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Summary

For studying the biology of autosomal trisomies it is necessary to establish the parental origin and meiotic
stage of nondisjunction by using genetic markers. Theoretical formulas are obtained for calculating the
probability of establishing (1) parental origin and meiotic stage of nondisjunction by using a centromeric
marker, (2) parental origin of nondisjunction by using a noncentromeric marker, and (3) meiotic stage,
given parental origin of nondisjunction. These theoretical calculations demonstrate that parental origin of
nondisjunction can be identified with virtual certainty by utilizing multiple genetic markers along a chro-
mosome arm. Centromeric markers are by themselves inefficient for determining meiotic stage of the error,
but the efficiency can be considerably increased if parental origin is known with certainty. Even then, mul-
tiple centromeric markers may be necessary.

Introduction

The vast majority of autosomal trisomies result from
primary meiotic nondisjunction (NDJ) in germ cells
(Therman 1986). The NDJ events leading to trisomy
can occur in either the male or female parent and at
either meiosis I (MI) or meiosis II (MIT). For several
autosomal trisomies, studied among spontaneous abor-
tuses or live births, cytogenetic heteromorphisms have
been used to establish the parental origin and meiotic
stage of NDJ of the extra chromosome (Hassold et al.
1984). However, chromosomal heteromorphisms are
informative in only 30%-60% of cases. These data have
nevertheless been useful for estimating the probabili-
ties of the four types of meiotic errors and for studying
the natural history of NDJ (Jacobs and Morton 1977;
Hassold and Jacobs 1984). For determining the origin
ofNDJ, chromosomal heteromorphisms located either
at the centromere or in the pericentromeric region of
the short or long arm of the relevant autosome are
needed. In principle, any genetic marker completely
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linked to the centromere is useful for determining both
parental origin and the meiotic stage of NDJ. However,
only the parental origin of NDJ may be detected with
a marker locus that recombines with the centromere.

It is clear that parental alleles at the marker locus
studied must be distinguishable to detect the origin of
NDJ. Thus, the efficiency of a marker locus in these
studies is related to its degree of polymorphism, with
efficiency increasing as a function of increasing het-
erozygosity. For these studies, DNA polymorphisms are
the most useful markers for two reasons: first, highly
RFLPs have been identified on each human chromo-
some (Willard et al. 1985) and, second, unlike biochem-
ical or serological markers, the duplication of a specific
parental allele in the trisomy can be uniquely identified
even for a two-allele polymorphism (Davies et al. 1984;
Stewart 1984; Antonarakis et al. 1985; Stewart et al.
1985). For centromeric markers, one may use cytoge-
netic variants (Jacobs 1977), unique-sequence probes
to the pericentromeric regions (Stewart et al. 1988),
or chromosome-specific alpha-satellite DNA probes
(Willard et al. 1986). For noncentromeric markers, any
DNA polymorphism is useful, but the highly poly-
morphic variable-number-of-tandem-repeat (VNTR)
polymorphisms (Nakamura et al. 1987) are the most
informative.

In the present paper I provide theoretical formulas
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for predicting the informativeness of a genetic marker
for detecting the origin of NDJ. Specifically, I calculate
both the probability P(cen) of establishing parental ori-
gin and meiotic stage of NDJ by using a centromeric
marker and the probability P(par) of establishing pa-

rental origin by using a noncentromeric marker. I also
study the increase in efficiency obtained in identifying
meiotic stage of NDJ, given parental origin, by using
the probability P(cenlpar). Langenbeck et al. (1976)
were the first to provide formulas for P(cen) separately
for MI and MII errors. These authors demonstrated
the bias in favor of detecting MII errors, but they as-

sumed that all gametic products from meiosis errors

are equally likely. Current data (Hassold and Jacobs
1984) do not lend support to such an assumption. More
recently. Stewart (1984) and Rudd et al. (1988) have
provided approximate formulas for P(par) for a two-
allele genetic marker.

Methods and Results

The probability with which the origin of NDJ can

be established depends on the parental mating types
at a genetic marker locus. Consider an autosomal lo-
cus with n codominant alleles A1, A2, . . ., An and
allele frequencies xl, X2, . . ., x (Zx, = 1), respec-
tively. When four or more alleles (n > 4) can be distin-
guished, the parental mating types can be classified into
seven different classes as given in table 1. This classifica-
tion results from each parent in the mating being
homozygous or heterozygous and from each mating
segregating for one, two, three, or four distinct alleles.

