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ABSTRACT

Mutational load depends not only on the number and nature of mutations but also on the reproductive
mode. Traditionally, only a few specific reproductive modes are considered in the search of explanations
for the maintenance of sex. There are, however, many alternatives. Including these may give radically
different conclusions. The theory on deterministic deleterious mutations states that in large populations
segregation and recombination may lead to a lower load of deleterious mutations, provided that there
are synergistic interactions. Empirical research suggests that effects of deleterious mutations are often
multiplicative. Such situations have largely been ignored in the literature, since recombination and segrega-
tion have no effect on mutation load in the absence of epistasis. However, this is true only when clonal
reproduction and sexual reproduction with equal male and female ploidy are considered. We consider
several alternative reproductive modes that are all known to occur in insects: arrhenotoky, paternal genome
elimination, apomictic thelytoky, and automictic thelytoky with different cytological mechanisms to restore
diploidy. We give a method that is based on probability-generating functions, which provides analytical
and numerical results on the distributions of deleterious mutations. Using this, we show that segregation
and recombination do make a difference. Furthermore, we prove that a modified form of Haldane’s
principle holds more generally for thelytokous reproduction. We discuss the implications of our results
for evolutionary transitions between different reproductive modes in insects. Since the strength of Muller’s
ratchet is reduced considerably for several forms of automictic thelytoky, many of our results are expected

to be also valid for initially small populations.

NE of the main dilemmas of evolutionary biology
is that for all else being equal asexual populations
have a twofold fitness advantage over their sexual coun-
terparts (WiLLIAMS 1975; MAYNARD SMITH 1978). Thus,
whenever the two reproductive strategies compete, the
elimination of the sexual mode of reproduction is ex-
pected, unless there are factors that counterbalance its
disadvantages. Nevertheless, most eukaryotes reproduce
sexually (BELL 1982; DyBpDAHL and LiveLy 1995). There-
fore, several theories have been developed to explain
the maintenance of sexual reproduction (see KONDRA-
sHov 1993; HursT and PEck 1996; PEcCK et al. 1998;
WEST et al. 1999).

One of the main theories that are currently used is
the “deterministic deleterious mutation theory,” pro-
posed by KONDrRASHOV (1982, 1984). He showed that in
large populations segregation and recombination may
lead to a lower mutation load if there are synergistic
interactions between deleterious alleles. This has led
to much theoretical work on epistatic effects of such
mutations (e.g., CHARLESWORTH 1990; OTTO and FELD-
MAN 1997; BARTON and CHARLESWORTH 1998). Empiri-
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cal results, however, seem to indicate that it is doubtful
whether such interactions indeed occur. It seems more
likely that in many species effects of mildly deleterious
mutations are more or less multiplicative (WrLLis 1993;
ELENA and LENSKI 1997; OTTO 1997; but see RIVERO et
al. 2003).

In the absence of epistasis, recombination has no
effect on expected viability of females in sexual popula-
tions with equal male and female ploidy. Furthermore,
their expected mutational load is then equal to that of
clonally reproducing females. Probably because of this,
the theoretical study of the evolutionary effects of dele-
terious mutations with multiplicative fitness effects was
neglected. This may, however, have been premature.
For instance, SILLER (2001) showed that even without
synergy, sexual reproduction does reduce the mutation
load if there is a stronger selection against deleterious
mutations in males than in females. This occurs, for
instance, if females prefer to mate with males that have
alower mutation load. His results indicate that multipli-
cative fitness effects should not be ignored a priori.

In previous studies only two modes of reproduction
were considered, i.e., diplodiploid (or haplohaploid)
sexual and clonal asexual reproduction. However, many
other modes of reproduction exist. An alternative sexual
reproductive mode is, for instance, arrhenotoky, where
males are produced parthenogenetically and are hap-
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loid, whereas females are diploid and produced from
fertilized eggs. This occurs in many insects, especially
in the Hymenoptera (e.g., NORMARK 2003). Since the
difference in ploidy will lead to different selection pres-
sures on males and females, similar effects as found
by SILLER (2001) can be expected to occur. Likewise,
asexual reproduction is not always clonal, but involves
meiosis and recombination in many organisms (so-
called automictic thelytoky). Thus, depending on the
cytological mechanism, recombination rate can affect
expected viability in asexuals. As we show, this also oc-
curs when fitness effects of deleterious alleles are multi-
plicative.

We present a method for calculating long-term ex-
pected viabilities when there are multiplicative effects,
based on probability-generating functions, which can
be used to derive analytical and numerical results on
expected viabilities. Our method resembles the one in-
troduced by DawsoN (1999), based on cumulant-gener-
ating functions. However, he considers only one-dimen-
sional generating functions, corresponding to systems
where both males and females are effectively haploid
and, as a consequence, segregation and recombination
are equivalent.

We study asymptotic expected viabilities of popula-
tions with several sexual and asexual modes of reproduc-
tion, which are all known to occur in insects (e.g., NOR-
MARK 2003), but are also used by other organisms (e.g.,
SUOMALAINEN et al. 1987). This leads to surprising re-
sults. For instance, it appears that recombination is dis-
favored for some modes of sexual reproduction whereas
it is favored in some asexual cases. Furthermore, we
prove that a modified form of Haldane’s principle, which
states that long-term mutation load depends only on
the mutation rate and not on the selection pressure
(HALDANE 1937), holds for thelytokous reproduction
in general.

MODES OF REPRODUCTION

We consider the following reproductive modes:

Diplodiploidy (amphimixis): This is the most well-
known mode of sexual reproduction, where males
and females are both diploid and produced from
fertilized eggs.

Haplodiploidy: There are two different possibilities: ar-
rhenotoky, where males are haploid and produced
from unfertilized eggs and females are diploid and
produced from fertilized eggs, or paternal genome
elimination (PGE), where eggs are all fertilized but
males do not pass their paternal genome to their
offspring. In the latter case there are again two possi-
bilities: males are somatically diploid but in sperm
only the maternal genome is retained, or males are
somatically haploid; i.e., their paternal genome is de-
stroyed before embryogenesis.

