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1. Scheme of Yan Degradation Network

We analyzed the circuitry targeting Yan for degradation using mathematical modeling.
We consider the number of binding events as a free parameter, n. We also assumed that Yan
phosphorylation is reversible, and that dephosphorylation is catalyzed by some phosphatase P
(Fig. S1). To account for the possibility of an additional positive feedback branch, we extended
the model, by allowing an arbitrary dependence of the rate constants on Yan, or Yan-p levels. As
a specific feedback mechanism, we assumed that Yan dephosphorylation rate decreases
monotonously with Yan (Fig. S1).

The input to this model is the level of active MAPK, while its output is the total level of
Yan, Y = Y + Y,. This last assumption reflects the capacity of both phosphorylated and
dephosphorylated Yan to repress target-gene expression. Since activated MAPK is spatially
graded, tight degradation borders are achieved when the Y displays a switch-like dependency
on the level of activated MAPK.

Input: MAPK’

\_/ “ Output: Y'=Y +Y,
P

Figure S1. Models of Yan degradation network

The behavior of the system was examined at four different limits. First, the non-cooperative linear
model was considered, where we assume that a single phosphorylation of Yan by MAPK is required (n = 1),
and that the corresponding enzymatic reactions are first-order (i.e. enzymes are in excess and bind most of the
Yan molecules). Second, the cooperative, linear model with n > 1 was examined. Third, we consider the non-
cooperative zero-order case, with n=1 and reactions that function at the zero-order regime. In this case enzymes
are present at limiting amounts, most Yan is free and Y'* >> K., K. Finally, we considered a feedback system
with a single phosphorylation site (n = 1) and enzymatic reactions that function at first-order.



2. Yan Degradation Network Equations

Yan degradation network kinetics is based on the following reactions:
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The reactions result in the following equations:
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, and two enzyme conservation equations:

25, [MAPK')=n (Y MAPK ]+ [MAPK ]
26, [PI=IY,PI+[P,]

1
, where k LY, =k, % consists of a possible positive feedback branch.
f P

Here [MAPK;] and [P;] denote the concentrations of free activated MAPK and the free
phosphatase P, respectively. [V MAPK;] and [Y,P] denote the concentration of active MAPK
and the phosphatase at their complex form. The dissociation constants are defined as:
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The equations were solved numerically and analytically at four different limits: non-

cooperative first-order kinetics, cooperative first-order kinetics, non-cooperative first-order with
positive feedback, and non-cooperative zero-order kinetics.



3. Steady-State Solution of First-Order Networks

At first-order Yan level is limiting with respect to both enzyme levels, and both dissociation
constants: Y <<[MAPK'],[P] ; Y" <<K,,K ,- In this section we will discuss the steady

state solution of both the non-cooperative and cooperative cases.

3.a. Non-cooperative first order networks

For the non-cooperative case (n = 1) the quasi-steady-state equations reduce to:

k * k)
3.1. dY:—i[MAPK 1Y +—2[P]-Y, +a—AY
dt K, K, !
ay, k ) k,
3.2. =—"[MAPK']-Y-—>[P]-Y, -\ Y
dt K K roonr

m P

and the steady-state solution at the non-cooperative first-order case is:

o/ A
3.3. :0'7/7\‘* 5 szicp ’ CEKm
|4 [MAPK ] L kn
C [MAPK ]

The resulting Y and Y, levels are smooth functions of the activated MAPK level, which
indicates that the network's output: Y = Y + Y, is not sensitive to the network's input (total
activated MAPK level). The same gradual response was observed in the simulations (Figs. 3, S2,
S3A).

As expected, at very low activated MAPK levels ([MAPK ]<<C) all Yan is non-
phosphorylated and its level is maximal (a/A), whereas at very high MAPK levels
(IMAPK"]>> C) all Yan is phosphorylated and its level is minimal (o/ Ap s Ap>> D).

3.b. Cooperative first order networks

Using the same first-order assumptions for the cooperative case (n > 1), the following
quasi steady-state equations are reached:

3.4. d—Y:—amY[MAPKf]” +d, [YMAPK 1+ —2[P]-Y, +o.—\Y
dt K, P
3.5 a4, K, [P]-Y, +k [YMAPK']-\A Y
S. =—-———[P]Y, +k, -
dt Kp p PP
., YIMAPK 1" . . .
3.6. [Y MAPK ]:(K—)n- ; [MAPK"]=n-[YMAPK"]+[MAPK ]



For simplicity, we assumed that most of the activated MAPK is free, and therefore, equation 3.6
can be rewritten as:

[MAPK']"

(K., )

Substituting equation (3.7) into equations (3.4) and (3.5) will result in:

3.7. [YMAPK =Y - (See chapter 9 for explicit derivation)

k . k
3.8. a___k [MAPK"]"-Y +—=[P]-Y, +o.— LY
(k) K,
dy, k . k,
3.9. =—"—[MAPK"]"-Y -——=[P]-Y, -1 Y,
dt (Km)n KP

The steady-state solution at cooperative first-order kinetics is:

o/A
3.10. Y:—ﬁﬂkff;n=———4¥— ;. C,=(k,
[MAPK 1" C, k.
| e 14—
C, [MAPK 1"

In contrast to the non-cooperative case, Y and Y, levels are sensitive to the total activated
MAPK level, which indicates that the output: Y=Y + Y, is sensitive to the input, as seen in the
simulations (Figs. 3, S2, S3B).
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Figure S2. Cooperativity at first-order kinetics generates a sharp threshold of Yan degradation.

Yan steady state concentration was found by numerical simulations (see Methods for parameters
used). The concentration levels are normalized with the corresponding maximal concentrations. The colored
curves designate Yan levels at steady state, where each graph corresponds to a different Hill coefficient (n).
As expected, Yan degradation network generates a sharper switch as the cooperativity is increased (large n).



4. Steady-State Solution of Zero-Order Networks

At zero-order Yan level is in excess with respect to the two enzyme levels, and both
dissociation constants: Y >>[MAPK |,[P] ; Y >>K, K ,- When Y.V, =0Y"), the

quasi-steady-state equations are:

4.1. ‘Z—Yz—km[MAPK*]JrkP[P]m—xY
t

ay, .
42, — L=k, IMAPK 1=k [PI-1,Y,

The steady-state solution of these equations is:

o—k [MAPK"]+k [P k [MAPK 1k [P
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At the classical zero-order model (Fig. 7A) the switch-like response is generated by a
single threshold (defined at: k,[E,]1=k,[E,]). However, in the Yan degradation network (Fig. 7B)
a switch is generated by a two threshold mechanism. A decrease in total activated MAPK level
will result in a decrease in the phophorylated Yan level and a corresponding increase in its non-
phophorylated form. Since ¥ <Y™ =a/A and Y, >0, the steady-state solution is valid only if:

k [P]

[MAPK"']> =7, - If the activated MAPK level is lower than this threshold (T}), all Yan is non-
k

m

phophorylated and the total Yan level reaches its maximal value (a/A).
When activated MAPK level increases, the level of phophorylated Yan is increased while

the level of its non-phophorylated form decreases. Since Y, <Y ™ = oc/ A, and Y >0, the

steady-state solution is valid only if: [pApk ™)< a+k, [Pl =71, If the total activated MAPK level is
k”l

higher than this threshold (T,), all Yan is phophorylated and the total Yan level reaches its
minimal value (o/ Ap).
The two threshold mechanisms can be summarized as follows:

Y™ = ,[IMAPK"1<T,

>|Q

44.  Y" =!linear in[MAPK'] ,T, <[MAPK ]1<T,

E

,[MAPK"1>T,

max __
v, =

>

p

There are two features which are important for generating a switch-like response of Yan
degradation network at zero-order kinetics. First, Yan degradation rate is much higher in its



phophorylated form (A << X,), and therefore, y™* >> Y;“ax. This property assures that the

system's output has a large range, and therefore, a switch can potentially be generated if a
transition in the order of magnitude of this range will occur within a small change in input values.
Second, protein production rates are typically much slower than protein dephosphorylation
reactions, such that: o <<k [P], and therefore, T,-T, <<7,. This property assures that a large

transition in the system's output will occur within a small input range, and a switch will be
generated. Note that since o <<k [P], the switch does not change its position upon over-
expression (increasing o).

