorphism of m and M, mirroring
the results for the imprinting models (except IP1), al-
though we have not been able to find an analytical
expression for its value.

Case BI'2: Table 5 enables us to derive the following
recursion for allele frequencies for the case when fe-
males are strictly bigamous,

el -850

CRUEE
g

fé = pdl _S)(( +x3)<1 + 4) pfgt) (14)

in which 7;is the sum of the right-hand sides of Equa-
tions 14 so that xj + x; + x3 = 1 and Equations 13 for
the iterations in males are unchanged.

The condition for M to invade is now less stringent:
1>ty = 2(\/(25 = 17s)/(1 —s) — 5); we have again
used numerical methods to estimate the condition for
its fixation (see Figure 2a).

Case BA I1: If we now assume that the modifier M affects
expression of A in both sexes, Equations 12 and 13

become
o 4
i = ol + 31+
3t 4
foa = (= ”(1’1« ’ )(1 ’ 4) ! 4)

TABLE 4

Mating table for monogamous females under dominant modifier of expression models

Viabilities assuming

Viabilities assuming

Mm Mm MM MM

mm

Mother: mm

expression in both

expression in females

m
X3P

M
Xgpg

m
Xo

M

xmﬁz

m

Father:
Frequency: x;p,

sexes (case BAI)

only (case BF1)

Brood

—
=
+
—
Z
—
B
|
—
— - —
——— =
=
+
—
Z
—
-
|
—
°
—
=
+
—
°
—~
P
|
—
— o —
—_——- =
<
+
—
°
—~
P
|
—
Z
SO OO

mm, mm
mm, m
m, m

Mm, Mm
Mm, m

(1—5)(1+t/2), 1+ 1/2

(1 —s5)(1+1/2), 1+ t/2
(1—s5)(1+1/2), 1+ 1/2

1=+, -1 +1

Mm, M
M, M

(1= s)(1+ 1), (1 —s)(1+1)
1+ 12, (1= s)(1 + t/2)
1+ 1/2, (1 — s)(1 + t/2)
A=)+ 12,1+ /2

—

—

mm, M

(1 =51+ 1), (1 —s)(1+ 1)
(1 =51 +10),0=s)(1+1)
(1 =51+ 1), (1—s)(1+ 1)
1+ /2, (1 — s)(1 + 1/2)

1+ 1/2, (1 —s)(1 + t/2)

(1 —s)(1+1/2),1+ /2

(1 —s)(1+1), (1 —s)(1+1)

(1 —s)(1+1/2), 1+ 1/2

(1 —s)(1+1), (1—s)(1+1)
1,1

SO OO

S oo OO

SO OO OO

mm, Mm

MM, m
MM, MM
Mm, MM
m, M

MM, M

571

All broods are of fixed size 2.
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FIGURE 2.—Regions of s
parameter space determin-
ing the stability of equilibria
for wvarious cases. De-
pending on the case being
modeled, the region to the
right and below pairs of
curves for each case has
nonimprinting (A fixation)
or unmodified expression
(m fixed); the region above
and to the left has im-
printing (a fixation) or
modified expression (M
fixed); the region between
each pair has a stable poly-
morphism (A and a or m
and M). (a) Cases BF1 (dot-
ted lines) and BF2 (solid
lines). (b) Cases BAl (dot-
ted and dashed lines) and
BA2 (solid and dashed
lines). (c) Cases BF1 (dot-
ted lines) and BA1 (dashed
lines). The lower dashed
line also applies to IP1. (d)
Cases BF2 (dotted lines),
BA2 (dashed lines), and IP2
(solid lines). (e) Cases IMF1
and IMF2 (solid lines), BF1
(dotted lines), and BF2
(dashed lines). (f) Cases
IMA1 and IMA2 (solid
lines) and BA2 (dotted
lines). The lower solid line
and the upper dotted line
also apply to BAI.

Tp = (1 — s)((% + xg)(l + - ’zt(l,] + 7;2)) (16)

Local stability analysis shows that the M allele will
invade a population fixed for m if ¢t > 4s/(3 — 3s),
the same condition as for the invasion of a paternally
inactivated « into a population fixed for A. Stable fixa-
tion of M, however, requires larger values of ¢for a given

s: 1> 8s/(6 — 9s).
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Case BA2: If we now assume that the modifier M affects
expression of A in both sexes, Equations 15 and 16
become

3304
2 4 8 2

w0l

% 7Y xt
* @((M - 2)(1 * 8) gLt 2;;1)))

Tl = (1 — s)pQ((;z + x3>(1 + 0 — %’5(1 - f;")) (17)

and

o X At L
Tufh (x1+ 2)(1 +p24)+ 8<pl+ 2)

T = (1 - S>((§ + x3)<1 +) - %(pl + %)) (18)

The successful invasion of M now requires ¢ >
(V64 — 8s + s — 8 + 5s) /(3 — 3s), although the con-

dition for fixation is identical to that for case BA2.