Thelytoky: Females produce only daughters, from unfer-
tilized eggs. There are two types of thelytokous repro-
duction: apomixis—clonal reproduction, which can
be diploid or polyploid—and automixis, a meiosis
that takes place after which diploidy is restored. Resto-
ration of diploidy in the case of automixis can happen
through six different cytological mechanisms, which
are described by SUOMALAINEN et al. (1987; see also
WHITE 1973). We use their terminology. The genetic
consequences of four of the mechanisms are illus-
trated in Figure 1. In all cases the first three steps are
the same and identical to the procedure in a normal
meiosis: chromosome duplication is followed by re-
combination, which results in four chromosome sets.
Although no real gametes are produced, we refer to
these chromosome sets as “gametes” for convenience.
The different chromatids are labeled with letters a'-d’
and the gametes with letters a—d in Figure 1. Gametes
and chromatids are characterized by the origin of
their centromere. The gametes ¢ and b are homolo-
gous, and so are cand d. Zygotes are formed by dupli-
cation and/or combinations of the gametes. The
mechanisms differ in the way this is done:

Gamete duplication: The cleavage nuclei fuse, or the
halves of the divided chromosomes of the cleavage
nuclei remain in the same nucleus. The chromosome
sets are all duplicated and from the resulting pairs
one is randomly selected to become the zygote.

Terminal fusion: The second polar nucleus fuses with the
egg nucleus. One of the pairs of gametes (a, b) and
(¢, d) is randomly chosen to form the zygote.

Central fusion: The two central polar nuclei fuse. The
pairs (a, b) and (¢, d) act as two parents that produce
the zygote together, so there are four possible combi-
nations. One of those is randomly selected.

Second meiotic spindles fusion: This mechanism was de-
scribed by NARBEL-HOFSTETTER (1964) for Apterona
helix. The result is that there are three possible zygote
genotypes that occur with unequal probabilities. Suo-
MALAINEN ef al. (1987) refer to this as “mechanism
D” and list chances 1/6, 4/6, 1/6 rather than the
ones we use (1/4, 1/2, 1/4; ¢f Figure 1) for the
three zygote genotypes. This is, however, due to an
erroneous interpretation of the cytological mecha-
nism of the process described by Narbel-Hofstetter
(L. W. BEukeBoOM and L. P. PIJNACKER, personal
communication).

There are two additional automictic mechanisms,
which are equivalent to apomixis with respect to their
genetic results:

Gonoid thelytoky: The parthenogenetic egg undergoes
two meiotic divisions, and the chromosomes pair at
the second meiotic prophase.

Premeiotic doubling: A premeiotic doubling of chromo-
some number is reduced through meiosis.
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MODEL ASSUMPTIONS
Throughout we make the following assumptions:

i. The population size is large, so that Muller’s ratchet
does not operate.

ii. Generations are discrete, with the relevant steps in
the life cycle occurring in the order: selection—
mutation-recombination and reproduction.

iii. Fitness effects of deleterious mutations are multipli-
cative with a selection coefficient that depends on
the ploidy of the individual.

iv. The number of mutatable loci is so large that the
probability of homozygosity due to new mutations
or segregation in sexual populations can be ig-
nored.

v. Mutation rate is constant. The numbers of new mu-
tations per haploid genome are independent Pois-
son distributed with expectation \/2.

vi. Loci are unlinked (see below).

vii. In sexual populations there is random mating.

Assumptions i, iv, v, and vii are as found in the standard
literature (KoONDRASHOV 1982, 1984; S1L.LER 2001). The
order of the steps in assumption ii is natural for haplo-
diploids as well as diploids if it is assumed that viability

tion (the resulting chromo-
some sets are labeled a-d;
the centromeres of @ and b
have the same origin, and
so do those of ¢and d; and
in this case recombination
has led to an exchange of
the deleterious allele be-
tween chromatids 4" and ¢');
4, zygote genotypes and
their expected frequencies
for the different mecha-
nisms.

selection occurs. However, KONDRASHOV (1984) consid-
ers organisms with selection at the haploid stage, with
the life cycle mutation—-mating—recombination—selec-
tion. In his model recombination is synonymous to re-
production, as is also true for the models where haplo-
types are considered.

Note that the formation of the gametes, exemplified
in the top half of Figure 1, is the same in sexual females
as in automictic ones. In sexual females a’ and 4" corre-
spond to the maternally derived chromatids and ¢ and
d' to the paternally derived ones. If we denote deleteri-
ous alleles by a “1” and wild-type alleles by a “0” (a
notation that we use throughout), the configuration at
a certain locus on the chromatids can be denoted by a
set of four binary numbers, indicating the allele type at
thatlocus on, respectively,a’, b’, ¢, and d'. For instance,
in the example of Figure 1 the initial chromatid state
at the locus containing the deleterious allele is (0, 0, 1,
1). Similarly, after recombination has taken place the
gamete configuration at a locus can be represented by
such a set of binary numbers, in the example of Figure
1by (0, 1,0, 1). Table 1 shows all the six possible gamete
states for loci at which the parent is heterozygous. We
denote the total number of occurrences of gamete state
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TABLE 1

Gamete configurations of deleterious mutations

Gametes
State a b c d No. loci
1 1 1 0 0 b
2 0 1 1 0 Yo
3 1 0 0 1 Vs
4 1 0 1 0 V4
5 0 1 0 1 Vs
6 0 0 1 1 Vo

Overview of possible configurations of deleterious muta-
tions over the gametes at loci at which a female is heterozy-
gous. Deleterious alleles are denoted by 1, wild-type alleles by
0. Column 1, numbering of the states. Columns 2-5, distribu-
tion of deleterious mutations over the gametes. Gametes are
labeled as in Figure 1. Column 6, the total number of loci at
which the gamete configuration occurs.

iat loci with initial chromatid state (1, 1, 0, 0) by n; and
those at loci with initial chromatid state (0, 0, 1, 1) by
m; (i=1,...,6),s0in Table 1 y; = n; + m; Assumption
vi implies that the numbers {n;, . . ., ng} and {m, . . .,
mg} are independent and multinomially distributed (see
Equation B3). The recombination model determines
the parameters of those distributions.

There are many different recombination models (see,
e.g., LANGE 2002, for an overview), but some general
considerations will hold for most of them. Let r be a
measure of recombination rate, where r = 0 corre-
sponds to absence of recombination. If the initial chro-
matid state at a certain locus is (1, 1, 0, 0) and there is
no recombination, the gamete configuration at that lo-
cus will be of type 1. States 2-5 can all be produced by
exchanging alleles between one pair of nonhomologous
chromatids, whereas to reach state 6 two such changes
are required. Thus, it is reasonable to assume that with
this initial condition the probabilities of reaching ga-
mete states 2-5 are all equal and initially (for low values
of r) lower than the probability of ending up in state 1
but higher than the chance of gamete state 6. Further-
more, for r = 0 the probability that the gamete state is
1 equals one and as r becomes infinitely large all states
have equal probability. We denote the probability of
gamete state 1 if the initial chromatid state is 1 by m(r),
that of states 2-5 by my(r), and that of state 6 by (7).
It appears that the exact form of these probabilities
does not affect the results very much. Here, we use the
following expressions,

m(r) = é + %e_m" + ée",
) = e,

m(r) = 1 — m(n) — 4my(r), 1)

which were derived from a continuous-time Markov
chain model for crossing over (see APPENDIX A). If the
initial chromatid state is (0, 0, 1, 1) the roles of states
1 and 6 are reversed, so in that case the probability of
gamete state 1 is m;(r) and that of state 6 is m (7).