Numerical simulations of Yan degradation network at zero-order kinetics also exhibit a
switch-like response, and clearly agree with the analytical expectations (Figs. 3, S3D).



5. The Effect of Positive Feedback in Covalent Modification
Systems

As we discussed in the main text, our system is related to the classical zero-order model
(Fig. 7A). To illustrate the effect of a positive feedback branch on the level of Yan, we solved the
simple case of the classical covalent modification model. In section 5.a. we will formulate the
first order network with a general feedback branch, and show its steady-state solution. In section
5.b. we will prove that any first order network, with or without a feedback branch, is sensitive to
inhibition and over-expression of the substrate. An example of a network with a positive
feedback will be introduced at section 5.c.

5.a. First order networks with a general feedback branch

Considering the enzymes E;, and E, as activated MAPK and phosphatase, respectively,
the dynamic equations of the non-cooperative classical model without feedback are:

5.1. ‘i—y =-a,Y[MAPK ,1+d,[YMAPK ]+k [Y, P]
t
5.2. % =a,YIMAPK;1-(d, +k, ) [YMAPK"]
t

ay,
53 —F==a,Y,[P1+d,[Y, PI+k,[Y MAPK']

dly, Pl

5.4. —a,Y[P,]1-(d, +k, )Y, P]

At quasi steady-state these equations reduce to:

. Y

5.5. d_Y:—km[MAPK 1- Y [P]-—F
dt Y+K, 7 Y, +K,

dy . Y

5.6. L=k, [MAPK ]- Y -k [P]- i
dt Y+K, " Y, +K,

At first-order kinetics (Y << Ku, Ky), equations 5.5 and 5.6 can be rewritten as:

ok dy ok
Y _ K mapk 1Y +—2(PlY, ; —2 _ K APk oy - S ey
d K K ’ t K K ’

m p m V4
Put another way:

5.7.

dy ,
5.8. d" =C,[MAPK')-Y-C,-Y, ,where C, =—" ; C,=—"[P]
t




,and the equation can be solved completely using the conservation equation:
5.9. Y =Y+Y,+A ; AE[YMAPK*]+[YPP]

Y-[MAPK,] Y, {P,]
A _
K

m p

, and at first order:

Note that at quasi steady-state: A =

. 1 Y {P
Ao Y IMAPK'] Y, {P]
K K

m p

The steady-state solution of equations 5.8 and 5.9 is:

-(Y””—A) , where: FE%.

p

F -[MAPK "]

5.10. = -
" F.[MAPK']+1

F is a positive constant which depends only on rate constants and phosphatase concentration, and
does not depend on the total Yan concentration.

When a feedback branch is added to the network, the coefficient C,, and/or C, depends on
the network output, i.e. Cp, = Ci(Y)p) and/or C = C,(Y,). Therefore, the coefficient F is no longer
constant but depends on the output Y,. In case of a positive feedback, C,, is monotonically
increasing with Y, and/or C, is monotonically decreasing with Y, and therefore, F(Y,) will
increase monotonically with Y,. On the other hand, in the case of a negative feedback F will
decrease monotonically with Y.

Note that F(Y,) depends on Y' only through Y.

The general steady-state solution for a first order covalent modification network with a

feedback branch can be written as:

F(Y,) [MAPK'] (v —a)

5.11. = h
" F(Y,)-IMAPK 1+1

5.b. Sensitivity of non-cooperative first-order networks steady-states

to over expression.

Our experimental results show that the border of Yan degradation does not change its
position upon over-expression, i.e. the input signal needed for generating a given output is not
changed when the substrate concentration is increased. In this section we will show that non-
cooperative first-order covalent modification networks are sensitive to changes in substrate
concentration, whether the network has a feedback loop or not. The formulation of section 5.a.
will be used.



Claim:

Upon over expression by a factor of B > 1 (Y'* = B-Y'), the input signal will have to
decrease at least by a factor (IMAPK'] = [MAPK] / B) in order for the output to stay
unchanged (Y, 2 Y,).

In the case of inhibition (B < 1 ; Y = B-Y'"), the input signal will have to increase at
least by a factor 1/p ((MAPK'] > [MAPK ]/ B) in order for the output to stay unchanged (Y, =
Yp).

Proof:

Notations: M = [MAPK*] = input.
X = The value of the variable X after the over-expression / inhibition.

Consider a change Y'*' - B-Y'*, for which ¥, =Y,. What is the new input ( M)?
Using 5.11 Y, for Yp , we get:

si2. v, =My
F(Y,) M +1
513, 7, =M gy )

"TF(Y,) M+l
Since Y, = 171,, we can equate 5.12 and 5.13, and use F(Y,) = F(?p):

F(Y )M F(Y )M
s14. vy o) M (re —a)= @)

’OF®Y,)-M+1 _m'(ﬁ'w—A)

Designating X = (F(Yp) . M)f1 (X = (F(Yp) . 1\7)_1 , 5.14 can be rewritten as:

Ytol —A B ﬂ_Ytol _Z

5.15. —— , put another way:
I+X I+ X
YIUI_K/ th 1 K A
516 X=B-X-A+B ; A= /B g YT(B-D-(A-4)

Ytot _A Ytot _A

. . . M P . o
Using the conservation equation: Y =Y +Y, +A=Y - (l + —J +Y -[1 +u], and since Y
K, ’ K,

> B-Y'™ without changing Y,, it is clear that Y is changed by a factor larger than B. The
Y -[MAPK "] N Y, {P]

complexes: A= , include two terms: The first one, which changes by a

m p
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factor larger than B, and the second one that doesn't change at all. In the following derivation I
will assume that A = B-A. In the case of B>1, the proof is also valid for A < 3-A, and for

A> B-A in which Y > . In the case of P<I, the proof is also valid for A> £-A, and

A-A . . .
—— . Note that if A<<Y", none of the assumptions above is

for A< B-A in which Y <
needed. Using A = S-A we getthat: A=1 ; B=f-1.

In the case of over expression (B > 1), B > 0, and therefore, 5.16 can be reduced to
X > - X . Substituting M back to the equations we get:

5.17. MslM
B

In the case of inhibition (B < 1), B < 0, and therefore, 5.16 can be reduced to
X < - X . Substituting M back to the equations we get:

518. M>—M

1
s
Q.E.D.

If a positive feedback branch was the mechanism which generates a Yan degradation
border, the critical MAPK concentration which defines the border will decrease upon Yan over
expression. Since the MAPK concentration is a monotonically decreasing function of the distance
from the midline, Yan degradation border location will move away from the midline as Yan is
over-expressed. We can rule out the possibility that a positive feedback branch is responsible for
the Yan degradation border, as its sensitivity to over expression contradicts our experimental
observations.

As we discussed in the main text, at the cooperative first order case the location of Yan
degradation border is significantly less sensitive to over expression than the non-cooperative
case. This can be seen using the equations above simply by transforming M > M", where n
designate the hill coefficient. Using equations 5.17 and 5.18 will result in:

5.19. Ms&jn-M , for f>1
]\72[%]”~M ,for <1

From 5.19 it is clear that this constraint is much more significant for small n, as seen in the
simulations in the main text (Fig. 4).