Each of the seven mating types represents a prototypic
class of matings of similar but not identical genotypes,
and they are represented by allele indexes i, j, k, 1, where
i, j, k, I = 1,2, .. , n with the constraint i + j
k 1. The population frequency of a specific mating
type within each of the seven classes is calculated un-

der random mating and is presented in the column
termed "typical" in table 1. For obtaining the frequency
of all matings within each of the seven classes, the typi-
cal frequency is summed over the indexes i or i j or

i j : k or i j k 1 as relevant and is presented
in table 1 in the column termed "total." For example,
mating type 3 (ALA, x AA ) represents all matings, be-
tween a homozygote and a heterozygote, in which the
heterozygote has one allele in common with the
homozygote; thus i #j is the only restriction. The typi-
cal frequency of this mating, given specific values of
i j, is clearly 4xi3xj, since the four matings AiA1 x

AAj, AA- x AjAj, A Aj x A-A , and AjA, x AiAi are

to be considered. The total frequency is obtained by
summing 4xi3xj under the condition i j =

1, 2, . . . , n. To simplify later results, the seven mating-
type total frequencies (fI, 12, . . . , f7) have been ex-

pressed in terms of gene frequency moments ar =
n

Z Xjr, where r = 1, 2, 3, 4. Comparison of the typi-
cal frequencies shows thatfs = 212 and thatf6 = 2f4.
Also, as expected, fi + f2 + + f7 = 1.

Each parental mating type can produce a variety of
genotypes of the trisomic offspring, depending on
whether NDJ occurred at MI or at MII; whether NDJ
occurred in the male or female parent; and whether
the marker locus is centromeric or not. In table 2 I

Table I

Mating Types and Their Frequencies at an Autosomal Codominant Locus

FREQUENCY

MATING TYPE' Typical Total

AiA x AiA ....... Xi4 fi = a4
AiA, x AjA xi212f2 = a2 2-a4
AiAi x AiAj ...... 4xi3xj f3 = 4(a3-a4)
AJAI x AjAk ...... 2x,2Xr-

Xk 14 = 2[a2(1-a2)- 2(a3-a4]
AA, x AAj ...... 2x,2x 2 fs = 2f2
AiAj x A,A x...... 4x,2x

Xk A = 214
AiAj x AkAI ...... XXjXkXI f7 = 1-6a2+ 8a3- 6a4+ 3a22

n

a Ai is the ith allele (i = 1,2,. .,n) with frequency xi; ar =, Xir (r = 1,2,3,4); i, j, k, I are

labels for distinct alleles, where i, j, k, I = 1, 2., n and where i # j $ k # 1.
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Table 2

Parental Mating Types, Their Trisomic Offspring, and the Probability of Detecting the Origin of NDJ

GENOTYPES OF

Father Mother Trisomy P (cen) P (par) P (cenlpar)

AiAi AiAi AiAiAi .0 0 0
AiAi AjAj AiAiA..0 UI + U2 0

AiAjAj .0 U3 + U4 0
AAj AiAj AIA,A,,AjAjAj 0 0 (U2 + U4)/2

AAiAjAJAiAjA j 0 0 0
AiAj AiAi AiAiAi .0 0 u2/2

AAAj.. .. 0 0
AiAjAj ................ U2/2 (1 - a)(ul +u2)/2 u2/2

AiAi AiAj AiAiAi ..............0.. 0 U4/2
AAiAj ....... .......... 0 0 U3

AiAjAj ................ U4/2 (1 - )(U3 + U4)/2 U4/2
AjAk AiAi AiAjAj,AAkAk .......... U2 U - a)(ul +U2) 2

AiAiAj,A1AiAk .... ...... 0 U3 + U4 0
AiAjAk ........ ........ U1 a(U1 + U2) U1

AAi AjAk AiAjAj,AAkAk .......... U4 (1 - 0)(U3 + U4) U4
AJAJAjAAJAiAk .....0..... U1 + U2 0
AAjAk u................ U3 V3 + U4) U3