CALCULATION OF EXPECTED VIABILITIES

For sexual diplodiploid populations or populations
with (diploid) apomixis it is a well-known fact that the
long-term expected viability depends only on the muta-
tion rate, and when the mutation distribution is Poisson,
as in our model, it equals ¢ * (e.g., BURGER 2000). The
same result holds for the automictic mechanisms that
have the same genetic consequences as apomixis, go-
noid thelytoky, and premeiotic doubling. Furthermore,
it can be shown to hold for PGE with male somatic
diploidy and for polyploid apomixis as well.

To calculate expected viabilities for the other, more
complicated, situations we use so-called probability-gen-
erating functions (PGFs) of the numbers of deleterious
mutations. The generating function of a random vari-
able x is defined by

F(z) = E[=], (2)

where E[-] denotes the expectation over x, and z is a
variable that can assume values between zero and one
(see, e.g, FELLER 1968). The generating function F{(z)
completely determines the distribution of x and can be
used to calculate its moments, such as, for instance,
expectation and variance. We derive recursion equa-
tions for the probability-generating functions of the
numbers of deleterious mutations per genome in suc-
cessive generations. Numerical iteration of such equa-
tions until the outcome is stable gives the PGFs of the
stable distributions of these numbers, which can be used
to calculate expected viabilities. We give an overview of
the derivation of the recursion equations in the main
text. Details of calculations are given in APPENDIX B.

Haplodiploid reproduction: It follows from assump-
tion iv that in females deleterious mutations occur only
in heterozygous form. Genotypes of females are repre-
sented by two numbers (7, m) where n is the number
of deleterious mutations on the maternal and m that
on the paternal chromosomes. Genotypes of somatically
haploid males are represented by one such number,
denoted by k. It is easily seen that for our purposes
arrhenotoky is equivalent to PGE with somatically hap-
loid males. Thus the results in this section hold for both
of these reproductive modes.

Populations are characterized by two probability-gen-
erating functions of the genotypes of females and males
at the start of the #th generation, just before selection,

G (2, ) = E(44), 2, » € [0, 1],
H,(z) = E(£), z € [0, 1], (3)
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where G, is a multivariate PGF (the two-dimensional
generalization of Equation 2; see, e.g., JOHNSON et al.
1997). Assumption iii implies that females of type (n,
m) have survival chance (1 — hs)"t", whereas males of
type (k) survive with probability (1 — os)*, where &s (the
selection coefficient per heterozygous locus in females)
and os (the selection coefficient per deleterious allele
in males) lie between 0 and 1. As a result the PGFs of
female and male genotypes after selection become

G((1 = h9)z, (1 = hs)z)

Gila =) = =0 T by, (1= k)
. H((1 — 0s)2)
HG) = ey (4)

Assumption vimplies that mutation changes the PGFs
to

Gl (u, ) = MV 270G (2, 2),
HY(2) = eMYVH (2). (5)

Recombination occurs only in the diploid females.
The possible configurations of deleterious alleles in the
four types of gametes a—d shown in Table 1 can be used
to derive the genotypes of the offspring. The number
of deleterious mutations in a haploid son is simply the
sum of the deleterious mutations on the female gamete.
We assume that all gametes have equal probability of
being used, so the PGF of the males in the next genera-
tion equals

H.(z) = iE[z-““%*”] + iE[z-“*“”ﬁ]
1 L 1 .
+ ZE[z)’z"',M"’}G] + ZE[ZM,»#M]. (6)

In APPENDIX B it is shown that this leads to

LG (1 = pM)z+ p, p(Nz+ (1 = p(n))

Ha() =3\ aromz+ (1 = p), (1 — p(0)z + p(n))
(7)

where
p() = m() + 2m (). ®)

Since mating is random (assumption vii) and males are
haploid, the PGF of the daughters is found by multi-
plying this function with the PGF of males, i.e.,

1.,
G (1, ) = §H, (%)

G/((1 = p(M)a + p(m, p(Nz + (1 — p(n))
+ G/(p(MNz + (1 — p(), 1 = p()a + p(n)/
9)
Combination of all the steps finally gives the recursion
equations:

G (a0 2) = metaray U Z 09)2)
2 H(1 — 0s)G(1 = hs, 1 — hs)
G((1 = hs)(p(n) + (1 = p()a), 1 — A)(p(Mz + (1 = p(n))) )
\+ G((L = k) (p(z + (1 = p()), (1 = k) (p(n) + (1 = p(N)z))/)
Ho(z) = leu\'m:fn 1

2 G(1 — hs, 1 — hs)
(G;((l = hs)(p(n) + (1 = p(MN)2), 1 = hs)(p(Nz + (1 = p(n))) )
+ G((1 = hs)(p(Mz+ (1 = p(n)), (1 = hs)(p(r) + (1 = p(n)2)/)

(10)

Automictic reproduction: Gamete duplication leads
to homozygosis after one generation, and recombina-
tion does not have any effect on the form of the distribu-
tion of the numbers of deleterious mutations per indi-
vidual. It can be shown easily that in this case the stable
distribution of the number of mutations per individual
is Poisson with mean N\/(2s), where A\ is the mutation
rate per diploid genome and s the selection coefficient
per homozygous locus. As a consequence, the expected
viability becomes ¢ 2,

To study the population genetic effects of the other
mechanisms it is mathematically convenient to distin-
guish two chromosome sets, although we cannot speak
of paternal and maternal chromosomes in this situation.
Thus, there are now three types of loci containing dele-
terious alleles, (1, 0), (0, 1), and (1, 1), and genotypes
are represented by three numbers (n, m, k), where n
and m represent the numbers of deleterious mutations
on the two chromosome sets at the heterozygous loci
and k is the number of loci that are homozygous for
deleterious mutations. Note that » and m have identical
marginal distributions, but are not independent. Since
there are only females we have to deal with only one
PGF. The distribution of (n, m, k) just before selection
in generation ¢is described by a three-dimensional PGF:

F(a, 2, ) = E(44%), a, 2 %€ [0,1].  (11)
Similar to the previous case, selection changes this
function to
E(L = hs)z, (1 = h9)z, (1 = 5)z)
E((L = hs), (1 = hs), (1 = 9))

F[’(Zl’ Z, Z%) =

(12)
and subsequent mutation gives

F(z, 2, ) = eVMP@t2 0 (2, 2, z).  (13)

The consequences of recombination and reproduc-
tion differ for terminal fusion, central fusion, and sec-
ond meiotic spindles fusion.

