Supporting Text 1:
Procedure to identify every subsystem

Here, we describe a 2-stage method for identifing every subsystem in a Boolean network model.
As an input for the method, we only require a set attractors A = {4, ..., A,}, where each
attractor A = {zg, ..., z,—1} € A is a (repeating) series of discrete states for the whole network
/ system. Therefore, the same method can be applied to any set of discrete state, discrete time
attractors (without a Boolean network model). Supporting Text 3 also provides some additional
examples that demonstrate the main features of the method (in a less formal manner).

The two stages are described in Sections S1.2 and S1.3 below, which involve identifying every
partial state sequence P that satisfies Definitions 5 and 6 in the main text. Section S1.2 describes
how to identify every partition sequence (satisfying Definition 5). These provide a hierarchical
breakdown of the attractors and are used as the basis for identifying every subsystems (satisfying
Definition 6) in Section S1.3. In both of these stages, we look for partial state sequences that
occur in attractors (i.e. satisfy Definition 3 of the main text). Therefore, in Section S1.1, we
first demonstrate how to identify partial state sequences that occur in attractors or occur in
larger partial state sequences.

This supporting text is a more formal description / proof of the procedures given in the main
manuscript. The procedures in the main manuscript are revisited here in the following sections.

Procedure 1: Corresponds to Procedure S1.3 and Theorem S1.4 in Section S1.1.1
Procedure 2: Corresponds to Procedure S1.9 and Theorem S1.10 in Section S1.1.3
Procedure 3: Corresponds to Procedure S1.13 and Theorem S1.14 in Section S1.2.1
Procedure 4: Corresponds to Procedure S1.16 and Theorem S1.17 in Section S1.2.2

Procedure 5: Corresponds to Procedure S1.18 and Theorem S1.19 in Section S1.3

One thing to note first, is that if a partial state sequence P = {xév, x{v, - xé\Ql} occurs in
an attractor A, so will ¢ — 1 other equivalent partial state sequences P’ = {yév, y{V, - yfl\il}
where the partial states in P have been rotated modulo ¢. This is since rotating the partial
states in P (modulo ¢) will leave a partial state sequence that still satisfies the 3 properties of
Definition 3. The following Definition and Theorem formalise this.

Definition S1.1. A partial state sequences P, = {x%’, x¥', ..., Xév_l} is equivalent to another
partial state sequence P, = {w}!, wM .. wM,} if the following hold

1. M =N

2. q=r

3. 3 an integer c such that, x)¥ = W;W, foralli € {0, 1, .., ¢—1} and j =i+ ¢ (mod q)

Whenever P, is equivalent to P, P, is also equivalent to P, (replace ¢ by —c¢ (mod ¢) in the
above definition)



Theorem S1.2. Consider a partial state sequence P, = {xY, ..., X(]IV_ 1} that occurs in an
attractor A = {zo, ....zp—1}

A partial state sequence P, = {w}’, ..., w» ;} (for the same node set N) occurs in A <= P,

is equivalent to P,

PROOF': see Section S1.4.1

From now on, we primarily consider only one of the the g equivalent partial states sequences,
since if one occurs in an attractor, so will the other ¢ — 1.

S1.1 Preliminary results and procedures

Given a node set N and attractor A = {zo, z1, ..., z,—1}, Section S1.1.1 provides a procedure to
identify a partial state sequence P = {xév, x{v, - xé\ll} that occurs in A (i.e. the properties

of Definition 3 are satisfied). Section S1.1.2 adapts this procedure to look for partial state
sequences (for a node set N) occurring in other partial state sequences (for a larger node set M
O N).

Section S1.1.3 then extends these ideas to sets of attractors C, to identify partial state sequences
Py, ..., Py (for a node set N) that partition C into distinguishable groups.

S1.1.1 Partial state sequences occurring in an attractor A

Given a node set N and an attractor A = {zg, 21, ..., 2,1}, the following procedure identifies
a partial state sequence P = {x}’, ..., xév_l} that occurs in A (i.e. the 3 properties of Definition
3 of the main text are satisfied)

Procedure S1.3. (Procedure 1 from main manuscript)
Initially let k = 0, by = 0 and x}\ = {s; € 29 : n; € N}. The enter the following loop

Step 1
Ifk=p—1,let ¢ =by,—1 + 1 and go to step 6

Step 2
Let j = k and increment k by 1 (let k = k + 1)

Step 3
If xé\; = {s; € z : n; € N}, then let by = b; and go to step 1
(otherwise go to step 4)

Step 4
Let by = b; + 1

Step 5
Let Xka ={s; €z : n; € N} and go to step 1

Step 6
If Xé\;iq = xé\; and ¢* > 1, reduce ¢* by 1 (let ¢* = ¢* - 1)



Step 7
Let ¢ be the smallest integer for which both

(a) ¢ | ¢* (this can be ¢ = ¢*)

(b) xjcv = Xév, whenever f <b,_1, g <b,_; and f (mod ¢) = ¢ (mod q)

Step 8
For k=0, ...,p—1,let by = b (mod q)

At the end of this procedure P = {x}, ..., xé\l 1} occurs in A and the 3 properties of Definition
3 are satisfied. Steps 2-5 ensure that properties 1 and 2 are satisfied and the partial states
in P cycle within the attractor A in the correct order (as the attractor progresses over time).
Steps 3, 6, 7 and 8 ensures property 3, so that P is smallest possible set of partial states that
cycles within A. In particular (a) no two adjacent partial states in P are identical, (b) there
are no redundant partial states in P and (c) if a sequence of states cycles many times within
an attractor, only one copy is kept. This leaves a partial state sequence that just describes the
‘order’ in which the node states change in A (for nodes in N).

We demonstrate this formally with Theorem S1.4 (below) which is proved at the end of this

supporting text (Section S1.4.1). In C, C1 and C2 correspond to properties 1 and 2 of Definition
3. C3, C4 and C5 correspond to (a), (b) and (c¢) discussed above.

Theorem S1.4. Consider a node set NV, partial state sequence P = {Xév ) oo xév_ 1 } and attractor
A = {2z, z1, ..., Zp_1}.

If any of one the following 3 statements (A, B or C) is true, they are all true. (i.e. A <— B
< C <= A)

A: P occursin A

B: Given N and A, Procedure S1.3 identifies a partial state sequence P* that is equivalent to
P (this could be P* = P)

C: The following are true for P = {x}, ..., xév_ 1} and some sequence of integers
bo, ..., bp_l S {0, vy @ — 1}

1. For k=0, ..,p—1, Xl])\]: ={s; €z :n; € N}
2. For each k € {0,...,p—1} and j = k—1 (mod p), either
(a) by =0; or (b)by,=0;+1 (mod q)
3. Given k € {0,....,p— 1} and j = k — 1 (mod p), if by # b; then x}} # xgj

4. For each a € {0,...,q — 1}, 3 k€{0,...,p— 1} such that by = a

N

5. There is no integer ¢’ | ¢ (¢’ < q) for which X}V = x)

f (mod ¢') = g (mod ¢)

whenever f, g satisfies

PROOF: See Section S1.4.1



S1.1.2 Partial state sequences occurring in other partial state sequences

Definition 3 of the main text involves a partial state sequence P = {x2’, x', ..., Xév_ 1} occurring
in an attractor A. However, it is possible to adapt this definition to look at a partial state
sequence P, (for a node set N) occurring in another partial state sequence P, (for a larger node
set M D N). ie.

Definition S1.5. A partial state sequence P, = {x{/, X}, ..., x|} occurs in another partial
state sequence P, = {y}!, ..,yM,} (where M D N) if there exists integers by, ..., b,_1 €
{0, ...,q¢ — 1} for which the following is true

1. For k=0, .., r—1, Xl])\}i:{siEyg/[:nieN}

2. For each k € {0,...,r —1} and j = kK — 1 (mod r), either
(a) by =0b; or (b)by,=0;+1 (mod q)

3. 1 and 2 are not true for any smaller partial state sequence P’ = {z[])V, zjlv, - zé\,[_l} and
integers co, ..., ¢,—1 € {0,....,4 =1} (¢ < q)

Given a node set N C M and a partial state sequence P, = {yéw, y{”, . y,{‘{l}, Procedure
S1.3 can be adapted to identify a partial state sequence P, = {xév, X{V, - xﬁl}, that occurs
in P,.

Yy

Procedure S1.6. Initially let £ = 0, by = 0 and x}’ = {s; € y3 : n; € M}. The enter the
following loop.

Then enter the same loop as Procedure S1.3, except replace p with r (in Step 1) and replace z,
with y (in Steps 3 and 5)

Theorems S1.2 and S1.4 can also be adapted and proved in an analogous manner, replacing p
with r and replacing A = {z, ..., zp—1} with P, = {y}?, ..., yy_l}

Theorem S1.7. Consider a partial state sequence P, = {x{', ..., Xév_ 1} that occurs in another
partial state sequence P, = {y}!, ..., yM |} (M D N)

A partial state sequence P, = {w{’, ..., wM,} (for the same node set N) occurs in P, <= P,
is equivalent to P,

PROOF: Analogous to the proof of S1.2

Theorem S1.8. Consider a node set N and two partial state sequence P, = {X(])V s XN )
and attractor P, = {y}, .., yM,} (M D N)

P, occurs in P,
<~
Given N and P, Procedure S1.6 identifies a partial state sequence P* that is equivalent to P,

(this could be P* = Py)

PROOF: Analogous to the proof of S1.4



S1.1.3 Partial state sequences partitioning a set of attractors C

Given a node set N and a set of attractors C, we want to find a set of partial state sequences
Py, ..., Py that are all distinguishable from one another and optimally partition C into smaller
sets Cy, ..., Cg.

One such way is to apply the following procedure (Procedure S1.9). This will identify partial
state sequences Pp, ..., Py and sets of attractors Ci, ..., Cp that satisfy properties A- F in
Theorem S1.10

Procedure S1.9. (Procedure 2 from main manuscript)
Begin with the node set N and set of attractors C and then carry out the following steps

Step 1
For every attractor A; € C, apply Procedure S1.3 to N and A;, to get a partial state sequence
Q; that occurs in A;.