AiAj AAk AJAIAj ................ 0 0 ul/2+u4/4
AiAjAj,AjAjAk .......... U2/2 (1 - a)(ul + U)/2 U2/2
AiAjAk ...............0. 0 (U1+ U3)/2
AiAkAk,AjAkAk ......... U4/2 (1 - )(U3 + U4)/2 U4/2
AiAAi ....... .......... 0 0 (U2 + U4)/4
AiAiAk ...... .......... 0 0 U2/4 + U3/2

AiAj AkAi AiAjAk,AJAjAi .......... u1 a (Ul+U2) U1
AAkAi,AjAkAi .......... U3 f (U3 + U4) U3
AiAi-,AjAj-.................. U2 -a(1-c)(ul + U2) 2
- AkAk, - AIAI .......... U4 (1 - )(U3 + U4) U4

NOTE. -A1, A2, . . An are alleles at an autosomal codominant locus; iojok#1; U1, U2, U3 and U4 are probabilities of paternal MI,
paternal MII, maternal MI, and maternal MII NDJ, respectively; a and , are as defined in eq. (4) in the text.

enumerate all such trisomic offspring genotypes. Let
U1, U2, U3, and U4 denote the probability of paternal
MI, paternal MII, maternal MI, and maternal MIT NDJ
events, respectively, where Ul + U2 + U3 + U4 = 1.
Thus, the probabilities of paternal and maternal NDJ
events are ul + u2 and U3 + U4, respectively; the prob-
abilities of MI and MIT NDJ events are ul + U3 and
U2 + U4, respectively. Maximum likelihood estimates
of ui (i = 1, . . , 4) for some autosomal trisomies, as
estimated using centromeric cytogenetic heteromor-
phisms, are given by Hassold and Jacobs (1984).

In the following I calculate the following three types
ofprobabilities of detecting the origin ofNDJ: (1) P(cen),
(2) P(par), and (3) P(cenlpar). Each of these three prob-
abilities is different for each mating type, so that the
overall probability is calculated as

9
P = , 1 hPi , (1)

where Pi = P(cen), P(par), or P(cenlpar) for the ith
mating type and where fi is the total frequency of the
ith mating type. The number of mating types in equa-
tion (1) and table 2 is nine, rather than the seven listed
in table 1, since two matings have been split into their
reciprocal types. This is necessary since the genotypes
of the father and mother need to be distinguished.

For any given mating type the probability of detec-
tion is simply the proportion of trisomic offspring whose
genotypes allow unambiguous detection of the origin
of NDJ. For calculating P(cen) these probabilities, for
a centromeric marker, are derived from the results of
either Jacobs and Morton (1977) or Chakravarti and
Slaugenhaupt (1987) and are listed in table 2, column
4. These probabilities in Table 2 are provided for each
trisomic genotype and are to be added for all trisomic
genotypes arising from a specific mating type. Then,
using tables 1 and 2, and equation (1), I obtain
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P(cen) = (f4/2+f7) + (f3/4+f6/2)(U2+U4)
= (1-5a2 +2a22 + 6a3 -4a4)

+ [2a2(1-a2) - 3(a3 -a4)](u2 +u4) * (2)

This probability is a maximum when all alleles are
equally frequent, xi = 1/n (i = 1, 2, . ., n), when

Pmax(cen) = (n - 1) [(n - 2)2 +
(2n - 3) (u2 + U4)]/f3 . (3)

Note that u2 + U4 is the probability of an M11 NDJ,
which is approximately .2 for trisomy 21 (Hassold and
Jacobs 1984). When this value is assumed, Pmax(cen)
= .025, .119, .234, .333, and .607 for n = 2, 3, 4,
5, and 10 alleles, respectively. Thus, very highly poly-
morphic marker systems are necessary to establish the
meiotic stage of NDJ, since even for a locus with 10
equifrequent alleles this probability is only 61%.
Any centromeric or noncentromeric marker may be