If the number of homozygous loci in the parent is &,
the different gamete combinations that can occur with
terminal fusion are a with b, which (see Table 1) gives
zygotes with genotype (y; + v, % + 3, k + y), and ¢
with d, leading to zygotes with genotype (yw + y;, y;3 +
¥, k + 95). Each of these combinations occurs with
chance 1/2. As a consequence
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1o yutys yetys b 1. g4y, yatys by
~ _ o VsTe Vet N e Ye V3T Y6
Foii(z, m, %) = —Elzn’ 'z z ']+ 55[21 Zy z '],

(14)
which gives

For(ans 20 ) = éFi’(QTrQ(Mz] Tz + Mz + m),
21y () (z + 2) + W(Nz + W(0), %)
+ %F?’(%z(r) ( + %) + Tz + W),

29(1) (21 + ) + (N2 + W(1) 2z, 2)
(15)

(see APPENDIX B).

For central fusion there are four possible combinations
(see Table 1 and Figure 1): a with ¢ gives zygotes with
genotype (y; + 93, yo + y5, k£ + y4); a with d gives zy-
gotes of type (y1 + yi, 5 + y5, k + y3); b with ¢ gives
zygotes of type (yi + y5, y4 + y5, k + y2); b with d gives
zygotes of type (y; + ys, ¥3 + 5, K + ;). Since gametes
are combined at random, these events all have probabil-
ity 1/4. It can be shown that this leads to

Fii(z, 2, %)

v (m(n) + m(n))z + (ma(r) + m3()z + m(n) (1 + 2z),
N(my() + ms())z + (m(n) + m(0))z + m(n) (1 + z), 2)

(16)

Finally, for second meiotic spindles fusion, there are
three possible combinations: a with a gives zygotes with
genotype (0, 0, k + y + y; + y,); d with d gives zygotes
of type (0, 0, k + y; + y; + y); b with ¢ gives zygotes
with genotype (y1 + %, y+ + y%, & + ). The first and
second combinations occur each with chance 1/4, and
the third one with chance 1/2 (see Figure 1). This
means that

Fii(z, 2, )

1
= ZFY((I —pMz t+p(), p(Nz + (1 —p), %)

+ iF7,(P(7)Zx + A =pM), (1 = pM)z + p(), )

i lF” (mi(n) + m(n)z + (me(1) + W () z + W) (1 + ),
2 \(m(n) + m())a + (M) + W)z + m() (1 + x), z)

(17)

with p(r) defined as in (8).

For each of the mechanisms, combination of the rela-
tion between F,, and F7 with (12) and (13) leads to a
recursion equation for the PGF. Their derivation is com-
pletely analogous to that of (10).

HALDANE’S PRINCIPLE FOR AUTOMICTIC
REPRODUCTION

Itis a well-known and very general result that in popu-
lations with clonal asexual reproduction and no epistasis
the expected viability does not depend on the strength

of the selection against deleterious mutations, but only
on the mutation rate (HALDANE 1937). This result,
known as Haldane’s (or the Haldane-Muller) principle
does not depend on the distribution of new mutations
per genome. We prove that a similar principle holds
for thelytokous reproduction: when #sis fixed, the value
of the selection coefficient s does not affect expected
population viability.

To illustrate the proof of Haldane’s principle, we give
an outline for terminal fusion. The proof is generalized
straightforwardly to the other mechanisms and to muta-
tion distributions other than the Poisson (see APPENDIX
c). First, we introduce some new notation. Note that
the shape of the PGF F(z, %, z;) depends on the values
of the parameters \, As, s, and r. For clarity of the proof,
we make the dependency on s explicit and write F(z,
%, %; ).

Filling in 0 for the values of z, %, and z in Equation
15 gives

F:1(0,0,0; ) = %Ff'(m(r), m(n), 05 5) + %Ff'(m(f), s (n), 05 9).

(18)
Substitution of (12) and (13) gives

£1:1(0, 0, 0; 5)

_ (,E((l — hs)ms(n), (1 — hs)m(n), 0; ) + (A — hs)ym (1), (1 — hs)ms(1), 0; 5)
‘ FQ—hs, 1 —hs, 1 — 55 ’

(19)

where C = Ye™N?m0OTm0O=2 and so, if we denote the
stable PGF by F, in the long run the expected fitness is

F(1 —hs, 1 — hs, 1 — s555)

_ C1‘1<(1 — h)ms(n), (1 = hy)mi (1), 05 5) + (1 = h)m(n), (1 = hs)ms(n), 05 5)
’ F (0,0, 0; s) ’

(20)

In APPENDIX C we prove that the conditional probabili-
ties Prin = x, m =3k =0] (x=0,1,...;y=0,1,
...) do not depend on s. This implies that we can write

F(x, v, 0;5) = Ex"nyr[n =4, m= jlk= 0]Pr[k = 0; s],
¥ (1)

so Pr[k = 0; s] cancels in the fraction on the right-hand
side of (20), which, as a consequence, does not depend
on s.

NUMERICAL RESULTS

Iterations of PGFs were performed with Mathematica
4.0. To this end the PGFs were discretized on a grid of
zvalues with intervals of 0.05 (and, where necessary, to
improve the accuracy of the result, 0.005). In all cases,
the functions converged. Iterations continued until the
sum of the absolute differences between successive val-
ues of the PGFs was <10~7". This usually occurred within
2000 iterations. Figure 2 shows the stable results with
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F1Gure 2.—Expected viabili-
ties of females for all reproduc-
tive modes. Parameter values
are A = 1, hs = 0.01, and
for haplodiploidy os = 0.05.
Haplodiploidy here implies ar-
rhenotoky or PGE with somati-
cally haploid males. Mecha-
nisms equivalent to cloning or
amphimixis are PGE with so-

matically diploid males, gonoid
thelytoky, and premeiotic dou-
bling.

0.70
Expected viability “\‘_\‘
0.65 i - - L Ll L 3 L 3 x x
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recombination rate, r

A = 1 and Ais = 0.01, which are the values that are most
commonly used in the literature.

Populations with haploid males have the highest ex-
pected viabilities. Viabilities increase with the selection
pressure on the males (when os = 1, the expected viabil-
ity is 0.980 for all 7, results not shown). In thelytokous
populations, the expected viability is the lowest with
apomixis (regardless of the ploidy level) or automixis
with gonoid thelytoky or premeiotic doubling. Then
central fusion follows, which does increasingly better
with higher recombination chances. Terminal fusion
attains the same viability as gamete duplication at r =
0, with only aslight decrease as rincreases. The expected
viability for second meiotic spindles fusion lies in be-
tween central and terminal fusion for small values of r,
but at high recombination rates it nearly reaches the
same value as gamete duplication. The expected viabili-
ties attained with amphimixis or PGE with somatically
diploid males are just as low as with apomixis.

