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Abstract: A simple model is used to illustrate the relationship 
between the dynamics measured by NMR relaxation methods and 
the local residual entropy of proteins. The expected local dynamic 
behavior of well-packed extended amino acid side  chains  are  de- 
scribed by employing a one-dimensional vibrator that encapsulates 
both the spatial and temporal character of the motion. This model 
is then related to entropy and to the generalized order parameter of 
the popular “model-free” treatment often used in the analysis of 
NMR relaxation data. Simulations indicate that order parameters 
observed for  the methyl symmetry axes in, for example, human 
ubiquitin correspond to significant local entropies. These observa- 
tions have obvious significance for the issue of the physical basis 
of protein structure, dynamics,  and stability. 

Keywords: protein dynamics; protein stability; protein entropy; 
NMR relaxation 

The physical basis of protein structure, dynamics, and stability has 
been a subject of intense study and  debate  for several decades. 
While the taxonomy of protein structure appears to be well under- 
stood, a similar depth of understanding of the existence and char- 
acter of the dynamics of proteins remains to be developed (for a 
review, see Frauenfelder et al., 1991). These issues are fundamen- 
tal to a complete understanding of the origins, temporal behavior, 
and marginal stability of protein structure. For example, empirical 
evidence indicates that entropic effects dominate the free energy 
changes that accompany folding of a solvated “random coil” poly- 
peptide usually to a dominant structure of lower  free energy. The 
observed net increase in system entropy upon folding has been 
attributed to the dominance of a large increase in solvent entropy 
upon side-chain dehydration over a putatively smaller decrease in 
side-chain entropy upon packing in the folded globular state. Atomic 
scale structural analyses of proteins have shown that they generally 
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have extremely high packing densities, which in turn, suggests that 
proteins are rigid with residual motion being extremely restricted 
and local. Accordingly, in discussions of protein stability and re- 
lated issues, it is commonly assumed that the residual entropy of 
proteins is negligible. Nevertheless, over the past two decades 
there has been an accumulation of experimental (vide infra) and 
computational evidence (e.g., Karplus et al., 1987) that suggests 
quite a different view-that proteins are quite dynamic on time 
scales relevant to the question of residual entropy (for a recent 
review, see Doig and Sternberg, 1995). 

The magnitude of the residual entropy of proteins is of critical 
importance to an understanding of protein structure, stability, and 
ultimately function. In principle, nuclear magnetic resonance spec- 
troscopy can be employed to estimate the local dynamics through- 
out a protein. Though comprehensive studies of the backbone 
dynamics of proteins based on analysis of I5N relaxation have 
appeared, it is only recently that general techniques have emerged 
to probe the fast dynamics of amino acid side chains. Earlier 
approaches employing 13C relaxation in selectively I3C enriched 
samples (e.g., Nicholson et al., 1992) have recently been supple- 
mented by use of methods relying on general random fractional 
labeling (Wand et al., 1995). In parallel, techniques using deute- 
rium relaxation in both selective (e.g.. Tamura et al., 1996) and 
randomly fractionally deuterated proteins (Muhandiram et al., 
1995) have  also been developed to investigate the fast dynamics of 
proteins. 

Views of the magnitudes and time scales of internal motions of 
proteins derived from heteronuclear relaxation studies are often 
presented using the “model free” treatment of Lipari and Szabo 
(1982a, 1982b), which describes internal motion in terms of a 
generalized order parameter and an effective correlation time, 7,. A 
recent study of I3C relaxation in randomly fractionally labeled 
recombinant human ubiquitin reports an unexpected range of gen- 
eralized order parameters for motions of hydrophobic side chains 
that constitute the core of the protein and are, in the static view of 
the structure provided by crystallography (Vijay-Kumar et al., 1987), 
completely buried. In addition, it was also noted that the dynamics 
of an individual side chain was context dependent and may not be 
estimated on the basis of amino acid type alone (Wand et al., 
1996). 
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These data have many implications. First and perhaps foremost 
is the suggestion that the interior of ubiquitin is not only dynamic 
but heterogeneously so. The presence of potentially spatially ex- 
tensive dynamics within the core of the protein points to the existence 
of considerable side-chain entropy. Side-chain conformational en- 
tropy is one of many components of the free energy balance that 
leads to the marginal stability of proteins. Estimates of changes in 
side-chain conformational entropy upon folding have often been 
obtained by using highly (or completely) conformationally re- 
stricted models for the native state and various degrees of confor- 
mational freedom for the unfolded state. Resulting estimates range 
between 0 and -2 kcal mol" at 300 K, depending on amino acid 
type (Doig and Sternberg, 1995). 