11



5.c. An example of a network with positive feedback

In this section we will introduce an example for a first-order positive feedback network.
Section 5.c.i. will discuss the steady-state solution of the network, and check the general proof in
section 5.b. for this system. At the end of the section, we will find the parameter values that
generate a switch-like behavior, and discuss the sensitivity of the critical MAPK levels to over
expression. Section 5.c.ii. will discuss the stability of the steady-state solutions, and the possible
oscillations are discussed in section 5.c.iii. The dynamics of the system will be discussed in
chapter 6.

Consider the following network:

M
M and P designate the active MAPK and phosphatase /\‘
concentrations, respectively. As the output (Yp) is increased, Y Yp
the dephosphorylation rate decreases, and therefore, the output

concentration is increased — The feedback branch is positive. \/
The following equation describes the quasi-steady-state of such P

a network:
dy MAPK" K P
520 — kL - ]—kp-Kn fYn : [1;
t 1+ m f + 14 1+ p
Y p
, where a positive feedback term: T ! 7 was added. There are two interesting limits of this
+
f p

term:

For K ; >> Y: :
K; . L
W — 1, and we are back to the regular first order kinetics without a feedback branch.
+
f P

ForY;’ >>K}:

K" K, Y

K”—fY” - (—fJ . In this case the positive feedback can dominate the kinetics. It will be more
+

f )4

p

dominant as n increases. This limit can be reached only if ( i )n >> K.

Note that the range of Y}, which is between these limits (¥, = O(K f )) gets smaller as n is

increased, which makes the transition between these two states faster.
At first order, equation 5.20 reduces to:

av k k K'
521, L C,[MAPK'1-Y-C,-Y, i C,=-m i ¢, =2 (pl—)
dt p I Km 4 Kp K;_I’_Y:

12



5.c.i. Steady-state solution

For simplicity, we will neglect the concentration of the complexes with respect to the free
substrate, such that: Y =Y + Y,+A=Y+Y,. The effect of the complexes (A) can be

considered simply by transforming Y'*=> (Y'*'—A) in the following derivation.
Using the above conservation equation, the general steady-state solution of 5.21 is:

n

* K * K
522. Y, |[MAPK'|+v-—— |=[MAPK']-Y" ; v=—".—1.[P]
Ky+Y! k, K

According to the claim in section 5.b., this network should be sensitive to over expressiqn,
such that upon over expression Y 2 B-Y'”, Y, will stay unchanged only if the input ((MAPK ])
is changed at least by a factor of B. In order to check this claim we will rewrite equation 5.22 as:

n

* Kf 1
5.23. [MAPK ] =V Yp Kn Yn ) Yl()l Y
+ —
f p

P

Upon over expression: Y = B:Y*, Y, 2 Y,, the new MAPK value (M ) will be:

_ K; 1
5.24. M=vY — —- p
K;+Y, B-Y“ -Y

p

. . . : — [MAPK'] .
Using 5.23 and 5.24 in the over expression case (f > 1), it turns out that M < %, i.e. the

input is decreased at least by a factor of B. In case of inhibition (B < 1), it turns out that:

M > IMAPK | , 1.e. the input is increased at least by a factor of 1/p.

In order to understand the network steady-state behavior, let us check the steady-state
solution in the extreme limits of equation 5.22:

For K; >> Y::

MAPK™
5.25. » :—[ , ] Yy
[MAPK ]+v
S Y,, [MAPK *]<< v N [MAPK *] YO << Y Yp [MAPK "1>> v s Y !
A%

13



For Yp" >> K}:

K,
[MAPK" ] —>v-

>y " J[T/] 71 >0

P
. K\ K
[MAPK 1>>v{ —L || =L
Yf{)f Y

~1
P J N Yl‘()t

The equations above show that at different active MAPK limits, the output (Y,) changes
dramatically. The important thresholds are the following:

527.  A) Y'=K;
B) [MAPK'1=v

) K K n—1
C) [MAPK ]:v-(—t‘fj-(—fJ
vy )\ Y

p

,where Y, increases monotonically with the MAPK level. This network can generate a switch if
the system can jump between two output states: Y, 0 and Y, Y (large Y, range), with a
small input transition (small [MAPK ] range). It is important to mention that for large n values,
thresholds 5.27.A. and 5.27.C. can be passed with a small change in MAPK value.

The sensitivity of the threshold to over expression can be inferred by checking its

dependence on Y. For example, the threshold 5.27.C. depends on (Y e )_] , and therefore, it is
sensitive to over-expression.

As we mentioned before, The feedback loop is relevant only if ( e )n >> K, , since this is

required for reaching the limit:¥ >> K. In the following we will discuss the steady-state

solution of this case, for different parameter ranges, using equations 5.25 and 5.26.

Define: T7; = The active MAPK level for which Y, = K.
If [MAPK'] >> T then Y, >> Ky, and vice versa.

(A) Ty>>>v , and there is a range where Tt >> [MAPK*] >> v

MAPK” )
LMAPK | Y <<Y™ | O0L[MAPK ]<<v
v
528. Y, =<v" , V<<[MAPK |<<T,
y* , [MAPK'1>0(r,)

14



(B)

©

Ty << v

T:>O0(v) ,but there is no range were Ty >> [MAPK*] >> v

[MAPK ]

A%
= olr)
Ytot

. YI()I << Yl()l

K K n-1
[MAPK 1>>v-| —L || =L
YIOI Yp

(D)

n-1
K, K.
T, <<[MAPK" 1=0 V'( fJ[—f] ,but [MAPK*]>V-( f](
Yl()t Y Yt()t Y

[MAPK "]
Y = Y%
Ytot

.YIGI << YtOt

K

P

[MAPK "]
A%

. YI()I << Yt()t

Y _ tot

Yl‘()l‘

n—1
yo VK, (K
g [MAPK™] | Y,

, 0<[MAPK l<<v

, O(v)<[MAPK'1<0(T,)
, [MAPK']>>T,

, 0<[MAPK"]<<T,

, [MAPK 1>>T,

Ti<<< v ,and v is large enough for the following limit to exist:

, O0<[MAPK ]<<T,

<< Yt()t

tot

, [MAPK ]>>v-

15

, T, <<[MAPK'1=0)|v-

, but v is small enough such that for all [MAPK'] >> T, we get:



(E) Ti<<<v ,and v is very large such that the following limit to exist:

) Kf Kf n-1
Tf <<|[MAPK ]<v- o —
Yt()t Yp
MAPK" .
Q-Y’”’ <«<Y" , O0<[MAPK ]<<T,
\Y%
' ' ) Kf Kf n—1
oscillations , T, <<[MAPK ]<v-|—— || —
Yt()t Yp
5.32. Y = -1
r K K . K K
<YY" ;o ove| =L | =L | <MAPK1=0|v.|—L|.| =L
YIOI Yp onf Yp
. Kf Kf n-1
Yy , [MAPK 1>>v- =L
Ytot Yp

As we mentioned before, A switch is generated if the output jumps between two opposite
states (large output range) with a small input transition (small input range). Since the threshold in
(A) is [MAPK'] = v, the change in input needed for transitioning between the opposing states is
too large to generate a switch. In (B) the threshold occurs at the MAPK value for which

Yp” =K ]’,’ , and therefore, the input range is small for large n. However, the differences between
these output states is small (from O(Y') to Y'®), and therefore, a very moderate switch will be

generated.
In (C) a switch is generated if n is large, since the threshold occurs at the MAPK value for

which Y" = K7, and the output range is large. In (D) a switch is also generated for large n, since

tot

n-1
the threshold: [MAPK "] =v-(Kf J(ﬁ} can be passed with a small increase in MAPK
p

level, and the output range is large. In the special case of (E) no stable steady-state is possible in
the middle range, due to oscillations which will be discussed later on. Thus, only cases (C) and
(D) can generate a switch.