Step 2
Put the Q;’s into groups i = 1, ..., k, whereby two partial state sequences @, Q; go in the same
group <= Q) is equivalent to Q.

(here & is the minimum number of groups required to hold every @;)

Step 3
For each group, i, let

i) P = any @) in the group i

ii) C; = {4, : Q; is part of the group i}

Theorem S1.10. Given a node set IV and set of attractors C, Procedure S1.9 identifies partial

state sequences P, ..., Py and sets of attractors Cy, ..., Cp satisfying

A: Fori=1, ..k, P;involves the node set N (i.e. P; = {Xg, s xg_l )

B: Fori=1, .., k, P;occursin every attractor A € C;

C: Fori=1, ..,k P; does not occur in any attractor A ¢ C;

D: Foranyi,j(1<i<j<k), CGGNC; =0

E: Ctu..uC,=C

F: Given the node set N, there are no other partial state sequences P’ ¢ {Pj, ..., P;} that

occur in any attractor A € C (unless P’ is equivalent to some P; € {Py, ..., Py})

PROOF See Section S1.4.1

The following results (Lemmas S1.11 and S1.12, below), demonstrate that when a partial state
sequence P, (for a node set N) is extended with extra nodes, the new partial state sequence P,
(for a node set M D N) can only occur in a smaller subset of attractors.



Lemma S1.11. Consider two partial state sequences P, = {x}, ..., xé\f_l} and P, = {y}!, ...,
yM .} (where M O N)

Then,

(a) P, occurs in Py, and P, occurs in an attractor A == P, occurs in A

(b) P, and P, both occur in an attractor A == P, occurs in P,

PROOF: See Section S1.4.1

Lemma S1.12. Consider two partial state sequences P, = {x, ..., xév_l} and P, = iy, ..,
yM .}, and two sets of attractors C, and C,, for which

1. M DN

2. P, occurs in every attractor A € C,

3. P, does not occur in any attractor A ¢ C,
4. P, occurs in every attractor A € C,

5. P, does not occur in any attractor A ¢ C,
Then, either

(a) C;NCy =02

(b) P, occurs in P, and C, C C,

PROOF: See Section S1.4.1

S1.2 Stage 1: Identifying every partition sequence

In this stage, we first identify every partial every partial state sequence that satisfies Definition
4 of the main text (intersection sequences). These are then used to identify every partition
sequence satisfying Definition 5 of the main text. Therefore, we describe the two procedures
separately (in Sections S1.2.1 and S1.2.2 below)

S1.2.1 Definition 4: Intersection sequences

Identifying every intersection sequence is equivalent to finding every partial state sequence that
satisfies the 3 properties of Definition 4 (for some set of attractors C, say). I first give a
procedure for identifying every intersection sequence, and then discuss ways to make the process
more efficient.



Procedure S1.13. (Procedure 3 from main manuscript)

First, consider the tree in Fig.S1.1 and note that for every node set N, there exists a path
from left to right (starting at '—') that corresponds to it. Therefore, searching through a tree
analogous to the one in Fig.S1.1 (for a network with nodes V' = {nq, ..., n,}), every node set N
can be visited at some point.

The procedure searches through the tree (as in Fig.S1.1) and carries out the following steps for
each node set V. At the end of the procedure the set S contains every intersection sequence

Step O : Initialise
Let S= @ and let N = & (—)

Step 1 :
Move onto the next node set N in the tree (as in Fig.S1.1).

Step 2 :
For the node set N, apply Procedure S1.9 to identify partial state sequences Py, ..., P, and sets
of attractors Cy, ..., Cy, satisfying (from Theorem S1.10)

(a) Fori =1, ..,k P involves the node set N (i.e. P, = {x}), ..., Xfil )
(b) Fori =1, ..., k, P;occurs in every attractor A € C;

(c) Fori=1, ..., k, P;doesnot occur in any attractor A ¢ C;

(d) Foranyi,j (1<i<j<k), CGGNnC; =02

(e) C; U... UCy = A (the set of all attractors)

(f) Given the node set N, there are no other partial state sequences P’ ¢ {Py, ..., Py} that
occur in any attractor A € A (unless P’ is equivalent to some P; € {Py, ..., Py})

Step 3 :
For i =1, ..., k, add the pair {P;, C;} to the set S

Step 4 :
For i = 1, ..., k, check S to see if there is any pair {Q = {y}?, ..., y*,}, D} for which either of
the following are true

(a) M Cc N and D = C;
(b) M D Nand D =C;

If (a) is true, remove {Q,D} from S. If (b) is true, remove {P;, C;} from S

Step 5 :
If the tree has been completely searched, end procedure. Otherwise, return to step 1.

At the end of the procedure, S gives a complete set of intersection sequences (satisfying the 3
properties of Definition 4). Step 2 ensures every partial state sequence that satisfies properties
1 and 2 are identified for each node set N. Step 4 then ensures that only those satisfying Step
3 remain in S. We demonstrate this formally with Theorem S1.14 (below), which is proved in
Section S1.4.2



Figure S1.1: Every path from left to right (starting at ’-’) in this tree represents a different node
set N CV = {nq, na, n3, ng, ns}. It is possible to search this tree and visit every node set N
C V (exactly once). For example, follow the path {ni} — {ni, na} — {ni1, no, n3} — {n1, na,
ng, na} — {n1, n2, n3, ng, N5} — {n1, N2, n3, n5} — {n1, n2, na} — {n1, na, N4, n5} — {n1,
ng, n5} — {n1, n3} — {n1, n3, na} — {n1, n3, na, ns} — {n1, n3, ns} — {n1, na} — {n1, na,
ns} — {n1, ns} — {n2} —{nz2, n3} — {n2, n3, na} — {na, n3, ng, n5} — {n2, n3, ns} — {n2,
ny} — {n2, ng, ns} — {n2, ns} — {ns} — {n3, na} — {ns, na, ns} — {ns, ns} — {na} —
{na, ns} — {ns}

Theorem S1.14. At the end of Procedure S1.13, the following is true
P is an intersection sequence

<~
P is equivalent to a partial state sequence P* € {P*,C} € S

PROOF: See Section S1.4.2

We now explain how the the procedure can be made more efficient.

Improving efficiency(1)

In step 2, partial state sequences Py, ..., P, and sets of attractors Cq, ..., Cj are identified that
satisfy (a) to (f) (given a node set V). Now, because of the following Theorem (Theorem S1.15),

If, for a node set N: C, € Cy, ..., Cy is a single attractor after Step 2 (i.e. C, = {A4,})

Then, for any node set M D N: Step 2 returns the same single attractor C, = {A,}

This implies that this attractor (A,) need not be re-analysed during the analysis of any node
set M D N. However, because of part (b) of the Theorem, the full node set V= {nq, ..., ny}
should still be fully analysed in Steps 2 - 4 (possibly at the very end of the procedure).



Theorem S1.15. Consider a partial state sequence P = {x}), ..., Xév_l} for which

1. P occurs in a single attractor A

2. P does not occur in any attractor A" # A
Then, given that V is the set of all nodes,

(a) Given a node set M satisfying N C M C V, it is impossible to find an intersection sequence
that involves the node set M and occurs in A.

(b) Given the node set V, it is possible to find an intersection sequence P’ that involves the
node set V' and occurs in A (usually A itself).

PROOF: See Section S1.4.2

We show one way in which this knowledge can improve efficiency in Procedure S1.13. Suppose,
attractors Af, ..., A’f were returned as single attractors in Step 2, when analysing earlier node
sets P C N (including P = N). Then, when a path is extended to the right in the tree (Fig.S1.1)
from a node set N to a node set M D N, Procedure S1.9 in Step 2 need only be applied to the
set of attractors

A = A\ {4, .., A})

Moreover, if every attractor is returned as a single attractor in Step 2, when analysing earlier
node sets P C N (including P = N), there is no need to extend the path to look at node sets
M D N. In Fig.S1.1, this is equivalent to ignoring all longer paths that include extra nodes to
the right. For example, if N = {nq, n3}, there would be no need to look at longer paths (from
left to right) that give node sets M = {nq, ns, na}, M = {n1, n3, ns} or M = {ny, ng, n4, ns}

Improving efficiency(2)

As can be seen in Fig.S1.1, some nodes appear less than others, with the least frequent nodes
visited earlier in the tree. Therefore, it is likely to be advantageous to re-index nodes in the tree
during the search. At any stage during the search, nodes along paths to the right (from a node
set N) can be re-indexed without impairing our ability to search the tree. For example, once
N = {n1, n3} has been reached, re-indexing nodes {n4, ns} to {ns, n4} still allows us to reach
the same node sets M = {ni, ng, na}, M = {n1, n3, ns} and M = {n1, ns, n4, ns}, as before.
However, they would be visited in a different order (M = {ni, ns, ns} then M = {n1, n3, nq}
then M = {ny, n3, n4, ns}).

Once a node set N has been analysed, re-indexing so that the next node n; to be visited
maximises ¢ (below) will speed up the search

- For the sets of attractors Cy, ..., Cj, identified in Step 2 (for the new node set M = N U {n;}),
C; = {A;} is a single attractor for ¢ (< k) different values of

Although this involves carrying out Step 2 multiple times (to compare different n;’s), selecting
an n; that gives lots of single attractor C;’s will mean less analysis later on (as discussed above).



The quicker we can reach a stage where every set C; in Step 2 is a single attractor, the more of
the tree can be ignored during the search.

S1.2.2 Definition 5: Partition sequences

In order to find every partition sequence satisfying Definition 5, it is necessary to find every

partial state sequence P = {xév ,xV X(]IV_ 1} that satisfies any of the following properties (A,

B or C), for some set of attractors C

A : Pis Core to C
The following 3 properties hold for P
1. P occurs in an intersection sequence P’, which intersects at C (P can equal P’).