Recombination affects only the expected viabilities of
populations with terminal, central, or second meiotic

spindles fusion. It can be seen from Figure 1 that when
there is no recombination (r = 0) terminal fusion is
equivalent to gamete duplication, whereas central fu-
sion corresponds to clonal reproduction. Recombina-
tion is disadvantageous with terminal fusion, since it
reduces the chances on homozygous loci. This decreases
the effectiveness of selection against deleterious muta-
tions. With central fusion, however, recombination en-
hances the chances of homozygosity and therefore im-
proves selection. It can be seen from Figure 2 that,
whereas the disadvantage for terminal fusion is only
slight, there is a huge advantage of recombination when
central fusion is used. As r tends to infinity, the right-
hand sides of Equations 15 and 16 both converge to
the same expression, which implies that for completely
free recombination the two mechanisms are equivalent.
Their expected viabilities converge to 0.601. Second
meiotic spindles fusion can be considered as a mixture
of gamete duplication and central fusion. Here, recom-
bination provides only a very slight advantage. The limit
value of the expected viability is in this case 0.605.
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number of deleterious mutations
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Ficure 3.—Illustration of the effect of recombination on
the distribution of male genotypes. Dashed lines, distributions
of numbers of deleterious mutations on gametes formed from
maternal and paternal chromosomes; solid lines, distributions
of number of deleterious mutations in males. (A) Without
recombination. (B) With recombination.

Recombination rate does not affect expected viability
in organisms with amphimixis or PGE with male dip-
loidy. Contrary to the standard results for sexual repro-
duction, however, Figure 2 illustrates that it does have
an effect on the expected viability of females when males
are haploid. Further numerical study indicates that the
magnitude of this effect decreases with os (results not
shown). The reason for the adverse effect of recombina-
tion is illustrated in Figure 3: because of the different
selection pressures on males and females, the distribu-
tions of deleterious mutations on paternal and maternal
chromosomes in females are different. Genotypes of
sons are formed by random selection from the gametes
formed from these two sets of chromosomes. The effect
of recombination on these distributions is to make their
expectations more similar and their variances broader,
with a net effect of making the variance of the mixture
distribution smaller. Thus, the variance in numbers of
deleterious mutations in males is decreased by recombi-
nation and this makes selection less effective. This ulti-
mately leads to a higher mutation load in females.

DISCUSSION

Our main conclusion is that, when reproductive
modes other than the “standard” sexual and asexual

ones are considered, both recombination and segrega-
tion may be found to affect mutational load in large
populations, even in the absence of epistasis.

Whereas recombination is neutral in sexual systems
when males as well as females are diploid, it is disadvan-
tageous as soon as males are somatically haploid. Our
explanation for this, illustrated in Figure 3, may also
account for other phenomena, such as the negative
effect of recombination on expected viability in systems
with strong synergistic or positive epistasis in diplo-
diploid systems (OTTO and FELDMAN 1997; PHILIPS ef
al. 2000). In that case the marginal distributions of num-
bers of deleterious mutations on paternal and maternal
genomes are identical, butit appears that under specific
conditions recombination may still lead to a lower vari-
ance of their mixture. This is a subject of further study.

Recombination affects mutational load in asexuals
in three of the six known cytological mechanisms of
thelytoky. In one of these cases increased recombination
strongly decreases mutational load and is therefore very
advantageous. This mechanism, central fusion, occurs
in, e.g., thelytokous strains of the parasitic wasp Venturia
canescens (BEUKEBOOM and PIJNACKER 2000; SCHNEIDER
et al. 2002) and in the cape honeybee Apis mellifera ca-
pensis (TUCKER 1958; VERMA and RUTTNER 1983). It
would be interesting to examine whether there are in-
deed high recombination rates in such species. A techni-
cal difficulty is, however, that this cytological mechanism
in the long run leads to homozygosity at loci far removed
from the centromere, which hampers the estimation of
recombination rates. In the other cases, terminal fusion
and second meiotic splindles fusion, recombination has
only a slight effect.

Expected viabilities are highest in haplodiploids, pro-
vided that males are somatically haploid and under a
stronger selection pressure than the heterozygous fe-
males. This shows that segregation can provide an ad-
vantage even without recombination. It also suggests
that deleterious mutations may have played an impor-
tant role in the origin of arrhenotokous systems (see
also GOLDSTEIN 1994).

Our findings indicate that in general haplodiploidy
and automixis should be more successful than amphi-
mixis or apomixis. This, however, is strongly at odds
with the empirical evidence. Automixis and apomixis
both appear to be associated with recent lineages, indi-
cating that in the long run they are relatively unsuccess-
ful against sexual reproduction. Furthermore, haplo-
diploidy is less abundant than diplodiploidy. Thus, the
model appears to be unable to explain the general pat-
tern concerning reproductive modes, and alternative
explanations may have to be considered (see HURST
and Peck 1996; Peck et al. 1998; WEST et al. 1999).

Our predictions can also be compared to empirical
results on frequencies of evolutionary transitions be-
tween different reproductive modes. Up to now, the
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only study that is complete enough to do so is NORr-
MARK’S (2003) review on insect reproduction. He found
a relatively large number of evolutionary transitions
from amphimixis to thelytoky, which is in agreement
with our predictions. However, most of these transitions
appear to be to apomixis rather than to automixis. Fig-
ure 2 shows thatitis much harder for thelytoky to invade
arrhenotokous systems. This may play a role in the main-
tenance of arrhenotoky and is consistent with the find-
ings of NORMARK (2003), that transitions from arrhe-
notoky to thelytoky are much less frequent than those
from amphimixis. (We disregard transitions caused by
Wolbachia infection, where horizontal transmission is
involved.)

A full study of the evolutionary consequences of our
findings, however, should take differences in fecundi-
ties of sexuals and asexuals into account. The “twofold
cost of sex” argument is based on the assumption that
these are equal. Empirical evidence suggests that this is
not always true: thelytokous females may initially have
a much lower fecundity (SUOMALAINEN ¢t al. 1987). Fur-
ther, initially individuals with an alternative reproduc-
tive mode will have the same mutational load as the
resident population. We are presently studying the evo-
lutionary consequences of such factors. The findings
presented in this article, however, already indicate that
all the automictic systems can sustain a considerable
reduction in fecundity and still outcompete amphi-
mixis, since the expected viabilities that are shown in
Figure 2 correspond to the relative growth rates if fecun-
dities of thelytokous females are reduced by half com-
pared to sexual ones.