ANALYSIS

Local stability analysis results are summarized for all
cases in Table 6.

Paternal inactivation: Case IP1 is notable as the only
one of our models that fails to divide s-t parameter space
in three, because no polymorphic equilibrium (either
stable or unstable) exists. In contrast, case IP2 produces
the same pattern as seen in all SPENCER et al’s (1998)
models of autosomal imprinting due to genetic conflict:
a region of parameter space between the two stable
fixations in which a polymorphic equilibrium is locally
(and indeed, globally) stable (see Figure la). Hence,
one effect of multiple paternity on paternal X-locus
inactivation is the possibility of polymorphism in im-
printing status.

A second effect of multiple paternity can also be seen
in Figure la: it reduces the proportion of parameter
space leading to paternal inactivation for growth en-
hancers (sand ¢ > 0) and increases it for growth inhibi-
tors (s and ¢ < 0). This result is the same as in the
autosomal models (SPENCER e al. 1998) and fits with
the verbal prediction of the genetic-conflict hypothesis.

We can also make comparisons between these X chro-
mosome models and the corresponding autosomal
models of SPENCER et al. (1998) as to how they partition
parameter space. For example, SPENCER et al’s (1998)
P-OP1 is directly comparable to IP1, differing only in
that the former models an autosomal locus rather than
an X-linked one. It turns out that the condition for the
invasion of the imprintable « allele is the same in both
cases: t> 4s/(3 — 3s). Under the IP1 model, this inequal-
ity is also the condition for fixation of a; under P-OPI,

however, fixation of imprinting is not stable unless ¢ is
somewhat larger, ¢ > 4s/(3 — 4s) (see Figure 1b). In
between these values a stable internal equilibrium exists.
Hence, for a paternally inactivated locus in a monoga-
mous population, the effect of being sex linked (as
opposed to autosomal) is to (i) eliminate the possibility
of a polymorphism in imprinting status and (ii) increase
the proportion of parameter space favoring the evolu-
tion of pure imprinting. This second conclusion also
applies to a bigamous population as Figure 1c shows:
the t threshold for the successful invasion of « is the
same in both IP2 and P-OP2, but the threshold for its
fixation is higher in the latter: ¢ > 2s/(1 — 2s) in P-OP2
vs. 4s/(2 — 3s) in IP2.

Maternal inactivation: As in the autosomal models of
SPENCER et al. (1998), there is no effect of multiple
paternity on the likelihood of maternal inactivation,
whether this inactivation applied to all offspring (cases
IMAI and IMA2) or female offspring only (cases IMF1
and IMF2). Both these cases permitted polymorphism in
imprinting status for certain parameter combinations.
Comparing these pairs of cases (see Figure 1d) shows
thatimprinting is more likely to evolve if the inactivation
affects female offspring only.

Cases IMAI and IMAZ2 have stability conditions, equi-
librium values, and mean fitnesses identical to those for
the corresponding autosomal P-OM1 model of SPENCER
et al. (1998), even though the iterations are necessarily
different (since IMA1 and IMA2 have separate equa-
tions for males and females). Thus, there is no effect
of autosomal vs. sex-chromosome inactivation if all off-
spring are imprinted. But if only female offspring are
imprinted, cases IMF1 and IMF2 (Figure 1d) show that
X chromosome inactivation can invade for all parameter
values for which autosomal inactivation can invade, as
well as at other values for which autosomal inactivation
fails to evolve. X chromosome inactivation is thus more
likely than autosomal inactivation.

Direction of imprinting: Since the invasion and fixa-
tion condition for « in case IP1 is the same as that for
invasion in IMAI, Figure 1d also allows us to predict
the direction of imprinting under strict monogamy. If
maternal inactivation affects both sexes, fixation of a
paternally inactivated allele is more likely than that of
one that is maternally inactivated, whether the gene
inhibits or enhances growth. This increased likelihood
comes completely at the expense of the likelihood of
polymorphism in imprinting; the regions of parameter
space favoring fixation of the unimprintable A are iden-
tical.