2. If an intersection sequence @) (for a node set M) intersects at D (where D N C #
&), then there exists an intersection sequence @’ (for a node set M’ O M U N) that
occurs in every attractor A €e DN C

3. 1 and 2 are not true for any larger partial state sequence P” (for a node set N” > N)

B : P is Exclusive to C
P is the only intersection sequence that intersects at C
(excluding those partial state sequences that are equivalent to P)

C : P is Independently Oscillating
P intersects at C and cycles out of phase with another intersection sequence Q. i.e. 3 Q
that involves the node set M and intersects at D, for which

I.|ICND|>2
2. NUM =V  (the set of all nodes)

Using the complete list of intersection sequences (see above)), these can be found as follows

Part A: Core components

From Procedure S1.13, we get a set S that contains the complete set of intersection sequences,
along with the set of attractors each one intersects at (if {P’, C} € S, then P’ intersects at C).

Using this set S as an input, the following procedure identifies every partial state sequence that
is core to some set of attractors (i.e every partial state sequence P satisfying Definition 5A)

10



Procedure S1.16. (Procedure 4 from main manuscript)

Initially, let the set T = & (empty set). Then, for every intersection sequence P’ = {y’ l, Y{V,,

., yN' Y € {P',C} € 8, carry out the following steps

Step 1:
From the complete set of intersection sequences (S), identify every @; (for the node set M;) for
which

(a) Q; intersects at D;, where D; N C # &
(b) There is no intersection sequence Q* (for a larger node set M* D M;) that intersects at

D*O>D,NC

Step 2:
Let k& be the number of partial state sequences from Step 1

Step 3:
Let N =My N..N M, (NC N since P’ is itself identified in Step 1)

Step 4:
If N = @ in Step 3, apply Procedure S1.6 to find a partial state sequence P = {xév7 <N,

Xé\f_l} that occurs in P’

Step 5:
If N = @ in Step 3, add the pair {P,C} to the set T

At the end of the procedure, T contains every partial state sequence P that is core to some
set of attractors C (i.e every partial state sequence P satisfying Definition 5A). Essentially, in
each loop, N is the set of nodes that is core to every intersection sequence that occurs in any
attractor A € C. We demonstrate this formally with Theorem S1.17 (below), which is proved
in Section S1.4.2

Theorem S1.17. At the end of Procedure S1.16, the following is true

P that is core to some set of attractors C (Definition 5A is satisfied)
<~
P is equivalent to a partial state sequence P* € {P*,C} € T

PROOF: See Section S1.4.2

Part B: Exclusive

This is simply done by searching through all intersection sequences (in S) and identifying those
that satisfy Definition 5B.

Part C: Independently Oscillating

This is simply done by searching through every pair of intersection sequences (in S) to see which
pairs satisfy Definition 5C. Where such a pair is found, both of them are partition sequences.

11



S1.3 Stage 2: Subsystems

Using all the partition sequences from Stage 1 as an input (i.e those partial state sequences
identified in A,B and C of Section S1.2.2), the following procedure identifies every subsystem
(satisfying Definition 6 of the main text)

Procedure S1.18. (Procedure 5 from main manuscript)
Initially, let the set U = & (empty set)

Then, for every partition sequence P = {yé\/l , y{\/l ) eees y% 1} (identified in A, B or C of Section
S1.2.2), carry out the following steps

Step 1:
From the complete set of partition sequences, identify every partition sequence P; (for a node
set M;) for which

(a) M; c M
(b) P; and P both occur in some attractor A
(Here, (a), (b) and Lemma S1.11 imply that P; occurs in P)

Step 2:
Let k& be the number of partition sequences from Step 1

Step 3:
LetN:M\(MlU... UMk)

Step 4:
If N # @, use Procedure S1.6 to identify S = {xév, <N, xfzv_l} that occurs in P

Step 5:
If N # @, add S (identified in Step 4) to the set U

At the end of the procedure, U contains every subsystem P satisfying the 3 properties of
Definition 6. Essentially, property 1 is satisfied because of Step 4. Property 2 is satisfied
because of Step 1 and the choice of IV in step 3. Property 3 is satisfied because N is the largest
set for which M; N N = @ for all i = 1, ..., k. We demonstrate this formally with Theorem
S1.19 (below), which is proved in Section S1.4.3

Theorem S1.19. Assume Procedure S1.18 begins with every partition sequence. Then, at the
end of Procedure S1.18, the following is true

S is a subsystem (Definition 6 is satisfied)
g
S is equivalent to a partial state sequence S* € U

PROOF: See Section S1.4.3
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The following Theorem demonstrates that the set of all subsystems gives a complete coverage
of the attractors

Theorem S1.20. Given an attractor A and node n;, there exists a subsystem S = {x{’, x¥,

o xév_l} for which

(a) ni e N
(b) S occurs in A

PROOF : See Section S1.4.3

S1.4 Proofs for earlier results

For the Theorems and Lemmas in Section S1.1, Section S1.2 and Section S1.3, the proofs are
given (in Sections S1.4.1, S1.4.2 and S1.4.3 respectively).

Some of these proofs refer to Lemmas S1.21 - S1.25. These can be found in Section S1.4.4.

S1.4.1 Proofs for Section S1.1

Theorem. S1.2

Consider a partial state sequence P, = {xév ) e xé\Q 1} that occurs in an attractor
A= {Zo, ...,prl}

A partial state sequence P, = {w{', ..., w»_;} (for the same node set N) occurs in A <= P,
is equivalent to P,

PROOF:

Case: =—>:

We assume P, = {x{, ..., xf]\f_l} and P, = {w{’, ..., w¥;} both occur in A. Therefore, by
Definition 3 (main text), it is impossible to find a partial state sequence P’ (for the same node
set N) that satisfies properties 1 and 2 and has less partial states (¢’ < q).

Therefore, since P, and P, both involve the same node set N and both satisfy properties 1 and
2 of Definition 3, they must contain the same number of partial states. i.e.

A: g=r

Since P, and P, both occur in A, Lemmas S1.21 and S1.23 (in Section S1.4.4) and A imply
that there exists integers [ and m for which

. ; N _ N
B: Forevery: >0, x|, (mod @) = Wi (mod g)
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To show that P, is equivalent to P, I need to show that the 3 properties of Definition S1.1 are
satisfied. Property 1 is obvious because P, and P, involve the same node set N. Property 2 is
satisfied because of A. Property 3 is satisfied because of the following.

Let c=m -1 (mod q).

Then for all w ={0,1,...,q— 1} and i = ¢ — [+ u, B implies

N _ N  _ oM _ M — WM — WM
- Xy T Xpig = wm+i7q (mod q) — Win—i+u (mod q) — Wate (mod q) — Wy
(where v = u + ¢ (mod q))
Therefore P, is equivalent to P,
Case: <—:
We assume that P, = {x{, ..., xé\ﬂl} occurs in A = {zg, ...,Zp—1},
and that P, = {w{’, ..., w};} is equivalent to P, = {x{', ..., x)' | }.
From Definition 3 of the main text,
C: The following are true for P, = {x}, ..., X(JJV_ 1} and some sequence of integers

bo, ooy bp_1 € {0,...,q — 1}

1. For k=0, ..,p—1, Xl])\]: ={s; €z : n; € N}

2. For each k € {0,...,p—1} and j = k — 1 (mod p), either
(a) by =0; or (b) b, =0b;+1 (mod q)

3. 1 and 2 are not true for any smaller partial state sequence P’ = {yév , y{v s e yé\,f_l}
and integers dy, ..., dp—1 € {0,....,¢' — 1} (¢’ < q)

From Definition S1.1, ¢ = r and there exists an integer ¢ such that
D: xVN = Wj-v, foralli € {0, 1, ..., g— 1} and j =i+ ¢ (mod q)

We want to show that P, occurs in A (i.e. the 3 properties of Definition 3 are satisfied)

Letting ¢ = by + ¢ (mod q), for k=0, ..., p—1, C and D imply

1. For k = 07 ces P 17 Wé\li = wl]’\lz—i‘c (mod q)

2. For each k € {0,....,p— 1} and j = k — 1 (mod p), either

XﬁZ{SZ‘EZk:nZ‘EN}
(a) ¢k = by +c (mod q) = bj + ¢ (mod q) = ¢;
(b) ¢ =by+c (mod q) =bj+1+c¢ (mod q) =c¢; +1 (mod q)

Therefore, properties 1 and 2 of Definition 3 are satisfied (from 1 and 2 above). Property 3
is satisfied because P, and P, have the same number of partial states (¢ = r). Therefore, if
property 3 failed for P, it would also fail for P, (which is impossible since P, occurs in A)
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Theorem. S1.4

Consider a node set N, partial state sequence P = {x{', ..., xé\[fl} and attractor
A= {Zo, Zl,y ..., prl}-

If any of one the following 3 statements (A, B or C) is true, they are all true. (i.e. A <— B
<— C <<= A)

A: Poccursin A

B: Given N and A, Procedure S1.3 identifies a partial state sequence P* that is equivalent to
P (this could be P* = P)

C: The following are true for P = {x{, ..., xf]\ll} and some sequence of integers
bo, .-, bpfl S {0, vy @ — 1}

1. For k=0, .., p—1, xﬁ ={s; €zr:n; € N}
2. For each k € {0,....,p— 1} and j = k — 1 (mod p), either
(a) by =0; or (b)by=0;+1 (mod q)
3. Given k € {0,...,p—1} and j = k—1 (mod p), if by # b; then xéi + xé\;
4. For each a € {0,...,q — 1}, 3 ke€{0,...,p— 1} such that by = a

5. There is no integer ¢’ | ¢ (¢’ < q) for which xﬁfv = xév whenever f, g satisfies
f (mod ¢') = g (mod ¢’)

PROOF

Here, it is sufficient to prove the following 3 cases: C = A and A =— B and B — C

Case: C — A

This follows from Lemma S1.23 (in Section S1.4.4).

Case: A — B

Suppose P occurs in A.

Given N and A, Procedure S1.3 identifies a partial state sequence P* = P* = {w}’, ..., w¥ |}
Therefore, by Lemmas S1.23 and S1.25 (in Section S1.4.4), P* also occurs in A.

