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1 Differences between the HKY and the Tamura-Nei Models 

Table S1 Nucleotide Substitution Models 
  A T C G  A T C G 
 HKY Model   Tamura-Nei Model 

A – βgT βgC αgG  A – βgT βgC αRgG 
T βgA – αgC βgG  T βgA – αYgC βgG 
C βgA αgT – βgG  C βgA αYgT – βgG 
G αgA βgT βgC – G αRgA βgT βgC – 
Note: α, transitional rate; β, transversional rate; αR, transitional rate between purines; αY, transitional rate between 

pyrimidines; gN, frequencies of nucleotide N, where N∈{T, C, A, G}. 

2 Derivation of κR and κY 

Let us derive the equations for estimating κR and κY. Tamura and Nei (1993) used gT, gC, gA, 
and gG to represent nucleotide frequencies for T, C, A, and G, respectively. They defined α1, α2, 
and β as transitional rates between purines and between pyrimidines, and transversional rate, 
respectively. They then derived the formulas (S1-S3) for the proportions of transitional differences 
between purines (P1) and between pyrimidines (P2) and of transversional differences (Q) over 
divergence time t [1]: 
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 where GAR ggg +=  and CTY ggg += . 
Since P1, P2 and Q are estimable from sequence comparisons [1] and the observed number of 

substitutions underestimates the real number of substitutions as sequences diverge over time t, we 
need to calculate the real numbers of P1, P2 and Q, denoted as P1′, P2′ and Q′, respectively. 
According to the Tamura-Nei Model, the formulas of P1′, P2′ and Q′ are  

tggP 1GA1 4' α=                                                          (S4) 

tggP 2CT2 4' α=                                                          (S5) 

tggQ βYR4'=                  (S6) 

From S4–S6, we can derive the formulas for κR (S7) and κY (S8).  
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Since gT, gC, gA and gG can be estimated from compared sequences, therefore, the question now 
is “how to estimate P1′, P2′ and Q′”. Due to the fact that the real number is often considered as a 
function of the observed number, we use S1–S3 and S4–S6 and obtain the formulas S9–S11 for 
P1′, P2′ and Q′, respectively. 
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Now, we can obtain the formulas of κR and κY as follows. 
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In order to conveniently remember the meanings of P1, P2 and Q, in our main manuscript we 
rename them as TR, TY, V, respectively. Hence, the formulas for estimating κR and κY are as 
follows. 
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