We can summarize the parameter range needed for generating a switch in the following:
Y >> Ky, large n, and Tr << v (Kf << v). Using these limits in numerical simulations of Yan
degradation network with positive feedback also exhibits a switch-like response, and agrees with
these analytical expectations (Figs. 3, S3C).

In the derivation above the complex concentrations were neglected with respect to the free

substrate such that: Y =Y +Y,. We can study the effect of the complexes (A) by transforming

Y>> (Y -A) in the equations above. As the complex concentrations increase with respect to
the substrate, the differences between the output states decrease, and therefore, the switch will
become more moderate.
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In (C) the critical active MAPK level (Mc) is the level for which: ¥, = K, . According to

5.30, at low MAPK values: Y, = [MAPK ] Y™ . When we reach the threshold ((MAPK 1=M.)
v

MC tot Kf tot Y71 ..
weget: ¥, =K, =——-Y™, or put another way: M. =v- oc ( ) . In (D) the critical

v Y tot
f

Kf K n-1 L .
v || 7 oc (Y’”’ ) . Since these two thresholds depend on

P
Y'”, they are sensitive to Yan over expression.

active MAPK levelis: M . =v [

Fig. 4C shows the steady-state Yan profile of a positive feedback network upon over
expression. Indeed, a clear sensitivity of Yan degradation border to over expression was

observed. Moreover, in Fig 4E the threshold MAPK level was proportional to (Y o )71‘016 in more

than 99.56% confidence (The adjusted R-square value in Matlab fit function), which is in
complete correspondence to our analytical findings.

The steady-state solutions of the four models are summarized in figure S3 and table 1:

s A. First-order B. Cooperativity
E, 1- : : : 1- ‘ : :
g 08
>=
o) 06
(]
N 0.4
T
E 0.2
s 0 0 '
z 1 0.8 0.6 0.4 0.2 0 1 0.8 06 0.4 02 1]
5 C. Positive feedback D. Zero-order
E 1 ' ' _— 1-
% 0.8 0.8
> 06
ko] 06
ﬁ thy 04
g 02 02
2 o 08 06 04 02 0 0 = s = 55 5
Normalized MAPK level Normalized MAPK level

Figure S3. Zero order networks and first order networks with cooperativity or positive feedback,
can generate a sharp threshold of Yan degradation.

Yan steady state concentration was derived by numerical simulations (see Methods for
parameters used). The concentration levels are normalized with the corresponding maximal
concentrations. At first-order, there is a smooth gradual increase in the total Yan level as a
function of a decrease in the total activated MAPK level. However, at cooperative first-order with
n = 4 a sharp transition in Yan level is observed. Zero-order kinetics and systems with positive
feedback exhibit a sharp threshold as well.
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First order positive feedback Zero order

o/ A

Y=—"""+— .
[MAPK'T" ) ) & IMAPK<T,
= 0 .[MAPK']' <<T, o _ ) h

. y = Y o

Steady-state " "y [MAPK'] >> Tf’ o ,[MAPK']>T,
solution y, =% ,

ST o T; is the active MAPK level
[MAPK"]" for which Y, = K¢ (¥). T _k, [Pl T _a+k,[P]
= =

2
m km

C,= constant

Conditions ot
N Large |, K << Y, and
generating Large n T. <<gv W;lere V —const a<<k,[P]
switch ’
S MAPK is changed at least
SEECW FO 1 MAPK is changed at least .
over expression by a factor of B"° by a factor of Not sensitive

(factor )

— Sensitive only for small n.

Table 1. Analytical solutions of Yan steady state distribution.

(*) The system was analyzed for a simple covalent modification system. The solution is stable for sufficiently small K.

5.c.ii. Stability of the steady-state

The stability of the steady-state solutions obtained in the previous section can be determined
by linearizing about the fixed points. Using the quasi steady-state conservation equation:

1+ﬂ

p

+Y -

p
m

5.33. le = Y+Yp +[YMAPK*]+[YPP] — Y(I—F [MIZPK ]]

, the network equation 5.21 can be rewritten as:

dY Y
5.34. L—-A-B.Y -C-—L2—=f(V)
dt r K;+Y) ’
i * . * k
A=K IMAPK ] o p Ky IMAPK ] 1) TP o 5 oy e
K K K /
1+7m* 1_,’_7171* p 14
[MAPK '] [MAPK ]

Consider a small perturbation (1) from the fixed point 17],: Y, = 1717 + 1. Using Tailor expansion,
and since f(?p) =0, we get that f(¥,)=n- f’()7p) , for cases where f’(l?p) # (. Substituting in
5.34 will result in:

5.35. ?=n-f’(7,,) - n = const - e’ ™"
t
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Therefore, the stability of the steady-state 171, is determined by f ’(171,) dif f ’(171 ) <0 then 171 o 1s

a stable steady-state, whereas if f ’(17p) >0 then 1717 is non-stable. Since

(n—1)-17p"—1<;_
(k7 +7 )

536. f'(Y,)=cC-

, the active MAPK value for which f '(171,) =0 is:

(n=1)-Y'-K/

37. MAPK"| _ = K" v
5.37 [ ]f’(Y,,):O (K}’ +}7p")2 bov-0
[MAPK"] _
1'(¥,)=0
Kk S
R e
m p 1+7

)4

Note that 0 represent the complexes contribution, and 6 — 1 when the complex concentrations
are negligible. Let us study the system at the two limits:

v n
Y, <<Kj

5.38. [MAPK "] 0——)—\/-9 <0

f1(¥,)=

[MAPK "]

—_— K, )
- P—>(n—1)-(7fj v-0 >0
f'(¥,)=0 Y

p

When Yp” << K j’,’ , the MAPK value is always larger than [MAPK *]f'(y , and therefore,

f '(171,) <0. We can therefore conclude that the regular first-order solution without positive

feedback is always stable. When 171," >> K7, the problem is refined to two optional behaviors:

A. If the MAPK concentration is large enough such that both 171)" >> K7, and
[MAPK 1> [MAPK "]

FT 0’ then f'(Y,) <0, and the fixed point Y, is stable.

B. If some intermediate MAPK range exists where 17p” >> K¢ but

[MAPK "] <[MAPK "]

0 then f '()7[,) >0, and the fixed point 1717 is not stable. In this

case we will get an oscillating solution, as discussed in section 5.c.iii.

When 17p = K, the threshold MAPK value is: [MAPK . L1y -v-0
11(¥,)=0 4

For n = 1 the network is always stable as in the I?p" << K} case. However, for n > 2 the network
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resembles the 171,” >> K J’f case in which the threshold MAPK is positive, and therefore, the

stability of the fixed points depends on the network input MAPK value. Note that we are
interested in cases where a sharp switch is generated, and therefore, our network behaves like an
n > 2 network.

Note that the MAPK limits mentioned above correspond to the limits of the steady-state
solutions introduced in section 5.c.ii. (in S.c.ii. the complexes contribution was neglected). It is

also important to mention that the threshold f'(Y ,) =0 is a function of the input MAPK, and of

the total Yan concentration (Y, is a function of Y'). Thus, a change in [MAPK ] and/or in Y

can affect the stability of the steady-state.
This analytical solution can be represented graphically in phase plane, as shown in figure

S4.
v n val n val n
Y <<K; Y'>> K, Y'>>K;
. K/ n . Kf n
[MAPK'1< (n—1)- = v-0 [MAPK*]> (n—1)- = v-0
P P
Y f Y » Yp
" "
® Y, Y, <7,
"~ .,
A B C
Figure S4. A first-order network with positive feedback has a non-stable steady state at a specific
range of parameters.