Therefore, by Theorem S1.2, P* is equivalent to P (since they both involve the same node set
N and occur in the same attractor A)

Case: B — C

Applying Procedure S1.3 to N and A = {zg, z1, ..., zp—1}, gives a partial state sequence
P* = {w{’, ..., w ,}. Then since P* is equivalent to P = {x}', ..., xflv_l}

D: g=r

E: 3 an integer d such that, x)¥ = W;-V, foralli € {0,1,...,¢—1} and j =i+ d (mod q)

15



Now by Lemma S1.25 (in Section S1.4.4),

F: The following are true for P* = {w{’, ..., wfl\il} and integers co, ..., ¢p—1 € {0,...,q — 1}

1. For k=0, .., p—1, wé\gz{siEzk: n; € N}
2. For each k € {0,....,p— 1} and j = k — 1 (mod p), either
(a) ck=c¢j or (b)cy=cj+1 (modq)
3. Given k € {0,...,p—1} and j = k—1 (mod p), if ¢ # ¢; then wé\i + Wg
4. For each a € {0,...,q— 1}, 3 k€{0,..,p— 1} such that ¢ = a

N

5. There is no integer ¢’ | ¢ (¢’ < q) for which chv =W,

f (mod ¢') = g (mod ¢)

whenever f, g satisfies

For k=0,...p—1, let by = cx —d (mod q)

Then we can show that properties C1-C5 are true for P = {xév s eees X(JZ\L 1} and integers by,
bp—1 € 4{0,...,q — 1}

aeey

Property C1:
For k=0, ..,p—1, x{)\i = wj»v where j = by, +d (mod q) (by E)

Therefore (from F1), xé\lz = wé\]: ={s; €z :n; € N}

Property C2:

For each k € {0,...,p—1} and j = k — 1 (mod p), E and F2 imply either

(a) by, = ¢t —d (mod ¢q) = ¢; —d (mod q) = b;

(b) by = ¢t —d (mod ¢) = ¢j+1—d (mod q) = b; +1 (mod q)

Property C3:
Consider any k € {0,...,p— 1} and j = k — 1 (mod p).
Then if by, # b;, we have (following from C2and F2)
(i) ¢>1
(i) by = cx —d (mod ¢) =¢j+1—d (mod ¢) = b; +1 (mod q)
(iii) cx #¢; (from (i) and (ii))
Therefore, from F3, X(]:\}Z # xV.
J

Therefore, W{)\IZ #* Wé\; (since xé\j = Wé\if fori =0, ..., p— 1: see Cl)
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Property C4:
For each a € {0,...,¢q—1}, 3 k €{0,...,p— 1} such that ¢; = a (from F4).

Therefore there also exists &' € {0,...,p — 1} such that

(i) e = a+d (mod q)

(ii) bk’ = Cp! — d (HlOd Q) =a

Property C5:

Suppose there exists an integer ¢’ | ¢ (¢’ < ¢) for which xﬁy = xév whenever
f (mod ¢') =g (mod ¢').

Consider any f’, ¢’ satisfying f' (mod ¢') = ¢’ (mod ¢'). Then

(@) f'—d (mod ¢') =g¢' —d (mod ¢')

(b) (/' —d (mod ) (mod ¢) = (¢' —d (mod q)) (mod ¢
(by (a) and the fact ¢ is a multiple of ¢’)

N _ N
(C) Xf’—d (mod q) — xg’—d (mod q)

(by (b) and the fact X}V = xév whenever f (mod ¢’) = g (mod ¢'))

Therefore, from (a) - (c¢) and E

N _ N _ N _ N
- Wf’ - Xf’—d (mod q) — Xg’—d (mod q) — Wg’

However, since this true for any f’, ¢’ satisfying f’ (mod ¢') = ¢’ (mod ¢'), it contradicts F5.

Therefore, there cannot be any integer ¢’ | ¢ (¢’ < q) for which xjcv = xév whenever
f (mod ¢') =g (mod ¢')
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Theorem. S1.10

Given a node set N and set of attractors C, Procedure S1.9 identifies partial state sequences P,
..., P, and sets of attractors Cq, ..., C; satisfying

A: Fori=1, .. k, P, involves the node set N (i.e. P, = {xf-g, . xfgil )

B: Fori=1, ..., k, P;occursin every attractor A € C;

C: Fori=1, ..,k P; does not occur in any attractor A ¢ C;

D: Foranyi,j(1<i<j<k), CGGNC; =02

E: CGu..uC,=C

F: Given the node set N, there are no other partial state sequences P’ ¢ {Pj, ..., Py} that
occur in any attractor A € C (unless P’ is equivalent to some P; € {Py, ..., Py})

PROOF

Note that from Theorem S1.4, any partial state sequence (); created in Step 1 of the procedure
must occur in A; (when applying Procedure S1.3 to NV and A; € C)

Property A

Every partial state sequence in the procedure is created by applying Procedure S1.3 to NV and
some attractor A € C. This will only give partial state sequences involving the input node set
N.

Properties B, C, D and F

Since all partial state sequences Q; involve the node set N, Theorem S1.2 implies that if Q, is
equivalent to @, then

- @/, occurs in an attractor A <= ny occurs in an attractor A

Moreover, Theorem S1.2 implies that if (), is not equivalent to @y, then @’ and Q; never occur
in the same attractor.

Therefore, from Step 2 and 3,

Fori=1, ..., k, P;occurs in every attractor A € C;
Fori =1, ..., k, P; does not occur in any attractor A ¢ C;

Foranyi,j (1<i<j<k), CGNC; =2

29 Qv

Given the node set N, there are no other partial state sequences P’ ¢ {P, ..., Py} that
occur in any attractor A € C (unless P’ is equivalent to some P; € {Pi, ..., P;})
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Property E

In Step 1, every A; € C is considered and a partial state sequence ; that occurs in A; is

created.

Since every @); is put into a group 7 and C; = {4; : Q; is part of the group i} (by Step 3), there

exists i € {1,...,k} for which A; € C;.

Therefore, since the procedure only uses attractors from C

Cy U ... UCy = C (as required)

Lemma. S1.11

Consider two partial state sequences P, = {xév -

M D N). Then,

(a) P, occurs in Py, and P, occurs in an attractor A = P, occurs in A

b) P, and P, both occur in an attractor A — P, occurs in P,
y y

PROOF
Part a
Since P, = {x¥, ..., Xév_l} occurs in P, = {y}, ..., yM,} (M 2 N), and P, occurs in an
A = {zg, ..., zp—1}, Lemmas S1.23 and S1.24 (in Section S1.4.4) imply that
A: The following is true for P, = {x}, ..., xé\i 1} and some sequence of integers
bo, ..., br_1 € {0, ey @ — 1}

1.
2.

5. There is no integer ¢’ | ¢ (¢’ < q) for which ij =x

For ¥ =0, ..., r —1, Xé\;, ={s; eyM:n;, e N(CM)}

For each k¥’ € {0,...,7 — 1} and 5/ = k' — 1 (mod r), either
(a) by =by or (b) by =by+1 (mod q)

. Given k' € {0,...,r — 1} and j/ = k¥’ — 1 (mod r), if by # by then x{)i, # xp
J

For each a € {0,...,¢q—1}, 3 k' €{0,...,r — 1} such that by = a

N

o Wwhenever f, g satisfies

f (mod ¢') = g (mod ¢)

B: The following is true for P, = {yM, ..., y™ |} and some sequence of integers

co, -

v Cp—1 €40, r =1}

1. For k=0, .., p—1, yé\;:{siezk:niGM}

. For each k € {0,...,p—1} and j = k — 1 (mod p), either

(@) cyk=c¢j or (b)cy=cj+1 (modr)

3. Given k€ {0,...,p—1} and j = k—1 (mod p), if ¢; # ¢; then yé\f # yé\f
4. For each a € {0,...,7 — 1}, 3 ke€{0,..,p— 1} such that ¢ = a

5. There is no integer 7' [ r (' < 1), for which y}' = y}! whenever f, g satisfies

f (mod ') = g (mod 7’)
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For k=0,...,p—1, letdg = b,
Then dy, € {0,...,q — 1}, since ¢ € {0,...,r — 1} and b; € {0,...,q — 1} for any i € {0,....,r — 1}.

Then, following from A and B (and the fact that N C M)

C: The following is true for P, = {x}', ..., x(]]\L 1} and the sequence of integers
do, ..., dp—1 € {0, ...,q — 1} (proved below)

1. For k=0, .., p—1, xgc ={s; €zr:n;, € N}
2. For each k € {0,...,p—1} and j = k — 1 (mod p), either
(a) dp = d; or (b) d, = dj +1 (mod q)
3. Given k € {0,...,p—1} and j = k— 1 (mod p), if dj # d; then xé\; # xé\;

4. For each a € {0,...,q— 1}, 3 ke {0,...,p— 1} such that dy, = a

N

5. There is no integer ¢’ | ¢ (¢’ < q) for which Xﬁcv =X,

f (mod ¢') = g (mod ¢')

whenever f, g satisfies

Lemma S1.23 (in Section S1.4.4) then implies that P, occurs in A (as required).

It just remains to show properties C1 - C5 are true

Property C1:

Let ¥ = ¢;, in Al. Then, from Al and B1

-Fork=0,..,p—1, Xé\l[v:xéi,:{siEy%:niEN}:{siEyé\f:niEN}:{siEzk:

Property C2:
We consider all possible cases from A2 and B2.
Given any ¢; € {1, ..., r}, let

-k =¢j+1 (modr) (inA2)
-j =K -1 (modr)=c¢; (inA2)

Then, for each k € {0,....,p— 1} and j = k — 1 (mod p), either
Case: B2(a)

dy, = bey, = b, = d

Case: B2(b) and A2(a)
d, = bck = ij+1 (mod r) = by = bj’ = bcj = dj

Case: B2(b) and A2(b)
d = bey = b 11 (modr) = b = by + 1 (mod q) = be; + 1 (mod q) = d; + 1 (mod q)
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Property C3:
Given any ¢; € {1, ..., r}, let

- kK =c¢j+1 (modr) (in A3)
-j =K —-1(modr)=c¢ (inA3)

Then, given k € {0,...,p—1} and j = k —1 (mod p), if di # d;

(a) be, # be;

(b) ¢k # ¢; (otherwise (a) would be incorrect)
(c) ek =c¢j+1 (mod r) (by (b) and B2)

(d) ¥ # 3" (by (b), (¢) and choice of £/, j')

(&) xi', #x, (by A3 and (d))

() Xé\c[k + x{)\;_ (by (c), (e) and choice of k', j')

(8) xj #xJ
(as required)

Property C4:
By A4. For each a € {0,...,q— 1}, 3 k' €{0,...,7 — 1} such that by = a
By B4. For each k¥’ € {0,...,7r — 1}, 3 k€{0,...,p— 1} such that ¢ = ¥’

Therefore, for each a € {0,...,¢ —1}, 3 k€ {0,...,p— 1} such that d, = b,, = by =a

Property C5:

This follows directly from Ab5.