If maternal inactivation affects just female offspring,
again, under strict monogamy, fixation of a paternally
inactivated allele is more likely than that of an allele
that is maternally inactive (Figure 1d). Nevertheless, a
maternally inactivated allele can successfully invade over
a greater part of parameter space than a paternally inac-
tivated allele and reach a stable polymorphism not possi-
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TABLE 6

Fixation-equilibria stability conditions and polymorphic equilibria

Condition for a or M to

Case Invade Fix Polymorphic equilibrium
Pl s PR No
3 —3s 3 —3s
P9 > 2s [~ 4s ﬁ:s(4+3t) -2t
1—5 2 — 3s st
. [s — C oA — . -2
IMF1 > 8s > 2(6 — 95 36 — 4ds + 957) Complicated
6 — bs -8 + 9s
— — A\ — + 2
IMF2 1> 8s > 2(6 — 9s 36 — 44s + 957) Complicated
6 — b5s -8 + 9s
IMA1 > 4s . 4s ﬁ:4s(1+t) — 3t
3 —3s 3 —4s st
IMA2 (> 4s . 4s 5= 4s(1 + t) — 3¢
3 — 3s 3 —4s st
3 — 2 . . . .
BF1 t>8 W -1 Numerical solution (Figure 2a) Not found analytically
-
25 — 17s . . . .
BF2 > 2 __—, 5 Numerical solution (Figure 2a) Not found analytically
-
4s .
BA1 > 1> — Not found analytically
3 — 3s 3(2 — 3s)
V64 — s(8 — 5) — 8 +
BA2 > 64— s(8 — 9 — 8+ Bs 1> — Not found analytically
3(1 — ) 3(2 — 3s)

ble for the latter. Again, these conclusions apply to both
growth enhancers and inhibitors.

When females are strictly bigamous, however, we ob-
tain results more in accord with the genetic conflict’s
verbal predictions. Figure le shows that for growth en-
hancers (s, t > 0), both the curves for IP2 are above all
those for IMF2 and IMAZ2, so inactivation is likely to be
maternal rather than paternal, regardless of whether
maternal inactivation occurs in all offspring or only in
females. For growth inhibitors, the situation is reversed,
and so they are more likely to be maternally active.

Biallelic modification: Figure 2a shows that multiple
paternity has the same effect in the biallelic modifier-
of-female-offspring models that it has in the models of
autosomal and paternal X chromosome inactivation: it
becomes easier for biallelic modifiers of growth inhibi-
tors to invade and fix but more difficult for biallelic
modifiers of growth enhancers to do so. If the modifier
allele is expressed in both male and female offspring,
however, multiple paternity has no effect on the likeli-
hood of fixation; it only makes polymorphism more
likely for growth inhibitors and less likely for growth
enhancers (Figure 2b).

We can also predict which sort of modifiers—those

affecting just female offspring or those affecting all off-
spring—is more likely to invade by considering Figure
2c for the monogamous and Figure 2d for the bigamous
case. Under monogamy, modifiers that affect only fe-
male offspring are clearly more likely to succeed, and
that is also true under bigamy for modifiers of growth
inhibitors. For modifiers of growth enhancers, however,
female bigamy causes modifiers affecting offspring of
both sexes to invade and fix over a greater part of param-
eter space.

Imprinting or modification? Figure 2c reveals that,
under strict monogamy, biallelic modifiers of female
offspring are more likely to invade than paternally inac-
tivated alleles, which (except for the effects of masking)
are as likely to invade as modifiers of both sexes. But
fixation of paternally inactivated alleles is more likely
than fixation of either sort of modifier. Under strict
bigamy, however, we find that for growth enhancers,
modifiers are more likely to invade and fix, whereas
growth inhibitors are more likely to be imprinted (Fig-
ure 2d). This deduction implies that growth inhibitors
rather than growth enhancers are likely to be paternally
inactivated.