When Y p" << K ; , the fixed point is stable as expected for a first-order network without
positive feedback (A). When the positive feedback is dominant (Yp" >> K ; ), the system can
reach a non-stable steady state (B) or a stable one (C). The system can flip between cases B and C
as the threshold parameters are changed. In particular, the system behavior is sensitive to over
expression (Y') and to the input values ((MAPK]).
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5.c.iii. Oscillations

In section 5.c.ii. we encountered a region of MAPK for which the solution is not stable. In
order to understand the kinetics in this region, let's consider an example network for which
initially all Yan is non-phosphorylated, n>2, and the network input is:

K x
L is a small MAPK value.

Ytot

tot

. K
[MAPK ]=%V-Yf —8M , where 8M << v-

The network’s initial condition is Y p” << K ;‘ , and therefore, its dynamics is determined by:

dYy . k dYy
P =&[MAPK"‘]-Y"” ——2[PlY, ; a__%
dt K K b dt dt

m p

5.39.

,where Y = Y™ — Y, > Y™ was used. In this limit, Y, will increase if

tot

* Y *
[MAPK 1> v- Y—P =M. Since Y, <Ky, it is clear that [MAPK |> M "’ . Therefore, Y,

increases at least up to O(Ky), where the positive feedback branch starts to affect the dynamics.
When Y, = K, (Y =Y") the dynamics is determined by:

dy —k . 1 k Yy 4t
5.40. —L2 =" [MAPK ]-Y’”’——-—p[P]-Yp ; d—:— u
d K, 2 K, dt dt
In this case, Y, will increase only if [MAPK ]> Ev- o = EV W =M /. Since in our case
[MAPK 1< M éz) , Y, will decrease.
. . . 1 Y, 1 K
We might think that a steady-state for which: [MAPK |=—v-——=—v- —OM , can
2 Yl()f 2 YYUI

tot

be reached for Y, values which are slightly smaller than K. However, since Kf << Y™ and n > 2,

this steady-state will fulfill:

541, ¥ =K, ; (MAPK 1< =2 .y .0

, and therefore, the steady-state will not be stable (see 5.c.ii.).

The network output is bound between a lower limit in which the output increases and an
upper limit in which it decreases, with no stable steady-state in between. Therefore, oscillations
occur and no stable steady-state is reached.

A positive feedback network for which the steady-state 1717 satisfies: 171," >> K} and

P

: K.
[MAPK ]<(n—1)-{YTf] -v-0=M_, reaches an unstable steady-state (Fig. S4.B), and
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therefore, it oscillates. Note that since Y, increases monotonically with Y™, Mc increases as Y™
is decreased.

Consider a network for which )7p” >> K }‘ ,but [MAPK 1>M ¢ - This network will have a

stable steady-state and will not oscillate (Fig. S4.C). If Y'* and/or MAPK is decreased the
network can reach [MAPK 1< M ¢ » and therefore, starts to oscillate.

This analytical prediction can be tested numerically in phase plane. The network defined
by equation 5.21. was simulated using Matlab ODEI15s function (Fig. S5). For the wild type
network we used parameters which generate a switch (Fig. S5A). Then, we examined the network
behavior in phase plane upon a decrease in Y (Fig. S5B), and a decrease in MAPK level (Fig.
S5C). As expected, the wild type network (Figs. S5B, C- blue curves) has one single stable
steady-state at a large Y, value. As the levels of MAPK or Y'* decreased, a non-stable steady-
state was generated, and for very low levels (Figs. S5B, C- red curves) there was a single stable
steady-state for which Y, << Y'*. These observations agree with our analytical findings.

A. Switch-like behavior B. Decreasing MAPK' level C. Decreasing Y level
0.8 " . " . . 1 1
0 8\\/\ 0.8
06
Y 06 0.6\/’\
Yp P 0.4\\\;/\ y o
y 04 02\ /an p 02\
P/ — N —
02- G\\/ 0 v
ﬁJ 02\ 02
T T m T Uy 02 04 08 08 1 M52 04 s 08 i
) tot tot
MAPK’ level Y, /Y Y, /Y

Figure S5. Steady states of a first-order network with positive feedback and stability analysis in phase plane.
Equation 5.21. was simulated using MATLAB ODE15s function, assuming the wild type network has
the following first-order parameters: k,, = 1 st Ky =100 uM, k, = 1 st K, =100 uM, K;=0.05 uM, n = 5, [P]
=30 uM, Y = 1 uM, [MAPK'] = 3 uM. Figure A. shows the switch like behavior of the wild type network.
Figure B. and C. examine the phase plane upon a decrease in MAPK value (Fig B; [MAPK'] is multiplied by:
10°,0.05, 0.2, 0.4, 0.6, 0.8 and 1) and a decrease in the total Yan value (Fig C; Y*©is multiplied by: 0.1, 0.2, 0.3,
0.4,0.6,0.8 and 1). The wild type network (blue curve) has a single stable steady state at a high Y, value. As the
levels decrease (curves become red), a non- stable steady state is generated (the points were curves intersect with

Yp = 0, with a positive slop). At the lowest level (pure red) the network has a single steady state at Y, << Y'".

In the main text of the paper, a simulation of the residual Yan concentration versus Yan
over expression value was presented (Fig. SE). It was mentioned for the case of a positive
feedback network that the simulation is valid only for over expression values larger than 0.6 fold.
Indeed, at these large values a stable steady-state was reached as Yan was fully degraded (Fig.
S6A). The reason for the abnormal behavior at lower Y™ values (over expression of 0.28 — 0.6
fold) stems from the oscillatory behavior of the network in this region (Fig. S5B). When Y™
values were very small (over expression values less than 0.28), the oscillations stopped, and no

switch was generated (Fig S6C), since the positive feedback branch was not effective (¥, >> K
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was not reached, or reached only when Y, ~ Y*). The numerical simulations clearly match our
analytical predictions.

A. a=0.6 B. a=04 C. a=0.28
° 1 1 1
: N
-— 0.8 0.8 0.8
g
> 0.6 0.6 0.6]
°
_g 0.4 04 0.4
©
g 02 02 02
b
z° 0 0 0
0 1 2 3 ‘t\ 4] 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normanizea ume *"° Normalized time Normalized time

Figure S6. Dynamics of a first-order network with positive feedback at different levels of Yan expression.

This figure corresponds to figure 4E in the main text. The dynamics of the total Yan level is shown
for different Yan production rates (a). The production rate values are normalized with respect to the wild type,
and both axes are normalized to the maximal values. When the production rate is high (a0 > 0.6), Yan is fully
degraded and a stable steady state is reached (A). For small production rates (0.28 < a < 0.6), Yan degrades
and then start to oscillate (B). When Yan levels are very low (a < 0.28), the positive feedback branch does not
affect the kinetics, and Yan reach a stable steady state in which only a small part of Yan is degraded (C). For
information about the parameters used see Methods.
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6. Estimates for Yan Decay Time

To illustrate the dependence of the relaxation time on the level of Yan, we solved the
dynamics for the simple case of the classical zero-order model at quasi steady-state (Equations
5.5-5.6).