Part b

Suppose P, = {x}, ..., xév_l} and P, = {y}, ..., yM,} (M 2 N) both occur in an attractor
A= {zg, ..., zp_1}

Applying Procedure S1.6 to P, and N identifies a partial state sequence P* = {w{', ..., wf]\i 1}
that occurs in P, (by Theorem S1.8)

Therefore, by part a of this Lemma, P* occurs in A (since P* occurs in P, and P, occurs in A)
Therefore, by Theorem S1.2, P, is equivalent to P* (since P* and P, both occur in A)

Therefore, by Theorem S1.7, P, occurs in P,
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Lemma. S1.12

Consider two partial state sequences P, = {x}', ..., Xév_l} and P, = {y}!, ..., yM,}, and two
sets of attractors C, and C, for which

1. MDN

2. P, occurs in every attractor A € C,

3. P, does not occur in any attractor A ¢ C,
4. P, occurs in every attractor A € C,

5. P, does not occur in any attractor A ¢ C,
Then, either

(a) C;NCy =02

(b) P, occurs in Py and C, C C,

PROOF
Suppose there exists an attractor A € C, N C, (i.e. (a) is not true).
Then P, and P, both occur in A. Therefore, by Lemma S1.11, P, occurs in P,.

Now consider any attractor A € C,. Since P, occurs in P, and P, occurs in A, Lemma S1.11
implies that P, also occurs in A. Therefore A € C, (and so C, C C,).

O]
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S1.4.2 Proofs for Section S1.2

Theorem. S1.14
At the end of Procedure S1.13, the following is true
P is an intersection sequence

g
P is equivalent to a partial state sequence P* € {P*,C} € S

PROOF:
Case —>

Since P = {x}, ..., xé\l 1} is an intersection sequence, Definition 4 (in the main text) implies
that there is a set of attractors C for which

1. P occurs in every attractor A € C

2. P does not occur in any attractor A ¢ C

Moreover, P must be equivalent to some partial state sequence P* = {w{', ..., wév_ 1} identified
in Step 2 of Procedure S1.13, when the node set N is analysed (because of (f) in Step 2)

Therefore, by Theorem S1.2,

1. P* occurs in every attractor A € C

2. P* does not occur in any attractor A ¢ C

and so {P*,C} is added to S in Step 3 (of Procedure S1.13).

It just remains to show that {P*,C} is never removed from S in Step 4 of any loop. {P*,C}
could only be removed in Step 4 if there was a pair {Q = {yd, ..., y*,}, D} for which

(i) M DN
(ii) D =C

(iii) @ occurs in every attractor A € D = C (because of Step 2(b) and (ii))

However, this would be impossible since P is an intersection sequence, and so property 3 of
Definition 4 implies that

- Given a larger set M D N, there is no partial state sequence ) for the node set M that occurs
in every attractor A € C (= D)
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Case <—

We show that P* is an intersection sequence, that intersects at C (i.e. the 3 properties of
Definition 4 (main text) hold for P* and C). It then follows from Theorem S1.2 and Definition
4 (main text) that the same must be true for any P, which is equivalent to P*.

Properties 1 and 2 are true because of (b) and (c) in Step 2 of Procedure S1.13. Therefore,

(b) P* ={w{’, ..., Wé\il} occurs in every attractor A € C

c = (WQ , ey Wi oes not occur 1n any attractor
P* & Natd i Ag¢cC

Now, we show that property 3 holds (noting that every node set M is analysed at some point
in the procedure).

If a partial state sequence @ (for a node set M D N) occurs in every A € C, (b), (c¢) and
Lemma S1.12 implies that

- @ occurs in every attractor A € C

- @ does not occur in any attractor A ¢ C

Let M be the largest such set (i.e. it is impossible to identify another partial state sequence Q'
for a node set L D M D N). Then, when M is analysed in the procedure, we get

Step 2: (@ would be identified (or an equivalent partial state sequence would be identified).
Step 3: {Q,C} would be added to S
Step 4: Either

A : Case M is analysed after N
{P*,C} is removed from S

B : Case M is analysed before N
{Q,C} is kept in S and {P*,C} is removed from S when it is analysed later

Therefore, in order for {P*,C} to be in S at the end of the procedure, there cannot be any
partial state sequence @ (for a larger node set M D N) that occurs in every A € C. Therefore
Property 3 of Definition 4 is satisfied.
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Theorem. S1.15

Consider a partial state sequence P = {xJ, ..., xé\ﬁ 1 } for which

1. P occurs in a single attractor A = {zo, ..., Z,—1}

2. P does not occur in any attractor A" # A
Then, given that V' is the set of all nodes,

(a) Given a node set M satisfying N C M C V, it is impossible to find an intersection sequence
that involves the node set M and occurs in A.

(b) Given the node set V, it is possible to find an intersection sequence P’ that involves the
node set V' and occurs in A (usually A itself).

PROOF:

Applying Procedure S1.3 for the node set V and an attractor A, gives a partial state sequence
P’ that involves the node set V' and occurs in A (by Theorem S1.4)

Now consider any partial state sequence ) = {yé‘/[ s ey y% 1} that involves a node set M (N C M)
and occurs in the attractor A. Then, from 1., 2. and Lemma S1.12,

- P occurs in @)

- @ does not occur in any attractor A’ # A

Therefore, A is the only attractor for which @ occurs in A (this includes @ = P',if M = V)

Therefore,

(a) Given a node set M satisfying N C M C V, any partial state sequence ) that occurs in A
will fail Definition 4 (main text). Since,
1. @ occurs in A (from above)
2. @ does not occur in any attractor A" # A (from above)
3. There exists a partial state sequence P’ (for a larger node set V' O M) that occurs

in A.

(b) P’ is an intersection sequences since P’ and A satisfy the 3 properties of Definition 4 (main
text). Namely,

1. P occurs in A (from above)
2. P’ does not occur in any attractor A’ # A (from above)

3. There is no node set larger than V'

Therefore, parts (a) and (b) of the Theorem are true.
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Theorem. S1.17
At the end of Procedure S1.16, the following is true

P that is core to some set of attractors C (Definition 5A is satisfied)
<~
P is equivalent to a partial state sequence P* € {P* C} € T

PROOF:
Case <—
We show that the 3 properties of Definition 5A hold for any P* € {P*, C} € T.

It then follows from Theorem S1.2, Theorem S1.7, Definition 5A and Definition S1.1 that the
same must be true for any P, which is equivalent to P*.

(P = {x}, ..., xé\ll}, C} is added to T when Steps 1 - 5 of Procedure S1.16 are carried out
for some intersection sequence P’ (that intersects at C). We consider Steps 1 - 5 for P’, when
showing the 3 properties of Definition 5A hold for P*

Property 1 is satisfied because Step 4 implies P* occurs in P’ (which intersects at C)

Property 2 is satisfied because of the following.

Consider any intersection sequence () (for a node set M) that intersects at D (where D N C #
&). We need to show that there is an intersection sequence @’ (for a node set M’ O M U N)
that occurs in every node set A € D N C.

Let ' be any intersection sequence (for a node set M') satisfying

(a) M DO M
(b) Q' intersects at D’ D D N C (this also implies D' N C # &)

(c) There is no intersection sequence Q* (for a larger node set M* D M’ O M) that intersects
atD* > (D'NC)2D(DnNC)

Now, at least one Q" must exist since @ itself satisfies (a) and (b). Therefore, either @ satisfies
(a), (b) and (c) or we can find Q' = Q* (for the largest possible node set M* D M) that does.
@' is then identified in Step 1 of the procedure and so

(d) M' > N (from Step 3)
() M D MUN (from (a) and (d))

Moreover, because of (b) and Definition 4
(f) @ occursinevery Ac DNC

Therefore, because of (e) and (f), we have found a suitable )'.
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Property 3 is satisfied because of the following. Consider any partial state sequence P’ for a
larger node set N” D N. Then, since N = M; N ... N M}, in Step 3, there must be a node set
M; (i € {1, ..., k}) satisfying

_ MZ z N/I
Then, for the corresponding intersection sequence @; (for the node set M;) identified in Step 1

(1) Qi intersects at ;, where D; N C # @ (by Step la)

(ii) There is no intersection sequence @Q* (for a larger node set M* D M;) that intersects at
D* D> (D; N C) (by Step 1b)

(ii) There is no intersection sequence, Q* (for a larger node set M* O M;) that occurs in every
attractor A € D; N C (by (ii) and Definition 4)

Therefore, it is impossible to find an intersection sequence Q* (for a node set M* O M; U N”)
that occurs in every attractor A € ID; N C. Therefore, P” cannot be core to C, since property
2 of Definition 5A would fail (for @ = Q;).