The corresponding comparisons are made for mater-
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nal inactivation in Figure 2, e and f. Comparing alleles
that are imprintable only in female offspring with bial-
lelic modifiers of female offspring (Figure 2e), we see
that, for growth enhancers, imprinting is more likely
than modification, whatever the mating system. For
growth inhibitors, however, multiple paternity is needed
to make imprinting less likely than modification. Figure
2f allows us to compare the regions of parameter space
for the cases in which alleles are imprinted in all offspring
with those in which modification occurs in all offspring.
For growth enhancers, imprinting is more likely only
under multiple paternity; conversely, for growth inhibi-
tors, multiple paternity favors invasion of modification
(but fixation of imprinting). With monogamy, modifi-
cation and imprinting of both growth enhancers and
inhibitors are equally likely to invade (ignoring masking
again), although the latter are more likely to fix. Given
that most if not all mammals show some degree of multi-
ple paternity, we are left with the conclusion that growth
enhancers rather than growth inhibitors are likely to be
maternally inactivated.

Note also that Figure 2, e and f, shows that polymor-
phism in imprinting status is more likely to evolve than
modification, for both growth enhancers (which will
likely be maternally inactivated) and growth inhibitors
(which will likely be paternally inactivated). This finding
mirrors that of SPENCER et al. (1998) for autosomes, but
it is not evident from verbal versions of the genetic-
conflict hypothesis.

DISCUSSION

The models developed and analyzed above show that
most of the findings of SPENCER et al. (1998) about the
consequences of genetic conflict at autosomal loci are
replicated for X-linked genes. Given some degree of
multiple paternity, growth enhancers are more likely to
be maternally inactivated and growth inhibitors pater-
nally so, confirming the primary verbal prediction of the
genetic-conflict hypothesis (HaiG and GrRanaMm 1991;
Haic 1992). Moreover, both of these effects are more
likely than biallelic modification that has the same fit-
ness consequences.

Multiple paternity is not necessary for imprinting to
evolve, but it makes the above directional outcomes
more likely. For example, with strict monogamy, the
fixation of a paternally inactivated growth enhancer is
more likely than that of one that is maternally inacti-
vated in offspring of both sexes. Even with multiple
paternity, imprinting can occur in the opposite direc-
tion from that predicted by the genetic-conflict hypothe-
sis in suitable parts of parameter space.

Another point of agreement with the results of the
autosomal modeling of SPENCER et al. (1998) is that
imprinting need not evolve, even under conditions that
would seem to favor it under verbal versions of genetic
conflict. For instance, in none of the cases of maternal

inactivation (IMA1, IMA2, IMF1, and IMF2) would an
imprintable growth enhancer with s = 0.42 and ¢ = 0.84
invade, let alone fix, even though the cost of imprinting
to an individual (s) matches the family-level benefit to
that individual (¢/2). This finding is important because
in the autosomal model of MocHI1ZUKI et al. (1996),
which used a hybrid quantitative genetic-game theory
approach, any degree of multiple paternity led to the
evolution of imprinting. For a more detailed critique
of the game-theoretic approach to modeling the evolu-
tion of imprinting see WEISSTEIN et al. (2002).

Polymorphism in imprinting status—the presence in
a population of both imprintable and unimprintable
alleles at a stable internal equilibrium—is another find-
ing matching that derived from autosomal models
(SPENCER et al. 1998). Importantly, such outcomes can
occur in parts of parameter space where biallelic modi-
fication cannot and so may be an expected consequence
of genetic conflict. Admittedly, we know of no examples
of such loci, although we note that few X chromosome
loci are known to be imprinted in any way (MORISON
et al. 2001; but see DAvIs et al. 2001). At least two autoso-
mal examples of polymorphism in imprinting status are
known: the Wilm’s tumor suppressor gene, WTI'l, on
human chromosome 11 (JINNO e/ al. 1994) and the
serotonin-2A (5-HT,,) receptor gene, HTR2A, on hu-
man chromosome 13 (BUNZzEL et al. 1998). [Polymor-
phism in X-inactivation status is also known for at least
two genes (ANDERSON and BROWN 1999; CARREL and
WILLARD 1999).] Moreover, because such polymor-
phism may be difficult to detect, careful analysis of
known cases of imprinting may well reveal more exam-
ples of polymorphic imprinting status.

Several important contrasts can be made between the
results of the above sex-chromosome models and those
of the autosomal models of SPENCER et al. (1998). The
model of paternal inactivation at a sex-linked locus un-
der strict monogamy is the only case that does not afford
polymorphism in imprinting status for any part of pa-
rameter space. More importantly, however, genetic con-
flict leads to imprinting on sex chromosomes more eas-
ily than it does for autosomes, no matter what level
of multiple paternity applies. Given that the meager
evidence concerning the direction of imprinting in ac-
tual cases of X chromosome imprinting contradicts both
the verbal and model-derived predictions of genetic
conflict, we agree with Iwasa and POMIANKOWSKI
(1999) that it is an unlikely explanation for X chromo-
some imprinting in general.