In a pioneering effort, Palmer and co-workers have described 
many  of the issues underlying the conversion of changes in model- 
free order parameters to changes in the Gibbs free energy (Akke 
et al., 1993). Here we will concentrate on the provision of a rea- 
sonable model, which encapsulates both the temporal and spatial 
properties of the system with respect to its entropy. To illustrate the 
connection, the simple one-dimensional harmonic vibrator will he 
employed to describe the motion of a heteronuclear vector such as 
the C-H bond of a methine carbon or the symmetry axis of a 
methyl group (Fig. I ) .  The potential energy of this system is V = 
fpw;(de)' as long as P ( 0 )  + 0  as I3 + v. The solution for this 
one-dimensional vibrator has energy levels of 

with units of J mol" K - I .  Substituting Equation 2 into 4 yields 

What remains is to relate the probability distribution of the one- 
dimensional vector to the definition of the generalized order pa- 
rameter. Assuming a simple distribution of the form: 

P ( 0 )  = Ae-ce2 

with the following properties 

P(v) = 0 

J p ( e ) d a  = 1. 

In the context of Equation I ,  the constant C becomes 

" 1 FwOd2 
2 z L  

for the ground state and 

zL tanh( &)dZ  and a ground state defined by 

when taken over all states of the vibrator. For the corresponding 
classical vibrator, C becomes 

where 

- p w i d  'lkT. 
1 
2 

and p and 00 are the reduced mass and fundamental frequency of 
the vibrator. Accordingly, the number of energy levels between the 
ground state and the level H above the ground state is 

The definition of the generalized order parameter 

H 
N g  -. 

f L O O  
for  a vector of constant length r becomes 

l 2  
r 6 m = - 2  

3 2  = - x I (C2rn(fi)) I 

Thus. 

If  we have an ensemble of these one-dimensional vibrators, the 
partition function of the system is given by 

where 

I 
p = - - .  

k B  T 
and noting that (Cpl) = ( C 2 4  = 0 one finds 

3 2  = I(C2O(~))l2 
r6 

The entropy is defined as 

where 
or 
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Fig. 1. The model used to describe the dynamic behavior of a C-H vector attached to the end of a long chain amino acid is shown 
in the top left of the figure. A simple one-dimensional oscillator results by assuming that the behavior of the vibrator is independent 
of 4. The relationship between the entropy of the system and the effective reduced mass ( p , )  and length of the vibrator (d )  is shown 
for  a quantum mechanical vibrator (lower right) and for a classical vibrator (lower left). The effective vector defining the relaxation 
(e.g., methyl symmetry axis or methine C-H bond) is assumed to be colinear with the oscillator vector. Here a well depth (H) of 1 kcal 
mol" and temperature of 300 K have been used. The relationships 

d 2  and C = -p,o;d2/kT 
1 
2 

have been used for the quantum mechanical and classical treatments of the vibrator, respectively. A range of fundamental time constants 
(0.02 ps to 100 ps) has been used to generate the illustrated range of entropies and order parameters using Equations 5 and 10. The 
lowermost curve of each simulation corresponds to an isolated C-H bond where the oscillator length equals the C-H bond length ( r ) .  
Subsequent curves correspond to calculations using values of C (see Equation 6) scaled by factors of 10,20, 30,40, 50,60,70, 80.90, 
and 100, respectively, and correspond to systems with increasing effective reduced mass and length. The generalized order parameters 
obtained for the symmetry axis of methyl groups in human ubiquitin (Wand et al., 1996) are interpreted in terms of the one-dimensional 
vibrator in  the upper right. The parameter C has been scaled by factors of 10 and 1 0 0  as above and the entropy determined for  a fun- 
damental time constants ranging from 0.02 ps to 100 ps. Uncertainty in C and T~ and with the uncertainty in the experimental generalized 
order parameter combine to obscure somewhat the heterogeneous nature of the distribution of dynamics and entropy throughout the 
protein. Three residues (T22, V26, T55) have order parameters corresponding to  no internal motion of the symmetry axis. 