Case —>

Suppose P = {x{', ..., Xév_ 1} is core to some set of attractors C (say). Then, Definition 5A
(main text) implies that

1. P occurs in an intersection sequence P’, which intersects at C (P can equal P’).

2. If an intersection sequence @ (for a node set M) intersects at D (where D N C # @), then
there exists an intersection sequence @’ (for a node set M’ O M U N) that occurs in every
attractor Ae DN C

3. 1 and 2 are not true for any larger partial state sequence P” (for a node set N” D N)

Now, P’ = {y(])vl, y{vl, - yf,v_/l} (from 1. above) will be analysed in Procedure S1.16.
In Step 1, intersection sequences Q1, ..., Qx (for node sets My, ..., My, resp) are identified where

(fori =1, .., k)

A: (Q; intersects at ;, where D; N C # &

B: There is no intersection sequence @)} (for a node set M D M;) that intersects at
D; 2 (D N C)

C: There is no intersection sequence @ (for a node set M D M;) that occurs in every attractor
AeD; NC (by B and Definition 4)
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Moreover, P’ € {Q1, ..., Qk}, since

A’: P’ intersects at C, where CNC =C # @

B’: There is no intersection sequence P” (for a node set M” D N'’) that intersects at
D' O C (by Definition 4)

Now, because of A and 2. above, the following are true for i = 1, ..., k

D: There exists an intersection sequence @} (for a node set M O M; U N) that occurs in
every attractor A € D; N C

Therefore, comparing C and D, it must be the case that N C M; (for i = 1, ..., k). Therefore,
E: NC(Myn..NnM)CN' (since PP €{Q1, ..., Qk})

Now, in Steps 3 - 5 of Procedure S1.16 (when P’ is analysed), we identify a node set N* and
partial state sequence P* where

- N =M nNn..NnM)CN
- Pr={w)", ., Wé\i*_l} occurs in P’

- The pair {P*, C} is added to the set T
Therefore, by part <= of this Theorem,
- P*is core to C

Therefore, P and P* both occur in P’ and are both core to C.

Therefore, because of 2. and 3. and Theorem S1.7, it must be the case that N = N* and P is
equivalent to P* (€ {P*,C} € T) as required
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S1.4.3 Proofs for Section S1.3

Theorem. S1.19

Assume Procedure S1.18 begins with every partition sequence. Then, at the end of Procedure
S1.18, the following is true

S is a subsystem (Definition 6 is satisfied)
<~
S is equivalent to a partial state sequence S* € U

PROOF:
Case <—
We show that the 3 properties of Definition 6 hold for any S* € U.

It then follows from Theorem S1.2, Theorem S1.7, Definition 6 and Definition S1.1 that the
same must be true for any S, which is equivalent to S*.

S* = {x{Y, ..., xflv_l} is added to U when Steps 1 - 5 of Procedure S1.18 are carried out for some
partition sequence P = {y3, ..., yM,}. We consider Steps 1 - 5 for P, when showing the 3
properties of Definition 6 hold for S*

Property 1 is satisfied because Step 4 implies S* occurs in P.

Property 2 is satisfied because of the following. Consider any partition sequence P’ (for a node
set M' C M) that occurs in P. Then, Lemma S1.11 implies that P’ occurs in an attractor A,
whenever P occurs in A.

Therefore, P’ is identified in Step 1, and N C (M \ M’) (by Step 3 and the fact M’ = M; for
some i € {1, ..., k}).

Therefore, M’ N N = @ and property 2 holds

Property 3 is satisfied because of the following. Consider any partial state sequence S’ (for a
larger node set N’ D N) that occurs in P.

Then, since N = M \ (M; U ... U My) in Step 3, there must be a node set M; (i € {1, ..., k})
satisfying

—MiﬂN,#@

(since " occurs in P = {yd!, ..., yM,}, and so N’ C M)

Therefore property 2 of Definition 6 would fail.
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Case —>

Suppose S = {xév ) ooy Xflv_ 1 } is subsystem. Then, Definition 6 implies that there exists a partition
sequence P = {y}!, ..., yM,} for which

1. S occurs in P (and so N C M)
2. If another partition sequence P’ (for a node set M’ C M) occurs in P, then M’ N N = &

3. 1 and 2 are not true for any partial state sequence S’, for a larger node set N’ > N

Now, P (from above) will be analysed in Procedure S1.18. In Step 1 partition sequences P, ...,
Py, (for node sets My, ..., My, resp) are identified where (for i = 1, ..., k)

A: M;c M
B: P, and P both occur in some attractor A;

C: P;occursin P (by A, B and Lemma S1.11)
Therefore, because of A, C and 2. above, the following are true

D: Fori=1, .,k MiNN=0
E: (MiU...UM,)NN=g (byD)

F: NCM\ (M U..UM) (byA,Eand 1. from above)

Now, in Steps 3 - 5 of Procedure S1.18 (when P is analysed), we identify a node set N* and
partial state sequence S* where

- N*=M\ (MyU..UM,)DN
- 5 ={wj", Wé\i*_l} occurs in P

- 5% is added to the set U
Therefore, by part <= of this Theorem,
- 5% is a subsystem and satisfies properties 1 - 3

Therefore, because of 1. - 3. and Theorem S1.7, it must be the case that N = N* and S is
equivalent to S* € U, as required
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Theorem. S1.20

Given an attractor A and node n;, there exists a subsystem S = {xév ,xV xf]\i 1} for which

(a) n; e N

(b) S occurs in A

PROOF :

Given the node set V' (set of all nodes) and the attractor A, Procedure S1.3 identifies a partial
state sequence P that occurs in A (by Theorem S1.4). Now, let C be the set of attractors for
which

1. P occurs in every attractor A € C

2. P does not occur in any attractor A ¢ C

(Note: In a Boolean network model, P = A and C = {A})

Therefore, since V is the largest possible node set, 1., 2. and Definition 4 imply P is an
intersection sequence that intersects at C.

Moreover, no other intersection sequence P’ (that is not equivalent to P) can intersect at C
(because of 1 and 2 and the fact that V' is the largest node set possible). Therefore, P is

exclusive to C and is a partition sequence (by Definition 5).

Therefore, it is possible to find a partition sequence P (for a node set M = V') for which

(a) n, e M

(b) P occurs in A

Now carry out the following loop
while() {

If a partition sequence P; (for a node set M;) exists such that

-n; € Mi

- M, C M

- P; occurs in P (and P; occurs in A by Lemma S1.11)

Then, replace M by M;, replace P by P; and execute the loop again.

Otherwise, exit loop

}
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At the end of the loop we have a partition sequence P (for the node set M) satisfying

A: njeM
B: Poccursin A

C: If a partition sequence P’ (for a node set M’ C M) occurs in P, then M’ N {n;} = &

Now, we apply Steps 1-5 of Procedure S1.18 to P. In Step 1, partition sequences Py, ..., P (for
node sets Mj, ..., M resp) are identified where

D: Fori=1,..,k M; C M (by Step 1a)

E: Fori=1, ..,k P, and P both occur in some attractor A; (by Step 1b)

F: Fori=1,..,k, P,occursin P (by D, E and Lemma S1.11)

G: Fori=1,..,k M Nn{n}=o (by C,D andF)

Then, in Steps 3-5, we identify a node set NV and partial state sequence S = {Xév , lev ) ey X(JZV_ 1}
where

H: N=M)\ (M U..UM;) (byStep3)

I: n, e N (by A, G and H)

J: Soccursin P (by Step 4)

K: Soccursin A (by B, J and and Lemma S1.11)

L: S is added to the set U (by Step 5)

Therefore, by L and part <= of Theorem S1.19,

M: S is a subsystem

Therefore, because of I, K and M, the theorem is satisfied.
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S1.4.4 Supplementary Lemmas

Lemma S1.21. Consider an attractor A = {zo, ..., z,—1}, and two partial state sequences P,
= {x¢', ..., x)° 1} and P, = {w{’, ..., w}' |} for the same node set N.

Now suppose,

A: The following are true for P, = {xév ) eey X(]IV_ 1} and some sequence of integers
bo, ..., bp_l S {0, ey g — 1}

1. For k=0, .., p—1, xé\g:{siEZk:nieN}

2. For each k € {0,...,p—1} and j = k — 1 (mod p), either
(a) by =b; or (b)by=10;+1 (mod q)

3. Given k € {0,...,p—1} and j = k—1 (mod p), if by # b; then xlj)\i + xl]’\;
4. For each a € {0,...,q — 1}, 3 k€{0,...,p— 1} such that by = a

B: The following are true for P, = {w(])V ) eeey WTJ,V_ 1} and some sequence of integers
€0y oory Cp—1 € {0,..., 7 — 1}

1. For k=0, ..,p—1, Wéi:{siezk: n; € N}
2. For each k € {0,...,p—1} and j = k — 1 (mod p), either
(@) ck=cj or (b)cy=cj+1 (modr)
3. Given k€ {0,...,p—1} and j = k—1 (mod p), if ¢; # ¢; then wé\; # wg
4. For each a € {0,...,7 — 1}, 3 ke{0,..,p— 1} such that ¢ = a

Then, letting | = bg and m = ¢y

C: Foreveryi >0
1. 3 ki €{0,...,p— 1} for which by, =1+ (mod ¢) and ¢x, = m + 14 (mod )
(mod q) m+i (mod r)
PROOF

From Al and B1,
D: Fork=0,..,p—1, xﬁ :wé\iz{siézk:niEN}
Additionally, note that

E: If ¢ =1, then r = 1 (because of the (i)-(iv) below)
(i) Fork=0,..,p—1, bp=0
(ii) For k=0, ..,p—1, wl =x{ (by (i) and D)
(iii) Given k €{0,...,p—1}and j = k—1 (mod p), ¢ = ¢; (by (ii) and B3)
(iv) r=1land ¢ =0, for k =0, ..., p— 1 (by (iii) and B4)
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We want to prove C is true. We prove C1 here. C2 then follows from C1 and D.