used to detect the parental origin of NDJ. Once again,
the probabilities of each trisomic genotype are neces-
sary. These probabilities, for a noncentromeric marker
locus, were earlier derived by Chakravarti and Slaugen-
haupt (1987) and are dependent not only on the NDJ
probabilities uj( i = 1, . . , 4) but also on the location
of the marker locus on the chromosome. The location
of a marker locus is considered relative to the centro-
mere and in terms of the probability of nonreduction,
which is defined as the probability of producing a het-
erozygous disomic gamete by a heterozygous host. For
MI and MII NDJ the probabilities of nonreduction are
4) = 1 - y/2 and X = y, respectively, where y is the
tetratype frequency and is related to the gene-centromere
map distance w (Chakravarti and Slaugenhaupt 1987).
Under complete interference y = 2w, and under no
interference y = (2/3) (1 - e-3w); relationships un-
der various other assumptions regarding interference
are summarized by Chakravarti and Slaugenhaupt
(1987) and Halloran and Chakravarti (1987). For a non-
centromeric marker, the meiotic stage of NDJ cannot
be known, and thus the probabilities of nonreduction
(heterozygosity) conditional on paternal or maternal
NDJ are necessary. These are

a = (O) U + % U2)/(Ul + U2)

and

i = (4) U3 + X U4)/(U3 + U4) .

These probabilities define the probability of detecting

parental origin for each trisomic genotype and are
presented in table 2, column 5. Thus, for a given level
of interference and a gene-centromere distance of w
Morgans, y and subsequently 4 and X may be calcu-
lated; then a and ,1 and the probabilities in table 2,
column 5, may be calculated using equation (4). Once
again, using tables 1 and 2 and equation (1), I obtain

P(par) = (f2 + /4 + f7) + (/3/4 + /6/2) [(1 - a)
(Ul + U2) + (1 - 13) (u3 + U4)],

which reduces to

P(par) = (1 - 4a2 + 4a3 - 3a4 + 2a22) +
[2a2 (1 - a2) - 3(a3 - a4)]
[y + (u2 + U4) (2 - 3y)]/2 , (5)

where U2 + U4 is the probability of MII NDJ and
where y is the teratype frequency. As discussed by
Chakravarti and Slaugenhaupt (1987), y is a linkage
parameter and a measure of the gene-centromere dis-
tance.

For a simple two-allele polymorphism with minor-
allele frequency x, equation (5) reduces to

P(par) = 2x2 (1 - x)2 + x(1 - x) [1 - 2x(1 - x)]
[y + (U2 + U4) (2 - 3y)]/2 .

(6)

Recently, Rudd et al. (1988) have calculated P(par) by
using the first term only. Also, Stewart (1984) calcu-
lated P(par) on the assumption y = 0, i.e., by assuming
the marker locus is centromeric.
The numerical value of P(par) is a maximum when

all alleles are equally frequent, xi = 1/n (i = 1, .
n), in which case

Pmax(par) = (n - 1) {(n2 - 3n + 3) + (2n - 3)
[y + (U2 + U4) (2 - 3y)]/2}/n3

(7)

Note that in equations (5) and (7) the location of the
marker locus on the chromosome arm is crucial in de-
termining P(par). Also, note that the term y + (u2 +
U4) (2 - 3y) can be rewritten as 2(U2 + U4) + y[l
- 3(U2 + U4)]. Since U2 + U4 is the probability of an
MII error, this implies that (1) if U2 + U4 < 1/3, then,
for any set of gene frequencies at the marker locus,
P(par) increases, while (2) if U2 + U4 > 1/3, then P(par)
decreases as the marker locus becomes more telomeric.
In order to study the effect of location and polymor-
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phism, I present in figure 1 the values of Pmax (par) for
n = 2, 3, 4, and 10 and for marker genes located at
varying distances (50 cM) from the centromere. We
have assumed that the probability of an M11 error is
.2. Figure 1 also presents the values obtained under no
interference (solid lines) and under complete interfer-
ence (broken lines).