Itis important to understand just what we mean when
we argue that certain outcomes are more likely than
others. We are not saying simply that these outcomes
occur over large parts of parameter space; there are two
reasons for denying this link. First, the way in which
parameter space is measured—e.g., an arithmetic or a
log scale—affects the size of different portions. Second,
parts of parameter space that are small no matter how
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they are measured can easily be reached by natural
processes. Indeed, selection may be adept at finding
such places, as in the case of the regions of parameter
space of the standard viability selection model that main-
tain many alleles (SPENCER and MARKS 1988; MARKS
and SPENCER 1991). In short, likely outcomes need not
correspond to large parts of parameter space. Neverthe-
less, if a part of parameter space corresponding to one
event is a subset of another, then we can make the
qualitative deduction that the first event is less likely than
the second, even if we cannot quantify this difference. In
all cases above, our conclusions about the relative likeli-
hoods of certain outcomes are based on the relevant parts
of parameter space being subsets of others.

The failure of the genetic-conflict hypothesis to ac-
count for the apparent direction of imprinting of sex-
linked genes led Iwasa and PoMiaNkowskr (1999,
2001) to propose an alternative hypothesis that im-
printing evolved under differential selection on males
and females to enhance sex-linked expression. Because
eutherian females are a mosaic of cells with paternally
and maternally inactivated X chromosomes, expression
of X-linked genes in females is expected to be the aver-
age of expression levels on each chromosome, whereas
in males it is simply that from the sole, maternal, X.
Down-regulating a paternal gene and upregulating the
maternal copy thus allows greater expression in males
than in females, whereas imprinting in the opposite
direction permits preferential expression in females.
Hence, the imprinting of genes that underlie characters
subject to differing selection pressures in males and
females will also be favored by selection. Clearly, this
hypothesis should be examined in a way similar to that
above; in particular, we would like to know whether
imprinting or biallelic modification is favored.

Iwasa and PomiaNkowskI's (1999) hypothesis can,
in fact, be generalized to autosomal loci. Imprinting at
any locus causes offspring to resemble one parent—the
one transmitting the active copy of the gene—more
than the other (SPENCER 2002). Hence, selection pres-
sures that favor offspring being more like one parent
than another will also favor the imprinting of the rele-
vant genes. For X-linked loci, the different ploidy levels
in males and females allow this parental resemblance
to be limited to or enhanced in offspring of just one
sex, but for autosomal genes offspring of both sexes
are affected equally. Nevertheless, there are numerous
potential characters that fit this scenario. For example,
in many mammal species, males disperse much farther
from their birthplace than do females. Hence, any pre-
dispersal juveniles that exhibit locally adapted features
more like their mothers will have a selective advantage.
An example that could be well worth examining in more
detail (since we know its genetic basis) is coat color in
the rock pocket mouse, Chaeotodipus intermedius (HOEK-
STRA and NacHMAN 2003). Intriguingly, this scenario
may also apply to angiosperm plants, the only group in

addition to mammals in which genomic imprinting has
been unambiguously recognized (ALLEMAN and Doc-
TOR 2000), since pollen can often travel great distances.
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APPENDIX A: ANALYSES FOR IMPRINTING CASES

Case IP1: We use case IP1 as an example; the other
cases are similar, except where noted below. To carry
out local stability analysis we first find the leading eigen-
value for the system (1) and (2) linearized around the
first equilibrium (x =1,y=0,z2=0,p=1,and ¢ =
0), which is given by

)\1=i1+\/9+6t—2s(4+3t). (A1)

Fixation of the unimprintable allele is locally stable
whenever \; < 1, which requires

45

<< —.
3(1 — )

(A2)
Similarly, the leading eigenvalue for the iterations
around the second equilibrium (i.e, x =0,y =0, z =
1, p=0,and ¢ = 1) is given by

A = 1(1 N \/3(12 T -sH30) e
4 (1 — s5)(4 + 30)
and so local stability, requiring A\, < 1, implies
(>3 (A4)
3(1 — )

Hence, the imprinting fixation is locally stable if and
only if the nonimprinting fixation is not and vice versa.