For the case i = 0, letting k; = 0 ensures by, = by =1 =1+ i (mod ¢q) and ¢, = o = m =
m+i (mod r) (as required)

For the case ¢ = 1, we have r =1 (by E) and so k; = 0, for every ¢ > 0. This then ensures b,
=byp=0=104i¢ (mod 1) and ¢, = co =0=m+i (mod 1) (as required)

Therefore, it just remains to prove the case ¢ > 0,q > 1,r > 1. We do this by induction on ¢
(case ¢ = 0 already done). Suppose C1 is true for i —1 (> 0), so that

* 3 ki—1€{0,..,p—1} for which by, , =1l+i—1 (mod ¢q) and ¢y, , = m+i—1 (mod r)
Because of A2, A3 and A4 and the fact that ¢ > 1, there must exist a chain of integers

- J0y -y Jds K

for which

(a) Fort =0, ...,d, ji =ki—1+1t (mod p)
(b) k= j4+1 (mod p)
(c) bjy =... =0bj, # b, and by =b;, +1 (mod q)

N _  _ N N
(d) Xy, = v = Xy # Xy,

Then, because of (a)- (d), B3, D and the fact that ¢ > 1 and r > 1,

(e) ¢jo=...=c¢j, #c, and ¢, =cj, +1 (modr)
N _  _ N N
() We, = = W # wWe

Then letting k; = k (and noting that by, |, = bj, and ¢, |, = ¢j,), (a) - (f) and % imply that

(g) bki = bjd +1 (mod q)
= bg,_, +1 (mod q)
=(4+i—1 (modgq) + 1) (mod q)
= 1[4 (mod q)

(h) e =c¢j, +1 (mod )
= ci,_, +1 (mod r)
=(m+i—1 (modr)+ 1) (mod r)
=m+i (mod r)

as required and so C1 (and C2) holds.
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Lemma S1.22. Consider an attractor A = {zo, ..., z,—1}, and two partial state sequences P,
= {x¢', ..., x)" 1} and P, = {w{’, ..., w}' |} for the same node set N.

Now suppose,

A: The following are true for P, = {xév ) eey X(]IV_ 1} and some sequence of integers
bo, .-, bp_1 S {0, vy @ — 1}

1. For k=0, .., p—1, x{)\i ={s; €z :n; € N}
2. For each k € {0,...,p—1} and j = k — 1 (mod p), either
(a) bk = bj or (b) bk = bj +1 (mod q)
3. Given k € {0,...,p—1} and j = k— 1 (mod p), if by # b; then X{J\I[C # xé\;
4. For each a € {0,...,q — 1}, 3 ke{0,....,p— 1} such that by = a

B: The following are true for P, = {w{’, ..., w¥ ;} and some sequence of integers
€0y ooy Cp—1 € {0,...,7 =1}

1. For k=0, ..,p—1, wﬁi:{siEZk:nieN}
2. For each k € {0,...,p—1} and j = k — 1 (mod p), either
(@) cgk=c¢; or (b)cg=cj+1 (modr)
3. Given k € {0,...,p—1} and j = k— 1 (mod p), if ¢; # ¢; then wll # wg
4. For each a € {0,...,7 — 1}, 3 ke{0,...,p— 1} such that ¢y = a

Then, letting h be the highest common factor of ¢ and r,

(i) xﬁcv :xév whenever f (mod h) =g (mod h) (0<f<qg—1,0<g<qg-—1)
(ii) P, = {x}, ..., x,]y_l} satisfies Properties 1 and 2 of Definition 3

PROOF

From Lemma S1.21, the following is true for [ = by and m = ¢q

C: Foreveryi >0

1. 3 ki €{0,...,p— 1} for which by, =1+ (mod ¢) and ¢k, = m +1i (mod )

N —,
2. Xiti (mod q) — Winti (mod )

Let h be the highest common factor of ¢ and r and consider any integers f, ¢ (< ¢—1)
satisfying f (mod h) = ¢ (mod h). Then we have,

g = [ +i1h for some integer i1

E: h = isq + igr for some integers i9, i3 (by Euclid’s algorithm)

Let i/ = f—=1+idyisr +i4q

(where i4 is any non-negative integer, larger enough to ensure i’ > 0, i’ —iyigr > 0).

Then C, D and E leads to
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F: g=f+ih
= [ +i1i2q + i1i37
— [ 44 — i4q + ining
=1+4 (mod q)

. N _ (N
G: Xy = Xy iigr—iag

= Xl+i’—i1i3r (mod q)
— WN
- "m+i'—i1i37r (mod r)
— wiV
= Wit/ (mod )
— XN
— M+ (mod q)
— N

Therefore part (i) of the Lemma is true because X}V = xf]V whenever f (mod h) =g (mod h)
0<f<q-1,0<g<q-1)

Now, letting s = by (mod h), for k=0, ..., p—1

H: The following are true for P, = {x}, ..., x¥ ,} and integers so, ..., sp—1 € {0,...,h — 1}

1. Fork=0,..,p—1, x :Xka ={siczr:n €N} (by G)
2. For each k € {0,....,p— 1} and j = k — 1 (mod p), either
(a) sk = by (mod h) =b; (mod h) = b;
(b) sk =b; (mod h) = (bj+1 (mod ¢)) (mod h) =b;+1 (mod h) =s;+1 (mod h)
(because ¢ is a multiple of h)

Therefore, part (ii) of the Lemma is true because P, = {x{\, ..., x|} satisfies the first two
properties of Definition 3 (as required).

O]

Lemma S1.23. Consider a partial state sequence P = {x{\, ..., Xflv_l} and an attractor
A={zg, ..., Zp_1}

P occurs in A (i.e. Definition 3 is satisfied)
<~
The following are true for P = {xév ) e X(JJ\L 1} and some sequence of integers

by, .-, bpfl S {0,...,q— 1}

1. For k=0, ..,p—1, x{)i ={s; €z :n; € N}
2. For each k € {0,...,p—1} and j = k — 1 (mod p), either
(a) by =0; or (b)by,=0;+1 (mod q)
3. Given k € {0,...,p—1} and j = k— 1 (mod p), if by # b; then xévk + x{)\;
4. For each a € {0,...,gq — 1}, 3 k€ {0,...,p— 1} such that by = a

N

5. There is no integer ¢’ | ¢ (¢’ < q) for which X}V = x)

f (mod ¢') = g (mod ¢')

whenever f, g satisfies
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PROOF:
Case: —

Suppose P occurs in A. Then, properties 1 and 2 follow directly from Properties 1 and 2 of
Definition 3.

We now show properties 3, 4 and 5 hold.
Property 8

We use proof by contradiction to show property 3. We show that if the property does not hold,
it is possible to find a smaller partial state sequence P’ = {yév ) e yé\,ll} and integers cg, ...,
cp—1 €{0,....,¢ — 1} (¢ < q) that satisfy properties 1 and 2 of Definition 3 (thus contradiction
property 3 of Definition 3 and the fact that P occurs in A)

Suppose there exists k' € {0,...,p — 1} and j' = ¥’ — 1 (mod p) for which by # bjs and X{)\,Z/ =
x{f ,- Then, Property 2 implies there’s an integer h for which
J

~h=by€{0,...,q—1}
- h+1 (mod q) = by (since by # bjr)

N _ N
= Xp = Xp (mod q)

Take h (above), ¢ = ¢ — 1 and consider the partial state sequence P’ = {y{', ..., yé\Ll} where

-yN=xNfori=0,..,h—1 (ifh>0)

-yN=xN fori=h,..,¢d—-1 (fh<g-—1)
Then, for m =0, ..., p— 1, let

(i) cm = by, if b < h

(i) ¢ =bpm, fbp=h<q¢d=q¢—1

(iii) ¢, =0, ifbp,=h=¢=q—1

(iv) ¢m =bpy -1, if by >h

(Note: Since each b,, € {0,..,q—1} and h € {0,....,q—1}, each ¢, € {0,....,q—2} =
{0,...,4' — 1})

Now, from Property 2, for each k € {0,...,p— 1} and j = k — 1 (mod p) either

(a) bj = by
(b) bj = by, — 1 (when (a) is not true and by > b; > 0)

(c) bj = ¢ —1 (when (a) is not true and b, = 0)
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Considering all relevant cases (i) - (iv) and (a) - (c), we can show that P’ = {y{', ..., yéY_l}
satisfies properties 1 and 2 of Definition 3.

i.e. The following are true for cy, ..., ¢,—1 € {0,...,¢' — 1} (defined above)

1. For k=0, ..,p—1, ygz = {s; € z, : n; € N}. This is because of the following

(i) If by < h <q—1, then
ycNk:yéi:Xé\i:{SiEZk:niEN}
(ii) If by =h < ¢ =q—1, then
yi\é:yé\;:y{ythNﬂ:X,}y:xﬁ:{siézk:nZ-GN}
(iii) If by = h =¢ = q— 1, then since h+1 (mod ¢) =0
ycNk:yéV:xéV:th+1 (modq):XhN:xI])\,Z:{siezk:niEN}
(iv) If by > h, then
Yéi:yli\;_lzxﬁZ{siEzk:nieN}
2. For each k € {0,...,p—1} and j = k — 1 (mod p), either (a) ¢ = ¢;j or (b) ¢ =¢; +1
(mod ¢’). This is because of the following

(i) If by < h < q—1, then either
(@) ax=b =bj=¢;
(b) ¢x =by =bj+1 (mod ¢') =¢; +1 (mod ¢')
(since b >0 and bj <h < ¢ =¢q—1)
(c) s =bp=0=¢—1 (mod ¢') =b; (mod ¢') = either ¢; or ¢; +1 (mod ¢’)
(depending on whether or not b; = h or b; > h)
(ii and iii) If by = h < ¢ — 1, then since ¢, = by (mod ¢’), either
(a) cx = b (mod ¢') = b; (mod ¢') = ¢;
(since b; = by, = h)
(b) ¢t = by (mod ¢') =b; +1 (mod ¢') =¢; +1 (mod ¢’)
(since b; < h and b; > 0)
(c) cx = by (mod¢) =0=¢g—1 (mod¢') =b; (modgq’) = either ¢; or ¢; +1
(mod ¢')
(depending on whether or not b; = h or b; > h)
(iv) If by > h, then either
(a) Ck:bk—Iij—lzcj
(since bj = by, > h)
(b) ¢ =br —1 =b; = b; (mod ¢’) = either ¢; or ¢; +1 (mod ¢')
(depending on whether or not b; = h or b; > h)
(c) Case not possible

Property 4

Now, from Property 2, for each k € {0,...,p — 1} and j = k — 1 (mod p) either

(a) by = b;
(b) by =b;+1 (mod g)and ¢>0
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Let ¢ be the number of times that by # b; when k € {1, ..., p—1} (i.e. ¢ is number of times
we get case (b))

Then, by,—1 =bg + ¢ (mod gq).