6.a. First-order dynamics

At first-order kinetics (Y™ << Kp, K,) equations 5.5 and 5.6 reduce to:

dy . k dy
6.1. v~ K papkry - Sepry, ;o
d K K P dt dt

m p

Using the quasi steady-state conservation equation:

P
m

p

62. Y“ =Y+Yp+[YMAPK*]+[YPP]=Y~(1+[M2ﬂ}ry .{1+[Kﬂ]

, the network will reach the following exponential time dependence:

t

63. Y,=C-e T +C,- Yy  where

[MAPK "]
k -[MAPK'] I+ K k,-[P]
64, T=|—= . [Pni +-2
K, . P1 K,
p
-1
k -[P *
C, = 1+ﬂ+ p 1Pl K., —- 1+—[MAPK]
K, K, k, [MAPK] K,

, and C; is a constant which depends on the network initial conditions. Note that the time scale
(T) does not depend on the initial conditions, nor on Y levels. Thus, over expression of Yan will
not change the network relaxation time. The cooperative first order case is similar to the non-

cooperative one, since the transformation ([MAPK*]/ Km)—> ([MAPK*]/ K, ) can affect the constants

(for example, the relaxation time), but not its exponential behavior.
Although Yan degradation network is more complicated than the classical model, the
same qualitative behavior is observed (Figs. SA,B).
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6.b. Dynamics at first-order with positive feedback

As a simple example, we will estimate the dynamics of the network introduced in section
5.c. The quasi steady-state dynamics of this network is:

v,k ) k K" dy
6.5. r B APk )Y -2ty Y
dt K K Ki+Y) P dt dt

m p

When Y, << Ky, equation 6.5 reduces to the regular first-order case without feedback
(equation 6.1). Thus, at this limit the dynamics of the output (Y,) is exponential with a time scale
T (equation 6.4).

When Y, >> Ky, equation 6.5 can be written as:

dy \ k K’ dy
6.6. 3 :k—’”~[MAPK']~Y——”[P]~ L a __
d K, K, Y dt dt

Equation 6.6 consists of two terms. Whether the first one dominates the equation or the
other, significantly affect the dynamics of the network. The first term will be dominant when the
input value is:

n-1
. K k K. (K,
6.7. [MAPK']>>-—=—t[p].—L.|—L =5
k K Yt()t Y

m p p
Note that 6 is a small number in this region (Y, >> Ky), and for sufficiently small K; values
equation 6.7 is fulfilled. The second term starts to affect the dynamics as [MAPK ] reaches §.
These limits correspond to the steady-state limits, which were discussed at chapter 5.c.

n—1
8 =V- Kf . &
Yt()t Y

P

First, let’s assume that the first term in 6.6 dominates the equation dynamics. Using the
conservation equation 6.2, it is clear that Y is proportional to Y, and therefore, Y, dynamics is
exponential:

t
68. Y, ()= C,.e T +C,.y” | where
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, IMAPK] B
k, -[MAPK"] K,
K 1+ ﬂ

P

,and C , 1s determined by the initial conditions. Note that the time scale T is larger than the first-

order one (7). Therefore, the time to reach steady-state increases.
Consider a feedback network with the following input: MAPK >v and MAPK >> 3

when Y, >> Ky, where v = &—”[P]. If the network starts from an initial condition: Y(0) =
m P

Y™, Y,(0) = 0, the network dynamics will be as follows: Y, will increase exponentially with a
time scale T. This time scale will increase as Y, = O(Ky) is reached, to a maximal time scale of T
at Y,>>K;. Therefore, Y, always increases exponentially, but the network shifts to a larger
exponential time scale at the threshold Y, = K.

Consider a network with the following initial conditions: Y(0) = Y', Y,(0) = 0. The
system dynamics will start as a simple first order one:

_t
6.10. Y,0)=C,-y"|1-e T

, where C, is the constant given by equation (6.4).The time to reach the threshold Y, = Kris:

K -1
6.11. t,=T[|1-—
Cz'Ymt

Therefore, upon Yan over expression (an increase in Y'*) t; will decrease and the system will pass
the threshold Y, = Ky faster. This way the system's exponential time scale will increase at an
earlier stage and the relaxation time of the system will increase. Note, however, that since the
dependence in Y is logarithmic, we can expect that the increase in relaxation time upon over-
expression will be a moderate one. Our numerical simulations fit these analytical predictions
(Fig. 5.C).
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Let’s consider the opposite limit where the second term in 6.6 is larger than the first term.
This occurs when there is a MAPK value for which MAPK <6 when Y, >> K. In section 5.c.ii.
and 5.c.iii. we found that this MAPK level generates oscillations. In section 5.c.ii. and 5.c.iii. we
showed that oscillations can also occur between the Y, >> K; range and the Y, = O(Ky) range.
These oscillations were detected in out numerical simulation at low Y'" values, as discussed in
figure S6.

6.c. Zero-order dynamics

At zero-order kinetics (Y >> K, K;) when Y, Y, = O(Y'), equations 5.5 and 5.6 can be
rewritten as:

dY . dy
6.12. P =km[MAPK 1-k [P] ; ﬂz -t
dt r dt dt

, which result in the following linear time dependence:
6.13.  Y(t)=Y(©0)—(k,[IMAPK 1=k [P])-t ; Y, (t)=Y,(0)+k,[MAPK 1=k [P])-t

Assuming Y(0) = Y, Y,(0) = 0 will result in:

6.14.  Y(1)=Y" —(k,[MAPK'1-k ,[P1)-t ; Y,()=(k,[MAPK"1-k [P])-t

Note that the decay time depends linearly on Y level. Thus, at the zero-order kinetics we
expect a longer relaxation time upon Yan over expression. In the Yan degradation network
similar linear time dependence is observed (Fig. 5D).

The dynamics of the four models is summarized in table 2:

First order Positive feedback Zero order

ot “, [MAPK'Y <<T,' Yp(l)=(km[MAPK*]—kp[P])'l‘
yn=c-e T +c, vy o .
. Yan' [1( ) 1 2 “. [MAPK'] >>T, Y(t)=Ymr—(km[MAPK ]—kp[P])~t
ynamics C,, C, and T are constants ~ o~ ~
T doesn't depend on Y | €1 G, T, C;, C,,and T' are constants ()
T>T (%
Sensitivity to L
. . The relaxation time increases
over .. The relaxation time
. Not sensitive . . . .
expression slightly increases linear in f3
(B

Table 2. Analytical solutions of Yan dynamics in a covalent modification system (Fig. 7A).

(*) Ky is assumed to be sufficiently low. Note that for specific parameters range the positive feedback network can
oscillate (chapter 5.c).

FY, Y, = O(Y"™") was assumed. We used the biological problem initial conditions (The ventral ectoderm pattern at stage
9): Y(0) =Y, Y,(0)=0.
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7. Modeling Cooperative First Order Networks with
Subsequent Bindings of Active MAPK to Yan

In the main text we formulated the cooperative first order case by assuming that n
MAPK* molecules are binding simultaneously to Yan in order to form Yan-MAPK* complex. In
this chapter we will discuss the alternative formulation where subsequent bindings of MAPK* to
Yan are needed to generate the complex. For simplicity, we will discuss the serial binding case in
the classical Goldbeter and Koshland covalent modification system, as shown below. In the
following discussion we will show that our conclusion that cooperativity can not explain the
experimental observations, is still valid when the alternative cooperativity formulation is used.

n * MAPK’

N
Y Y,
’\P/

Modeling cooperativity as subsequent bindings of MAPK™ molecules is based on the following
reactions:

—_ (1)
Y+M — YM

—_—
YMYP+ M — ym® n-1
Equations

YM™D e M —— YM™"
-1 N K,
YMOD 4 M —— YM® —— Y, +nM

Yo+P —/— YP —> Y4+P
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These reactions result in the following equations:

@
igg—lza;yﬂMf—danmyﬂﬁmnwm}M¢+dﬂnwm]
t
YM
fl;;—lza;{nw“ﬂjwf—¢ﬁnw”q—a;{nwm]m4f+¢ﬁnw“q
7.1. :
(n—-1)
1B%%—l=agﬂn%ﬂ*”yM3—d;mewmyﬁﬁ{mww”}M3+dﬂnwm]
(n)
%m; M P)-M, —(d) +k,) [YM"]
t
d[Y,P]
7.2 L=, Y, P (d, +k, )-1Y,P]
dY 1 1 1)
7.3. — = Y-M,+d, -[YMV]+k, -[V,P]
day, .
7.4 - =—a,-Y, P, +d, -[Y,Pl+k, - [YM"]