Figure 1 makes it clear that the map location for a
marker, as well as chiasma interference, does affect
P(par) values but that the effect is not large. However,
increasing interference increases P(par) values, as does
increasing the distance between the locus and the cen-
tromere. Thus, for two marker loci having identical gene
frequencies, the more distal marker is more useful for
establishing parental origin. Figure 1 also emphasizes
the effect of polymorphism. Thus, an equifrequent
three-allele polymorphism is 78% more useful than an
equifrequent two-allele polymorphism; also, an equifre-
quent four-allele marker locus is 41% more efficient
than an equifrequent three-allele marker locus.
The feature that detection of parental origin depends

on the location of the marker locus relative to the cen-
tromere is not intuitively clear but may be explained
in the following manner: Note that, in table 2, the only
situations in which some but not all offspring give evi-
dence for parental origin are mating types AiA, x AiAj
and AiAj x AiAk. Since in both mating types parents
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Figure I Probability of detecting parental origin of NDJ as

a function of location of a marker locus that is w cM away from
the centromere. The marker locus has n equally frequent alleles; the
broken lines (-- -) and the solid lines ( ) refer to calcula-
tions assuming complete and no interference, respectively.

share one allele in common, parental origin can only
be detected when the offspring is homozygous for the
unshared marker allele. Since the majority ofNDJ events
occur at MI, homozygosity will only arise owing to
recombination, the probability of which increases as
the marker locus becomes more telomeric. However,
the opposite will happen if MII errors are common.
As discussed above, the critical value which determines
whether P(par) increases or decreases is an M1u error
probability of 1/3. The effect of interference, higher
interference giving higher P(par) values, is due to the
tetratype frequency being greater under higher inter-
ference levels for a fixed map distance. Conversely, if
U2 + U4> 1/3, then higher interference will give lower
P(par) values.

Finally, I consider the problem of establishing the
meiotic stage of NDJ by using a centromeric marker
when the parental origin is already known from a non-
centromeric marker. The calculations are similar to
those given above; using tables 1 and 2 (col. 6) and
equation (1), I obtain

P(cenlpar) = (1 - a2 - 2a22 + 2a4) +

(a22 - a4) (U2 + U4), (8)

which takes the maximum value when xi = 1/n (i=l,
. . ., n) and is then expressed as

Pmax(cenlpar) = (n - 1) [(n2 - 2) + (u2+u4)]/n3 .

(9)

If, as above, it is assumed that U2 + U4 = .2, then this
maximum value is .275, .533, .666, .742, and .884
for n = 2, 3, 4, 5 and 10, respectively. These values
are considerably higher than those obtained using a cen-
tromeric marker alone. The values of Pmax(cen) and
Pmax(cenlpar) are graphically compared in figure 2,
and clearly demonstrates the increase in efficiency.

Discussion

For any given genetic marker, these theoretical for-
mulas are useful for calculating the probability of de-
tecting the origin of NDJ. Given the availability of a
large number of polymorphisms, equation (6) is useful
for choosing a set of these markers which will give a
high rate of detection. If m noncentromeric markers
have been chosen for determination of parental origin,
then the total probability of success is

m
P(par) = 1 - U [1 - P(par j)]

j = 1

_

_
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Figure 2 The maximum probability of detecting meiotic stage
of NDJ without [Pmax (cen); *] and with [Pmax (cenlpar); 0 ] a non-
centromeric marker locus as a function of the number of alleles at
the marker locus. The probability of an MII NDJ is assumed to be .2.

where P(par j) is the probability for the jth marker.
Stewart et al. (1988) use this formula to predict that
approximately 50 DNA polymorphisms will be neces-
sary to obtain >98% success, if each locus is successful
with probability .073. The probability .073 is provided
by a two-allele RFLP with a 20% minor-allele frequency.
My calculations (see fig. 2) suggest that the judicious
selection of a few RFLPs may lead to >98% success.
In any case, multiple DNA polymorphisms can lead
to detection of parental origin with virtual certainty.
My results demonstrate that using centromeric mark-
ers to detect meiotic stage of NDJ has low efficiency,
since even a equifrequent 10-allele locus is informative
only 61% of the time. I have, however, shown that
knowledge ofparental origin can dramatically increase
the efficiency of detecting meiotic stage ofNDJ by using
a centromeric marker, since the efficiency increases to
88% when an equifrequent 10-allele locus is used. To
achieve a higher success rate, multiple centromeric poly-
morphisms will be necessary. Knowledge of both pa-
rental origin and meiotic stage of NDJ are necessary
in order to study the biology of NDJ-e.g., the rela-
tionship between NDJ and genetic recombination on
nondisjoined chromosomes (Hassold et al. 1987; War-
ren et al. 1987; Stewart et al. 1988).
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