Therefore, since either (a) or (b) must be true for k = 0 and j = p — 1, either

(c) c=0and by = ... = by
(d) ¢ = eq—1 for some positive integer e (¢ > 0)
(e) ¢ = eq for some positive integer e (¢ > 0)

In cases (d) and (e), Property 4 must hold because by, increases by either 0 or 1 (mod q) as k
increases (from 0 to p — 1). This would imply that every a € {0,...,q — 1} occurs at least once.

In case (c), properties 1 and 2 of Definition 3 would hold for the partial state sequence P’ =
{yd'} = {xN}. Therefore, since P = {x})', ..., x) |} occurs in A, it must be the case that ¢ = 1
0 q

(Otherwise property 3 of Definition 3 would fail, using P’ and by = ... = b,—; = 0). Property 4
would then follow, since for each a € {0}, by = ... =by,—1 = 0.
Property 5

We use proof by contradiction to show property 5. We show that if the property does not hold,
it is possible to find a smaller partial state sequence P’ = {y?', ..., yé\Ll} and integers cg, ...,
cp—1 €10,....,¢ —1} (¢ < q) that satisfy properties 1 and 2 of Definition 3 (thus contradiction
property 3 of Definition 3 and the fact that P occurs in A)

Suppose there is an integer ¢’ | ¢ (¢’ < ¢) for which X}V = xf]V whenever f (mod ¢') = g (mod ¢').
Let,
- P ={x}, .., X(]]Y_l} (where each x¥ is taken from P)

- ¢ =b; (modgq), fori=0,...p—1

Then, properties 1 and 2 of Definition 3 are true for P’ = {y}', ..., yé\,ll} and integers cg, ...,
cp—1 € {0,...,¢ — 1} (defined above). This is because

1. For k=0, ..,p—1, xé\]i :xﬁ (mod ¢') :xé\li ={s; €z : n; € N}
2. For each k € {0,...,p—1} and j = k — 1 (mod p), either
(a) ¢ =br (mod ¢) =1b; (modq') = ¢

(a) cx =b; (mod ¢') = (bj+1 (mod q)) (mod¢)=">b;+1 (mod¢)=c;j+1 (mod ¢')
(since ¢’ | q)
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Case: «<—

Suppose properties 1 - 5 are true for P = {xév , x]lv s aees xév_ 1} and some sequence of integers by,
cees bp_l S {0, ey @ — 1}

Then, we want to show that P = {x}’, xI¥, .., xé{\f_l} occurs in A (i.e. the 3 properties of
Definition 3 are satisfied). Properties 1 and 2 follow directly from Properties 1 and 2 of this
Lemma. Therefore, it just remains to show property 3 of Definition 3.

If property 3 were not true, it would be possible to find a smaller partial state sequence P’ =
Iy, vV, .., yfl\,[_l} and integers co, ..., ¢p—1 € {0, ...,¢' — 1} (¢’ < ¢) that also satisfied properties
1 and 2 (of this Lemma and Definition 3)

Let P' = {y}', ..., yé\,ll} be the smallest such sequence (in terms of number of partial states ¢').

Then P’ occurs in A and part = of this Lemma would ensure Properties 1 - 5 of this Lemma

hold (for P’).

Therefore, by Lemma S1.22, there is an integer h (highest common factor of ¢ and ¢’) for which

-h<qd <q
- hlq

- xjcv = quV whenever f (mod h) =g (mod h) (in P)

Therefore, if property 3 of Definition 3 were not true for P, property 5 of the Lemma would fail.

Therefore, property 3 of Definition 3 must be true and P must occur in A.

Lemma S1.24. Consider two partial state sequence P, = {xé\f7 . Xé\f_l} and
Py = {Y(])Wa sy y%l},where M D, N

P, occurs in P, (i.e. Definition S1.5 is satisfied)
<~
The following are true for P, = {x{\, ..., xé{V_ 1} and some sequence of integers

bo, ..., bp_1 € {O,...,q— 1}

1. Fork=0,..,r—1, Xé\li ={s; eyM:n; e N(CM)}
2. For each k € {0,...,r —1} and j = k —1 (mod r), either
(a) by =0; or (b)by,=0;+1 (mod q)
3. Given k€ {0,...,r —1} and j = k —1 (mod r), if by # b; then xﬁ # xé\;

4. For each a € {0,...,7 — 1}, 3 k€{0,..,r — 1} such that by = a

N

o Wwhenever f, g satisfies

5. There is no integer ¢’ | ¢ (¢’ < q) for which X;V =x
f (mod ¢') = g (mod ¢')
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PROOF:
This Lemma can be proved in an analogous way to Lemma S1.23.

In particular, in the proof of Lemma S1.23,

replace P by P,

- replace A by Py,
- replace z; by yﬂ”
- replace p by r

- replace Definition 3 by Definition S1.5

and note that similar changes can also be made to adapt Lemmas S1.21 and S1.22.

Lemma S1.25. Consider a node set N and attractor A = {zg, 21, ..., Zp—1}.

After applying Procedure S1.3 to N and A, we get a partial state sequence P = {xév ) ey X(JZ\L 1}
and sequence of integers by, ..., bp—1 € {0,...,q — 1} for which the following are true

1. For k=0, ..,p—1, X{)i ={s; €z :n; € N}
2. For each k € {0,...,p—1} and j = k — 1 (mod p), either
(a) by =b; or (b)by=0;+1 (mod q)
3. Given k € {0,...,p—1} and j = k— 1 (mod p), if by # b; then xévk + x{)\;

4. For each a € {0,...,q — 1}, 3 k€{0,...,p— 1} such that by = a

N

5. There is no integer ¢’ | ¢ (¢’ < q) for which X}V = x)

f (mod ¢') = g (mod ¢)

whenever f, g satisfies

PROOF

First note that by, ..., bp—1 € {0, ..., ¢ — 1} by Step 8. Also note that, once by has been specified
during the procedure, it can only be altered in Step 8.

We now show the 5 properties of above are satisfied for P, A and by, ..., b,—1 (defined in the
procedure itself). For properties 1 - 3, we consider the cases k = 0 and k > 0 separately
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Properties 1 -3 : Case k = 0
Property 1

The initialisation ensures

A: =0

B: Xé\g:{siEzozniEN}.

(Note: by = 0 is not altered in Step 8, since by = 0 and ¢ > 1).
Therefore, Property 1 is satisfied

Properties 2 and 3

When k=0, j=k—1(modp)=p—1 and by =20by=0 (by A).

Then, because of Steps 1 and 6, one of the following is true by the end of Step 6

(a) ¢*=1, b1 =0b;=0 and X(I)V:xé\g:xé\i :X{)\;

x _ _ 7. N _ N _ N _ N
(b) ¢ =b,—1 =0b; and x = Xp, = Xy, = X},

(c) ¢ =b,.1+1=b;+1 and xévzxé\g:xé\lfc;éxé\;

Then, since ¢q | ¢* (¢* = aq for some positive integer a) in Step 7, Step 7 implies either

(a) bj =0 and xévzxéi:x{)\]f_

(b) b; (modg)=0 and x} = X{)\Ii = xé\;

N

(c) bj (modgq)=¢—1 and x; :xé\i;&xé\;:x]\/

q—1
Therefore, since by = by = 0 (by A), the following are true at the end of Step 8

(a) by =b; =0 and xévk:x{)\;:xév
(b) by =b; =0 and X{)Vk:xg:xév

(c) by =0b; +1 (modgq) and xévkzxév#xév_lzxg

Because of (a), (b) and (c) above, Property 2 is satisfied.

Property 3 is satisfied because if b, # b;, then (c) above must be true and Xka + x{)\; (as
required)
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Properties 1 -3 : Case k =1, ..., p—1 (and p > 1)
When p > 1, Step 3 is applied for every k =1, ..., p — 1.
Consider any k € {1, ..., p— 1}.

Property 1

If the condition in Step 3 is satisfied, Xﬁ = {s; € zp : n; € N} is true after Step 3. If the
condition is not satisfied, x{)i = {s; € z, : n; € N} is true after Step 5.

As mentioned earlier, bj, can then only be altered in Step 8, when by, is replaced by by (mod q).
However, because of Step 7b, Xka = {s; € zx : n; € N} would remain unaltered.

Therefore Property 1 is satisfied.
Properties 2 and 3
Consider any k € {1,...,p— 1} and j = k — 1 (mod p) (where p > 1)

From steps 2, 3, 4 and 5, either (a) or (b) are true depending on whether or not the condition
in Step 3 is satisfied

(a) by =b; and xéi = xé\;

(b) by =0b; +1 and xévk;éx{)\;

Now let fi, = by (mod ¢q) and f; = b; (mod q), where g | ¢* is the integer identified in Step 7.
Then, after Step 7, either

(a) fr=1f; and x%:bek:x{)\]f_:x%

(b) fx=f;+1 (modg) and x% :xﬁ #xgzxg

Therefore after Step 8, either of the following are true (as required)
(a) by =b; and x% :X% :x}V N

(b) by =b; +1 (mod gq) and xﬁzx%#x%:xé\;

Because of (a) and (b) above, Property 2 is satisfied.

Property 3 is satisfied because if by # bj, then (b) above must be true and Xi])\i # x{)\; (as
required)
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Property 4
Initially, by = 0.

Then, for each k € {1,...,p — 1} and j = k — 1, Steps 2 - 5 imply that at the end of Step 7 either

(a) by = by
(b) by = bj +1

Therefore, as k increases from 0 to p — 1, b is increases in intervals of 1.

Moreover, since ¢ < ¢* < b,_1 +1 (from Steps 1, 6 and 7), there exists b, ..., by that satisfy
the following at the end of Step 7

(i) Fori=0,..,d, b €{0,...,q—1}
(ii) For each a € {0,....q — 1}, 3 k€ {0,...,d} such that by = a

Moreover, after Step 8, by, ..., by remain unchanged (because of (i)).
Therefore, property 4 is satisfied
Property 5

In Step 7, ¢ (¢ | q") is chosen to be the smallest integer for which x}v = xév whenever
f (mod ¢) =g (mod q)

If there were a smaller ¢’ < ¢, (¢’ | ¢) for which x?] = xév whenever f (mod ¢') = g (mod ¢'),

then it would have been identified in Step 7 (since it is also the case that ¢’ | ¢*)
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