There are a number  of  parameters  defining  the  physical  model. C 
describes  the  width  of  the  distribution  and  while H defines  the 
depth  of  the  well. C is  proportional  to  the  reduced  mass  and  in- 
versely  related  to  the  fundamental  time  period ( T ~ )  of  the  vibrator. 
The  number  of  levels  within  the  well (N) is  defined  by the depth 
of  the  well ( H )  and the  fundamental  frequency (oo). Here  we  will  
use H = 1 kcal  mol"  (Weber,  1993)  and T = 300 K. When  cast 
a s  a one-dimensional  system [Le., P(4) = constant], the model 

resembles,  in a spatial sense, the  diffusion  in  the cone model  often 
employed  in  the  analysis  of NMR relaxation.  Here,  however,  the 
model  used  maintains a direct  connection  to  the  temporal  character 
of  the  motion. 

Equation 10 is  easily  evaluated  numerically.  The  adjustable  pa- 
rameter C encapsulates  both  the  effective  reduced  mass of the 
oscillator and its  length  (see  Fig. 1). Figure 1 also  illustrates  the 
relationship  between  the  generalized  order  parameter  and  funda- 
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mental frequency of the oscillator for  a range of C values. It is 
important to note that the time scale of side chain motions in 
human ubiquitin has been found to be on the order of 10~'2-10"o 
seconds for buried side chains. This is consistent with reduced 
masses and effective oscillator lengths anticipated for large hydro- 
phobic side chains such as isoleucine, leucine, and valine. Figure 1 
also shows the connection between the generalized order param- 
eter and the corresponding local entropy in both the quantum me- 
chanical and classical vibrators. These two treatments are essentially 
equivalent for reduced masses and effective oscillator lengths ex- 
pected for hydrophobic side chains. One sees immediately that for 
a wide range of reduced masses and oscillator lengths that the local 
entropy is decidedly non-zero and significant for order parameters 
below 0.90. Estimates of order parameters of methyl group sym- 
metry axes (S&) in large hydrophobic side chains of ubiquitin 
range from - 1  to as low as 0.1 (Wand et al., 1996). This poten- 
tially corresponds to a local side chain entropy of  up to -8 cal 
mol" K". For example, if one interprets the generalized order 
parameters obtained for methyl groups in human ubiquitin one 
finds that the methyl containing residues each,  on average, con- 
tribute about 5 cal mol-' K" to the residual entropy of the protein 
for  a total of approximately 40 kcal mol-' at 300 K (see Fig. 1) .  
It is also interesting to note that the order parameter is essentially 
linear with entropy in the range of S 2  values commonly seen for 
methyl symmetry axes (see Nicholson et al., 1992; Muhandiram 
et al., 1995; Pascal et  al., 1995; Kay et al., 1996; Wand et al., 
1996). Finally, notwithstanding the potential uncertainty of the 
parameter C in the model, the heterogeneous distribution of dy- 
namics seen in the interiors of several proteins corresponds to a 
significant range of contributions to their residual entropy. 

This analysis ignores the  obvious influence of conditional prob- 
abilities on local entropy in so far as the motions within a protein 
are presumably correlated to some extent. Nevertheless, the data 
presented thus far in the literature, when combined with the anal- 
ysis presented here, clearly indicate that the local residual entro- 
pies of proteins are large and arise from states interconverting on 
the subnanosecond time scale. In addition, the entropic contribu- 
tion to the stability of the native state of a protein is, of course, the 
difference between two absolute entropies and the comments made 
here refer only to the folded state. Indeed, a premise of the deri- 
vation presented, that the angular excursions of the vibrator are 
small, precludes the use of this treatment in the analysis of the 
highly dynamic unfolded state. It should noted, however, that 

recursive approaches such as those used to interpret the solvent 
exposed and highly dynamic  C-terminus of ubiquitin may be gen- 
erally applicable to the unfolded state (Schneider et al., 1992). 
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