, and two enzyme conservation equations:

7.5.  [MAPK =M, +> k{YM"]

k=1

7.6.  [P]=P, +[Y,P]

Y and Yp designate Yan in its non-phosphorylated and phosphorylated isoforms, respectively. M
and Py are the free MAPK* and phosphatase, respectively. [MAPK | and [P] are the total levels of
enzymes in both free and complex forms. [YM®]is a complex of Yan with k MAPK molecules.
At quasi-steady state equations 7.1 and 7.2 reduce to:

a, Y -M,+d:[YM?)=d,[YM)+a, -[YMV]-M,

ap (YMP1-M, +d, [YMP1=d [YM® |+a, -(YM?]-M,

1.7. :

ap’ [YM"P1-M, +d, [YM™ 1 =d, "' [YM" ] +a, -[YM""]-M,

ap -[YM""1-M, =(d,, +k,)-[YM™]

=kp+dp

78.  [Y,P]=[P] . P, =[P] K, K
o Py vk, T T T Ty vk T T g,

p p p p
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Equation 7.7 can be rewritten as follows:

79.  [YM*P1=A" [y M*P1-BF - [YM*®] ; 2<k<n
YM“P)=C-[YM"]

n k-1 k k
coKu _dutk, o Ay e o d,
M. "M ’ T M k-1 2 T M
f am f am f am am f

, where YM©® =Y. These n equations can be used to find the dependence of each complex in Y
and M ([YM 1= f(Y,M ), 1<k <n). Animportant point we can realize from equation 7.9 is

that the concentration of each Yan-MAPK  complex is linearly dependent on Yan levels. Put
another way,

7.10.  [YM®]=a*(M,)-Y ; 1<k<n

, where o can be calculated from equation 7.9 At first order the level of Yan is limiting and

therefore most enzymes are free: M > Zk [YmM*®] ,or M = [MAPK ']. Consequently, o

k=1
are only a function of the rate constants and the total amount of MAPK . At first order Y'*' >> Kp
and therefore equation 7.8 can be rewritten as:

. [P] ~ pio
7.11. [YPP]:K_YP 5 Pf:Pt

p

By substituting 7.10 and 7.11 into 7.3 and 7.4 we will get:

7.12. d—YZ(—a:,,-[MAPK*]+d;l-o¢‘)-Y+ kp-[P] Y,
dt K,

703 e [ ZRAPH) o)y
dt K,

In our case the total amount of Yan is constant, namely:

714, Y =Y +Y, +[Y,P]+ ) [YM©]

k=1

Using 7.10 and 7.11 we will get that:

7.15. Y =Y-(1+§n;oc"j+Y,, _(H[Kﬂj

k=1 P
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Put another way:

7.16. Y= - - —L— 1.7,
1+> at 1+> af
k=1 k=1
Ytot 1+Zak
7.17. Y, = - = Y
1+@ 1+ﬂ
P KP

Substituting 7.16 and 7.17 in 7.12 and 7.13 will result in:

dY

7.18. —=y-n-Y
ar Y—m
dy

7.19. P=y,-m, Y
dt Yp—MNp-Lp

, Where the constants are defined as:

1+ ot
— kP Lylot — . k=1 [ 1_ g1l 41
y=—L Y m=k, — 14! [MAPK']-d! -a
K, K,
_ 1+7
[P] [P]
o S e
,YPE mha 'th : ankm'an' - P + PK[ ]
1+ o 1+ o P
k=1 k=1

Note that constants y,y,,n and m, are functions of the rate constants and the enzyme

levels, but are not functions of the Y or Yp. Therefore, the network dynamics is exponential with
a time scale of n'l. Since 1 does not depend on the initial conditions, nor on Y levels, over-
expression of Yan will not change the network relaxation time. Hence, formulating the network
cooperativity as subsequent bindings of MAPK " molecules will lead to an exponential dynamics
of Yan degradation, which is robust to Yan over-expression. A similar conclusion was reached
for the cooperative model involving simultaneous binding of several MAPK ™ molecules to Yan.
Thus, our experimental observation, that the time needed for Yan to reach steady state is
significantly longer upon over-expression, is not consistent with either one of the cooperative
models.
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8. Modeling the Kinetics of Yan Degradation Network in the
Absence of a Phosphatase

A central assumption of our model for Yan degradation network is that phosphorylation
of Yan is reversible. At present, however, there is no experimental indication for the putative
phosphatase(s). In this section we will derive a model of Yan degradation network in the absence
of a phosphatase ([P] = 0), such that dephosphorylation does not occur. We show in the following
discussion that the presence of a phosphatase is crucial for defining a switch-like pattern that
resembles our experimental observations. Specifically, we show that in the absence of a
phosphatase, non-cooperative models (first and zero order) do not exhibit a switch-like pattern,
while the cooperative first order case generates a switch that is insensitive to Yan over-
expression. We also show that the existence of the phosphatase is essential for the zero-order
ultrasensitivity mechanism.

Without a phosphatase, equations 2.1- 2.6 reduce to:

8.1. ‘Z—Y =—a,Y[MAPK 1" +d,[YMAPK |+o—LY
t
g ~ AYMAPK]_ a,YIMAPK;1"-(d,, +k,)-[YMAPK ]

dt

dy, .
8.3. =k [YMAPK 1-)\ Y
dt m pTp

, with one enzyme conservation equation:
8.4. [MAPK "] =n-[Y MAPK "] +[MAPK ;]
At quasi-steady state equation 8.2 results in:

Y-[MAPK 1" (K. ) d,+k,

(K,,)" a,

We will analyze the network for both the non-cooperative case and the cooperative one.

8.5. [YMAPK ] =

8.a. Non-cooperative networks

In the non-cooperative case (n = 1), equations 8.4 and 8.5 reduce to:

86. [YMAPK']=MAPK1 (MAPK | - [MAPK "]
K Y

I+ 1+
Y K

m

Substituting 8.6 into 8.1 and 8.3 and assuming steady state, we will get:
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8.7. 0=—amY-[MAP§ ]+dm-[MAPK ]+a—xy
I+— I+
K, Y
[MAPK ]
8.8. 0=km~—K—prp
1+ m
Y

Equations 8.7 and 8.8 can be rearranged as follows:

g9, [FulMAPK]_ . oy
I+
Y
2.10. p:km.[A;bIAPK]‘ lK
p 1+ 2
Y

Equation 8.9 is a quadratic equation for Y. Its solution is:

v — (k, IMAPK " 1— .+ 0K, )+, [MAPK 1~ 0+ 1K, | + 400K,

8.11.
2\

Note that only the (+) solution is relevant since the (-) solution results in a negative Y (since
4 oK, >0). It seems that Y does not exhibit a switch-like behavior in [MAPK*], therefore Y,
and Y' are also not a sensitive function of the input MAPK  levels. Note that the non-
cooperative solution is valid for both the first and zero order cases.

In order to check whether a network displays a switch-like behavior it is helpful to
examine the network's steady state at different limits, and test the transition between those limits.

8.a.i. High MAPK levels: k, [MAPK']>>2,\/AaK, +o—AK,

Equation 8.11 can be written as:

c 12 Y_(km[MAPK*]—aerKm) . 2.haK, )
' 2 k,[MAPK 1-a+LAK,

Using 1+ x—=L 51 +%x, equation 8.12 reduces to:
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(04
. k, [MAPK ]-«
K

m

8.13.  Y(high[MAPK']) =
A

It is clear that in the high MAPK" limit Y is not a sensitive function of the input MAPK" levels.