The equilibria for case IP1 also have the quasi-Hardy-
Weinberg property found in the autosomal models of
SPENCER et al. (1998). If we write Pfor x + y/2, Q=1 —
P, and B = p/ T}, Equations 1 and 2 give

x' = PB

y =P(1 - B) + QB

7= Q1 - B

y =P

q=Q (A5)

Since P’ = (P + B)/2, at equilibrium = P = Band
so (£ % 2) = (p% 2p¢, ¢*). Global stability can be demon-
strated using the method of KArRLIN (1972; see also
SPENCER et al. 1998), by first noting that

1 1
P+ —pQ + —qP
P QpQ P

1P’

, 1 1
Q' = qQu + §PQ + §qP0L (A6)
in which o = (1 — s)(1 + 3t/4). Then writing u = p/q
and v = P/Q we have v’ = vand

y uv + u/2 + av/2

= . (A7)
a+ u/2 + av/2

Consideration of the partial derivatives du'/du, du’/dv,
v’ /du, and 9v' /dv shows that the transformation (', v')
is bimonotonic, which completes the proof.

Case IP2: Deriving the conditions for local stability
at all three equilibria is straightforward. The equilibria
also have the quasi-Hardy-Weinberg property if we in-
stead write

5o PO /)

T (A8)

We have been unable to prove the global stability result,
however, although we suspect, from extensive simula-
tions as well as the structure of the model, that it does
hold.
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Case IMF1: Deriving the conditions for local stability
at the two fixation equilibria is straightforward. The
expression for the allele frequency at internal equilib-
rium is extremely long and so is not given here, but may be
obtained from H. G. Spencer or http:/www.otago.ac.nz/
zoology/research/spencer. Moreover, we have not been
able to prove the conditions under which it is feasible
or stable. Nevertheless, 10° simulations of Equations 6
and 7 with values of sand ¢independently and randomly
sampled from the uniform distribution over [—1, 1]
and random initial genotype frequencies confirm the
intuitively appealing suggestion that, for values of ¢ vio-
lating the conditions for local stability of the fixations,
the internal equilibrium is feasible and stable. No cases
of cycling were detected: indeed, apart from some fluc-
tuations in the first few generations, all simulations ap-
proached one of the three equilibria monotonically.

Case IMALI: This case is straightforward, being very
similar to case IP2.

APPENDIX B: LOCAL STABILITY ANALYSES FOR
BIALLELIC MODIFIER CASES

Case BF1: Standard local stability analysis provides
the condition for the local stability of the fixation of m
shown in Table 6. Unfortunately, at the fixation of M
(te, 0= =p =0,x=p=1), theleading eigenvalue
for the linearized system of iterations is identically one,
which provides no information about the local stability
(EpELSTEIN-KESHET 1988). This propertyis a direct con-
sequence of the dominance of M, which causes the rate
of approach to fixation to be very slow. Moreover, we
have not been able to discover an analytical solution for

the polymorphic equilibrium that extensive simulation
shows is always present. Hence, we used a numerical
approach.

For a fixed value of s, we took an initial estimate of
the value of ¢ on the border between the regions of
parameter space leading to fixation of M and stable
polymorphism of M and m. Starting near the fixation
of M (% = 0.001, x, = 0.02, and p, = 0.01), we then
iterated Equations 12 and 13 until the sum of the
changes in the absolute values of these three variables
was <107! or else 10° iterations had been made. The
slow approach to fixation indicated by the leading eigen-
value being 1 necessitated such high values. If the sum
of the final values for these three variables was <1077,
the system was considered to have reached fixation;
otherwise the system was held to have iterated to the
polymorphic equilibrium. This threshold might seem
rather high, but was again necessitated by the slow ap-
proach to equilibrium. If fixation occurred, a smaller
value of ¢ was then tested; conversely, if polymorphism
was reached, a larger value of ¢ was chosen. Some 15
values of ¢ were eventually tested, the last retained as
the estimate of the critical value. Several values were
then checked by substituting both sand ¢into Equations
12 and 13, which were then solved analytically. This
check revealed that this procedure slightly overesti-
mated ¢’s true value, by ~~0.0058, and so this number was
subtracted from all estimates. These corrected values are
plotted in Figure 2a.

Case BF2: Standard local stability analysis again failed
at the fixation of M and so we used the numerical pro-
cess described above to estimate the critical value. It
again slightly overestimated the true value and we cor-
rected by subtracting 0.0070 from all values.