We assumed that offspring that are homozygous for
deleterious alleles, although they may suffer a larger
selection pressure, are nevertheless viable. Alternatively,
homozygosity for deleterious mutations may lead to
purging at the zygotic stage, so that no or few homozy-
gous offspring are produced. This may provide an expla-
nation for the initial reduction in fecundity of asexual
females mentioned above. Purging may provide a con-
siderable advantage for thelytokous reproduction. For
instance, since gamete duplication leads to immediate
homozygosity (see Figure 1), complete purging implies
that there are no deleterious mutations in the offspring
and the expected viability becomes one. The evolution-
ary consequences of the trade-off between reduced fe-
cundity and increased viability in connection with purg-
ing are the subject of further study.

We proved that as long as the strength of selection
on heterozygous loci hs remains constant, the selection
coefficient on homozygous loci s does not affect the
expected viability in thelytokous automictic systems.
This generalized version of Haldane’s principle is valid
regardless of the mutation distribution. It implies, e.g.,
that a population with a selection coefficient s = 0.1
and a coefficient of dominance & = 0.1 will in the long
run have the same expected viability as a population

with s = 0.01 and % = 1. Note, however, that contrary
to the situation for apomictic systems #4s does affect
expected viabilities in automictic systems with terminal
fusion, central fusion, or second meiotic spindles fusion.
For instance, when hs is increased from 0.01 to 0.02,
the limit value of the expected viability for r— o drops
with 0.006 for terminal fusion and central fusion and
with 0.001 for second meiotic spindles fusion.

Iteration of recursion equations such as given in Equa-
tion 10 provides estimates of the stable PGFs of geno-
types. Therefore, our method provides complete infor-
mation of their stable distributions, without the need for
simulations. As demonstrated, it can be used to derive
analytical as well as numerical results. The calculation
of higher moments of the distributions of genotypes,
however, involves the derivatives of the PGFs. To esti-
mate these accurately, itis best to derive recursion equa-
tions for the derivatives themselves. This can be done
straightforwardly. Our method can easily be extended
to examine other multilocus models with multiplicative
allelic effects. When epistasis occurs, however, it is no
longer possible to derive linear recursion equations for
the PGFs.

To study the effects of recombination we used amodel
with unlinked loci, where chiasmas were assumed to
occur according to a Markov process (see APPENDIX A).
These assumptions are not so realistic for small positive
values of the recombination rate r. However, since any
realistic model must give the same results for r = 0 (no
recombination) as well as in the limit as r tends to
infinity (completely free recombination), we expect that
qualitatively the conclusions remain the same when link-
age is taken into account.

We assumed that population sizes are large. It has
been argued repeatedly that small asexual populations
suffer from Muller’s ratchet, due to random loss of the
individuals with the lowest numbers of deleterious muta-
tions (MULLER 1964; MAYNARD SMITH 1978). As long
as deleterious alleles occur in only heterozygous form,
however, the class with zero mutations can be restored
in thelytokous populations with terminal fusion, central
fusion, and second meiotic spindles fusion (see Figure
1 and Table 1). Muller’s ratchet starts to operate only
once there are individuals in the population that are
homozygous for those alleles. Thus, the strength of the
ratchet is reduced considerably, and our results are ex-
pected to remain valid for initially small populations.
(This is a subject of further study). This finding rein-
forces our argument that it is important to include alter-
native modes of reproduction in studies of the evolution
of sex.
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previous versions of this work. The research of M.V.S. was supported
by the Netherlands Science Foundation (NWO), grantno. 809.34.007.
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Note added in proof: An article by Hopf et al. (F. A. Hopr, R. E.
MicHop and M. J. SANDERSON, 1988, The effect of the reproductive
system on mutation load. Theor. Popul. Biol. 33: 243-265) that con-
tains mathematical results, derived by different means, which predate
those in this article, recently came to our attention. Where we focus
on the selective advantages or disadvantages of different reproductive
modes for partially recessive mutations they focus on the generality
of Haldane’s principle (in its original form), for completely recessive
deleterious mutations, and its approximate validity in the case of
partial recessivity. By using recurrence relations for the probability
distributions, they show that in several cases the numbers of homozy-
gous and heterozygous loci have independent Poisson distributions.
Similar results follow from our recurrence relations for the generating
functions, although the parameters of their and our stable distribu-
tions differ, due to differences in the detailed assumptions about the
recombination process and the attendant consequences of recombina-
tion. If we take the perspective of their article, our most intriguing
result is the generalized form of Haldane’s principle for thelytokous
automictic systems. Furthermore, whereas they consider only Poisson
mutation distributions, our method can be generalized to other distri-
butions and our generalization of Haldane’s principle continues to
hold.

LITERATURE CITED

BarToN, N. H., and B. CHARLESWORTH, 1998 Why sex and recombi-
nation? Science 281: 1986-1990.

BeLL, G., 1982  The Masterpiece of Nature: The Evolution and Genetics of
Sexuality. University of California Press, Berkeley, CA.

BrukesooMm, L. W., and L. P. PIJNACKER, 2000 Automictic partheno-
genesis in the parasitoid Venturia canescens (Hymenoptera: Ich-
neumonidae) revisited. Genome 43: 939-944.

BURGER, R., 2000  The Mathematical Theory of Selection, Recombination,
and Mutation. John Wiley & Sons, Chicester, UK.

CHARLESWORTH, B., 1990 Mutation-selection balance and the evolu-
tionary advantage of sex and recombination. Genet. Res. 55:
199-221.

Dawson, K. J., 1999 The dynamics of infinitesimally rare alleles,
applied to the evolution of mutation rates and the expression of
deleterious mutations. Theor. Popul. Biol. 55: 1-22.

DyspaHL, M. F., and C. M. Liviry, 1995 Diverse, endemic and
polyphyletic clones in mixed populations of a fresh-water snail
(potamopyrgus-antipodarum). J. Evol. Biol. 8: 385-398.

ELENA, S. F., and R. E. LEnskr, 1997 Test of synergistic interactions
amongst deleterious mutations in bacteria. Nature 390: 395-398.

FELLER, W., 1968  An Introduction to Probability Theory and Its Applica-
tions, Vol. 1, Ed. 3. John Wiley & Sons, New York.

GoOLDSTEIN, D. B., 1994 Deleterious mutations and the evolution of
male haploidy. Am. Nat. 144: 176-183.

HALDANE, J. B. J., 1937 The effect of variation on fitness. Am. Nat.
71: 337-349.