8.a.ii. Low MAPK’ levels: k [MAPK ]<< 2,/ 0K, +o—LAK,

m

In this case, equation 8.11 can be written as:

2

k,[MAPK ]-o+AK,

2 oK,

—(k,IMAPK"1- o+ 1K, )+ 2/h0K,, - 1{
814 Y=

2\

Using 1+ x—=L 51+ % x and neglecting second order terms, equation 8.12 reduces to:

. o—-AK, +2\haK, | k
8.15. Y(low [MAPK ']) =

——" .[MAPK "]
2\ 2\
, which linearly depends on MAPK" levels.

8.a.iii. Transition between the limits

The transition between this two states (of 'high' and 'low' [MAPK*]) relies on the relation
between a term which linearly depends on the input (k,[MAPK']) and a constant term
(2yAaK, +0o—AK, ). Therefore, the transition is relatively 'slow' (Comparing, for example, to

the positive feedback case where the threshold location depends on [MAPK 1", n >1). Since the
two states have low sensitivity to the input MAPK levels and the transition between them is
slow, the network is not expected to exhibit a switch like pattern.

We conclude that without a phosphatase, non-cooperative networks do not exhibit a
switch-like behavior. This prediction is not compatible with our experimental observations.

8.b. Cooperative networks

In this section we show that cooperative networks do not predict the observed switch-like
behavior when no phosphatase is present. We will analyze the first and zero order cooperative
networks separately.
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8.b.i. First order kinetics

At first order (Y™ << K, [MAPK*]) most of the enzymes are free and therefore 8.4 and
8.5 result in:

Y -[MAPK']"

(k)

Substituting 8.16 into 8.1 and 8.3 and assuming steady state, we get:

8.16. [YMAPK |= ; [MAPK,]=[MAPK"]

Y -[MAPK]" .

(K., )

8.17.  0=-a,Y[MAPK 1" +d, a—AY

Y -[MAPK']" Ay

8.18. O=k —m———
m (Km)n p-r

Equation 8.17 can be rearranged as follows:

a

8.19. Y= -
A+—" . [MAPK']"

(K., )

Substituting 8.19 into 8.18 we will get:

a

A ~[1+x'(K’”)n* J
P k [MAPK']"

m

820. Y, =

Both Y and Y, are sensitive functions of the input MAPK" levels. The steady state solution for a
cooperative first order network is therefore expected to generate a switch also in the absence of a
phosphatase.

The dynamics of Y can be analyzed by substituting 8.16 into 8.1 and 8.3:

- ﬂ_a_[wﬂ}y

dr (K.,)"

*an -1
Equation 8.21 shows that Y has exponential dynamics with a time scale 7 :(km[MAPK]%] .

()"

Note that the time scale is independent of the initial conditions and the production rate a. We can
conclude therefore that the exponential dynamics in the cooperative case is insensitive to Yan
over-expression. A similar conclusion was reached for the cooperative first order model in the
presence of a phosphatase. Consequently, the dynamics of cooperative first order networks is
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expected to be robust to Yan over-expression regardless of the presence of a phosphatase. This
prediction is not consistent with our experimental observations.

8.b.ii. Zero order kinetics

At zero order (Y >> K, [MAPK*]) most of the enzymes are in their complex form and
therefore 8.4 and 8.5 result in:

8.22. [YMAPK 1= [MAPK 1/n

Y- [MAPK;. 1"

(K,)'

Since: [MAPK ' 1=[MAPK"|-n-[Y MAPK'1=[MAPK" | -n- »0 we will get:

[MAPK*]]”

823. [MAPK,]=K, (
Y-n

Substituting 8.23 into 8.1 and 8.3 will result in:

g4,  IY_ ~a,Y-(K,) -(MJ +d, [MAPK"]/n+o—AY

dt Y-n
dYy *

8.25. F = k,[MAPK ]—XPYP
dt n

Equations 8.24 can be rearranged as follows:

dy _  k,[MAPK']
dt n

8.26. AY

The steady state solution for equations 8.25 and 8.26 is:

k, [MAPK"]
a -

827. Y= x” ;o Y,

_ k,[MAPK"]
n-A,

This solution is valid only when k, [MAPK 1<n-a. When [MAPK*] levels pass this threshold,
all Yan protein that is being generated is immediately phosphorylated such that: ¥ =0 and

Y,=Y" =% This solution shows a graded decrease in Yan levels as MAPK levels are
P

increased, and a switch is not generated in this case.
Note that our discussion is significantly different from the case where a phosphatase is
present (chapter 4). When a phosphatase is introduced into the zero-order network, an additional
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term, kp[P], is inserted into 8.27 such that a 'two threshold mechanism' is operating. In

particular, the solution will be:

k [MAPK"
o _ k,IMAPK '] +k,[P]

8.28. Y = L x ; Y, = L

k, [MAPK"] P
P

Ap

This solution is valid only when: T, Ekp[p]<w<a+kp[ P1=T1,. When MAPK" levels
n

pass T, all Yan is phosphorylated (y=0;Y, =Y =a/a,), and when MAPK levels decrease
under T; all Yan is non-phosphorylated (y =y =a/x;v, =0). The transition between the two
thresholds is expected to be fast, since phosphorylation and dephosphorylation rates are faster
than protein production rates (« <<k [P] and therefore 7, -7, <<T,). We therefore conclude that

zero-order networks display a switch-like behavior only when phosphatase is present.

The discussion in this chapter shows that the presence of a phosphatase is crucial for
defining a switch-like pattern that resembles our experimental observations. We therefore predict
that a phosphatase is present, although the postulated phosphatase was not yet found.
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9. Steady-State Solution for the Yan / Activated MAPK
Complex Level at Cooperative First-Order Kinetics

Equation 3.6 for the steady-state of Yan / activated MAPK complex ([Y MAPK "]) can be
rewritten as:

9.1. [YMAPK']=

YIMAPK']" ( n:[YMAPK']\’
(k,) [MAPK ]

Using the binomial theorem: (a + b)" = z (Z)akb"_k , first-order kinetics:
k=0

[Y MAPK 1< Y" <<[MAPK'], and taking only high order binomial terms, it can be simplified
as:

9.2. [YMAPK']= M,(l . '%J

(K m ),7 [MAPK ) ]

, and after rearranging:

93. [YMAPK']= [MAfK ] , where n = O(1)
(Km ) + 2
n n
[MAPK 1" -Y

At first-order, Yan level is limiting, such that Y'*' << K,. For simplicity, we can also assume that:

n-1

K

Y <<K, :| —=—-| -—5 . This condition is fulfilled if we are in “deep” first-order
[MAPK ]

n
kinetics, such that K, is very large (e.g. if O(K " ) =10- O([MAPK *])). In this case the complex
value is:

_ [MAPK]"

()

9.4. [YMAPK']=Y
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10. Summary of the Models Parameters and Predictions

The following table summarizes the models parameters and predictions:

Network

parameters

FIRST ORDER
FIRST COOPERATIVE WITH
NETWORK KINETICS
ORDER FIRST ORDER POSITIVE
FEEDBACK
Positive
Ki << Y
feedback Ki >>Y“ Ki > Y™ o1 Ke>> Y™
>
(Kf9 l)
Cooperativit
P | n=1 n>1 n=1 n=1
(n)
Substrate vs. Y << Y << Y << Y>>
Enzyme conc.

Substrate vs.

[MAPK,[P]

[MAPK1,[P]

[MAPK1,[P]

[MAPK1,[P]

Michaelis Y <<Km, K, | Y <<K;, K, Y <<Km K, | Y">>Kp,K,
menten coeff.
Sensitivity to Is a switch
No Yes Yes Yes
input values generated?
Network Location of Yan Changed at
Changed at least
response to degradation least by a Robust Robust
by a factor of B
over- border factor of B
expression Time to reach Increase
Robust Robust Increase .
p>1 the steady state dramatically

Table 3. Summary of the models parameters and predictions
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