Hurst, L. D.,andJ. R. PECK, 1996 Recentadvancesin understanding
of the evolution and maintenance of sex. TREE 11: 46-52.
Jonnson, N. L., S. Kotz and N. BALAKRISHNAN, 1997  Discrete Multi-

variate Distributions. John Wiley & Sons, New York.

KonbprasHov, A. S., 1982  Selection against harmful mutations in
large sexual and asexual populations. Genet. Res. 40: 325-332.

KonNDprasHOV, A. S., 1984 Deleterious mutations as an evolutionary
factor. 1: The advantage of recombination. Genet. Res. 44: 199-
217.

KoNbprasHoOv, A. S., 1993 Classification of hypotheses on the advan-
tage of amphimixis. J. Hered. 84: 372-387.

LANGE, K., 2002 Mathematical and Statistical Methods for Genetic Analy-
sis. Springer-Verlag, New York.

MAYNARD SMITH, J., 1978  The Evolution of Sex. Cambridge University
Press, Cambridge, UK.

MULLER, H.]., 1964 The relation of mutation to mutational advance.
Mutat. Res. 1: 2-9.

NARBEL-HOFSTETTER, M., 1964 Les altérations de la méiose chez
les animaux parthénogénétiques. Protoplasmatologia, Vol. 1, F 2.
Springer-Verlag, Vienna.

NORMARK, B. B., 2003 The evolution of alternative genetic systems
in insects. Annu. Rev. Entomol. 48: 397-423.

OrTo, S. P., 1997 Evolutionary genetics—unravelling gene interac-
tions. Nature 390: 343.

OTT0, S. P., and M. W. FELDMAN, 1997 Deleterious mutations, vari-
able epistatic interactions, and the evolution of recombination.
Theor. Popul. Biol. 51: 134-147.

Prck, J. R., J. M. YEARSLEY and D. Waxman, 1998 Explaining the
geographic distributions of sexual and asexual populations. Na-
ture 391: 889-892.

Paiuies, P. C.,, S. P. OrTo and M. C. WHITLOCK, 2000 Beyond the
average—the evolutionary importance of gene interactions and
variability of epistatic effects, pp. 20-38 in Epistasis and the Evolu-
tionary Process, edited by J. B. Worr, E. D. Brobit III and M. J.
Wabk. Oxford University Press, Oxford.

Rivero, A., F. BALLouXx and S. A. WEsT, 2003 Testing for epistasis
between deleterious mutations in a parasitoid wasp. Evolution
57: 1698-1703.

SCHNEIDER, M. V., L. W. BEUKEBOOM, G. DRrIESSEN, L. LapcHIN, C.
BERNSTEIN el al., 2002 Geographical distribution and genetic
relatedness of sympatrical thelytokous and arrhenotokous popu-
lations of the parasitoid Venturia canescens (Hymenoptera). J. Evol.
Biol. 15: 191-200.

SILLER, S.,2001 Sexual selection and the maintenance of sex. Nature
411: 689-692.

SUOMALAINEN, E., A. SAURA and J. Lokkl1, 1987  Cytology and Evolution
in Parthenogenesis. CRC Press, Boca Raton, FL.

Tucker, K. W, 1958 Automictic parthenogenesis in the honey-bee.
Genetics 43: 299-316.

VERMA, S., and F. RUTTNER, 1983  Cytological analysis of the thelyto-
kous parthenogenesis in the Cape honey bee (Apis mellifera ca-
pensis Escholtz). Apidologie 14: 41-57.

WesT, S. A., C. M. LiveLy and A. F. ReEAD, 1999 A pluralist approach
to sex and recombination. J. Evol. Biol. 12: 1003-1012.

WarITE, M. J. D., 1973 Animal Cytology and Evolution. Cambridge Uni-
versity Press, Cambridge, UK.

WiLLiams, G. R, 1975 Sex and Evolution. Princeton University Press,
Princeton, NJ.

WiLwis, J. H., 1993 Effects of different levels of inbreeding on fitness
components in Mimulus guttatus. Evolution 47: 864-876.

Communicating editor: M. W. FELDMAN

APPENDIX A

We assume that the two chromatids that participate
in a chiasma are chosen independently from chiasma
to chiasma; i.e., there is no chromatid interference (see,
e.g., LANGE 2002). Consider the state at one specific
locus. At each chiasma only two alleles can switch places.
For instance, if the current state is 1 and chromatids o’
and ¢’ participate, the state becomes 2 (numbering of
states as in Table 1). This happens with probability 1/4.
Continuing in this way it can be derived that the matrix
of transition probabilities between the states given that
a chiasma occurs is

N
1 1 0 0 0 1
4 2 4
0 1 0 o !
4 2 4
M=, o o 1 o 1 (A1)
4 2 4
1 0 0 0 1 1
4 2 4
o0 ! 1 1 1 9
4

'

If, furthermore, we assume that the distance between
chiasmas is exponentially distributed, the chromatid
state at a locus will change according to a Markov pro-
cess. The parameter of the exponential distribution is
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the probability per length unit that a chiasma occurs.
Let rdenote this parameter times the distance between
the centromere and the considered locus; then it follows
from the theory of Markov chains (see, e.g., FELLER
1968) that the distribution of the gamete states is

p(n = p(0)exp[+(M — D], (A2)

where M is the transition matrix given in (Al) and [
the identity matrix. If the initial chromatid state is 1,

p0) = (1,0, ..., 0), which leads to p(r) = (m(7),
(1), . . ., We(7), m3(r)), where the values of m,(r) are
as given in (1). If the initial chromatid state is 6, p(0) =
(0,...,0,1), which leads to p(7) = (mws(1), We(7), . . .,

o (1), mi(7)).

APPENDIX B

Haplodiploid reproduction: Selection: Let g(n, m) rep-
resent the probability of a female of type (n, m) at the
start of the tth reproduction period (before recombina-
tion) and (k) the probability of a male of type (k) at
this time. After selection these distributions become

(1 — hs)"" "g(n, m)
Eﬁ,ﬁl(l - hs)ﬁergt(ﬁ’ m)’
(1 — as)"h(k)
i (1 — o) (k)

Using the definitions of the PGFs given in (3) gives (4).

Mutation: The assumption that new mutations occur
independently of already existing ones implies that the
generating function of the total number of mutations
is the product of the generating functions of the num-
bers of new and the old mutations. (This can be derived
from the fact that the expectation of the product of
independent variables is the product of their expecta-
tions.) We assume that numbers of new mutations on
the two sets of chromosomes in females are indepen-
dent, so the PGF of the additional numbers of mutations
in females is

g (n, m) =

hi(k) =

(BI)

A i+j
E[z'% 221112 ( ) e = exp{ (z + ) — )\]
i=oi=0 N2
(B2)

Multiplication with G/ (n, m) gives the PGF for the fe-
males. An analogous derivation gives the PGF for the
males.

Recombination and reproduction: From assumption vi it
follows that conditionally on the total number of delete-
rious alleles on the maternal chromosomes n, the n; are
multinomially distributed with the probabilities deter-
mined by m,(7), e,

Pr(n, ...

|
maln) = " (m ()"
n ng!

14 ¢ o .

X ("ITQ(T) ) 112+ng+n4+n5(,.n.3(,r))n‘;‘ (BS)

Furthermore, the m; are independent of the n;, with the
same type of distribution [substitute m; for n; and m for
nin the equation above, and exchange m(r) and m;(r)].
It can be shown straightforwardly that if y, = n; + m;,
for arbitrary nonzero constants ¢, . . . , ¢,

Yo Js Ny

E[Cl Cy f’sCM C‘ |77 m] = (mMa+ TN+ e+ ate) +mne)”

X (m(Ma + m() (e + e+ ot e) +m@)e)"

(B4)

This follows from the independence of the n;and m;and
their multinomial distribution. Therefore, conditionally
on the mother’s genotype (n, m) the first expectation
in (6) equals

E[2750|n, m] = (m(0)z + 2my(n)z + 2me(n) + my(n))"

X (my(r)z + 2my(n)z + 29 (7) + w (1))"

= (A =p™Mz+pM)"pz+ (I —p»))"
(B5)

with p(7) as defined in (8). Proceeding in the same way
for the other expectations we find that, if n’ denotes
the number of deleterious mutations in sons,

ELZ|n, m] = %((1 —p(Mz+ p(M)"((1 — p(n) + p(N2)"

+ %((1 —p(M) +pM2)"((1 — p(N)z+ p())"
(B6)

The PGF for the male offspring is found by taking expec-
tations over n, and m, which gives (7). The PGF for the
female offspring corresponds to E[z/'#4]. Since n' and k&
are independent, this PGF is calculated by substituting
z for z in (B6), multiplying with 2z, and subsequently
taking expectations over n, m, and k, which is the same
as multiplication by H7 (z).

Thelytokous reproduction: We denote the genotype
of the daughters by (n', m’, k). For terminal fusion
we find, using (14), that, taking expectations over the
multinomial distributions conditionally on the mother’s
genotype (as was done in the calculations for haplo-
diploidy),

E[A'3 4| n, m, k] = (Tn(V)Za T 2m(n) (a1 + ) + m(n)"

X (m5(n)z + 2m(n) (2 + 2) + m(n))"
T (m(Nz + 2m(n) (2 + 2) + m(1)"

X (m(Nz + 2ma(n) (21 + 2) + my(n))") X 24
(B7)

For central fusion:
E[zyz8'28|n, m, k] = (m(Nz + m()(n + 2 + z) + m()z)"

X (m(Na + M) (s + 2+ z) + m()w) "
(B8)
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For second meiotic spindles fusion:

Elz{'zy'2[n, m, k] = %(m(r)/:a + m(n) (2 + 2) + mW(1)"
X (M) + m() (22 + 2) + m()2)"
MmO + W) @5+ )+ m0)w)”
X (Mm% + W) (2 + 2) + m()"

+ %(m(r)z, T am(n(z + 2+ 2+ 1) + m(nNn)"

X (m(Nz + m(M(z + 2+ 2z + 1) + ws(Na)" X 24
(B9)

Taking expectations over n, m, and k, in (B7), (BS),
and (B9), and using the definition of the PGF in (11),
gives (15-17).

APPENDIX C

We first prove that the conditional probabilities Pr[n =
x, m=yk=0](x=0,1,...;9y=0,1,...) do
not depend on s. Since a female with more than zero
homozygous loci can never get offspring with zero ho-
mozygous loci, the following recursion equations hold
in all instances,

- .
Pri(n, m 0] =3 ‘Prr[l, s 0](1 hs) ’
GEL = k"1 = )

— (n, m, 0)], (C1)

Pr((s 4, 0)

where Pr[ (s, 5, 0) — (n, m, 0)] denotes the probability
that a female of type (i, j, 0) produces offspring of
type (n, m, 0). If hs is fixed, these chances depend on
mutation, recombination, and the cytological mecha-
nism of thelytoky, but not on s. Therefore we can write

Pri[n, m, 0] = EPr;[z, 4, 01a(i, j, m, m, N, p, hs)

w ELA = ks = s)t]
(C2)

which leads to
Pr1+l[n> m, 0]
En,mPrt+l[n: m, O]
B > Prli, g, 01a(i, 4, n, m, N, p, hs)
i Prili, g, 01e(d, j, m, m, N, p, hs)
>l 4, 01/2, Prlk, L 01 (s, j, n, m, N, p, hs)

TS SPrli j, 01/S, Prlk 4 01)ali, j, n m N, pihs)|
(C3)

Thus, since

Pl 01 Prin =i m=jlk=10], (C4)
Pk, 1 0]

we find the recursion equation

PI‘H.I[TL = i, m = ]lk = O]

2Prln =4 m= jlk = 0]a(, j, n, m; \, p, hs)
So2iPrdn =i, m = jlk = 0]a(, j, n, m\, p, hs)’
(C5)

and since a(i, j, n, m; N\, p, hs) does not depend on s,
neither do the conditional probabilities. (Note that the
unconditional chances Pr[4, j, 0] do depend on s.)

In the main text we gave only the proof for a specific
case. To show that it holds for arbitrary mutation distri-
butions, we rewrite (13) as

Fl(z, %, 25 5) = 0(z1, ) I (21, 2, 25 5), (C6)

where ¢(z, %) is the PGF of the mutation distribution.
Further, a closer look at (15-17) reveals that these are
all equations of the form

Fii(z, 2, 5 5) = EaiF:, Ebijzj + Bij, EC@/Z] + Vi, 2, S),
i Jj J

(C7)

where the a;, b, B, v; are constants. Combination of

(C6) and (12) with (C7) and filling in the values 0 for
21, %, and z gives the relation

F(0,0,0;5) = 2a1¢(28i,,2w)

i

% F((1 = hs) 2By (1 — hs) X ¥4, 05 5)
F(1 — hs, 1 — hs, 1 — 5;9) ’
(C8)

and so, for the stable PGF we find
F(1 = hs,1 — hs, 1— 55) = Eaiq)(EBw Ew)
v 7 J

o Fd = hs) 3iBi (1 — hs) ¥, v, 0; S).
F(0, 0, 05 s)

(C9)

From (21) and the fact that the conditional probability
in that equation does not depend on swe can conclude
that the right-hand side of (C9) does not depend on s
and so neither does the expected viability.



