Supporting Text 2:
Interactions between subsystems

Given an individual subsystem Sy, we are interested in which subsystems regulate it and ensure
its occurrence in an attractor. Essentially, we want to find collections of subsystems S, = {S,,,
ey Sz f} whose co-occurrence in an attractor triggers a chain of interactions that results in the
occurrence of Sy.

In Sections S2.1 and S2.2, we look at Boolean network models to see how the model’s Boolean
functions can be used to identify such interactions. Sections S2.1 looks at how partial states
are regulated within attractors. Sections S2.2 then transfers these ideas back to subsystems.
Some simple examples to explain subsystems and interactions between them are given in Sup-
porting Text 3 (in Section S3.3). Even without the Boolean functions, it is possible to identify
relationships between subsystems. Sections S2.3 describes one such approach.

This supporting text is a more formal description / proof of the procedures given in the main
manuscript. The procedures in the main manuscript are revisited here in the following sections.

Procedure 6: Corresponds to Procedures S2.8, S2.11 and Theorem S2.12 in Section S2.1

Procedure 7: Corresponds to Procedure S2.19 and Theorem S2.20 in Section S2.2.2

First we introduce / repeat a few definitions used throughout this section
Definition S2.1. A network state, z = (s1, ..., 8,) € {0,1}" is a set of v Boolean states, one for
each node n; € V' (where V is the set of all nodes).

Definition S2.2. An attractor state, z = (s1, ..., Sy) € {0,1}" is a network state that occurs in
some attractor A € {zo, ..., Zp—1}

Definition S2.3. A partial state, x¥ € {0,1}/V is a set of | N | Boolean states, one for each
node n; € N(C V). ie. xV = {s;:n; € N}

Definition S2.4. A partial state xV is contained in another partial state z*” if N C P and each

node n; € N has the same Boolean state (s;) in both xV and z”. We can also say z” contains
N
x.

This definition is also applicable to a network / attractor state z, by letting P = V and z' =z

S2.1 Regulation of partial states in attractors

As the Boolean network model progresses over time, the Boolean functions f = (f1, ..., fy)
determine how each node is updated from one time step to the next. i.e. Given a network state
x = x(t) at time ¢, the model progresses from one time step to the next as follows

- x(t+1) = £(x(1) = (f1(x(®)), -, fo(x(1)))

It may be that a partial state x¥ controls the Boolean functions {f; : n; € M} and ensures the
occurrence of yM in the following time step. i.e xV is a predecessor of yM (or xV triggers the
occurrence of yM).



Definition S2.5. A partial state x is a predecessor of another partial state y™ if the following
holds

- If a network state z contains xV, then f(z) contains y

This definition is also applicable to a network / attractor state z, by letting N = V and xVV =
Z.

In the main manuscript, we also say that xV triggers the occurrence of y™. However, in this
Supporting Text, we keep to the terminology predecessor.

The following results relate to predecessors and are utilised during later analyses (to improve
efficiency).

Lemma S2.6. Suppose, a partial state xV is a predecessor of another partial state y

P

If a partial state z” contains xV, then z” is a predecessor of y™

PROOF: See Section S2.4

Lemma S2.7. Consider two partial states y{wl, yéWQ where yé\b contains yiwl.

N

Then, if xV is a predecessor of yéWQ, x" is also a predecessor of y{wl

PROOF: See Section S2.4

Given a partial state yM, its predecessors can be found by using the approach in Irons (2006).
The results of this procedure are given below, whilst the precise details can be found in the
original paper

Procedure S2.8. Given a partial state y™, the procedure FindPredecessors(y™) in Irons
(2006) (Appendix B.2.2) identifies partial states lev ', ..., xN* for which the following are true

1. Fori=1, ..., 1, xf-vi is a predecessor of yM.
2. Fori=1, ..,r, vai does not contain any partial state xévj (Je{l, ...,r} j#1)
3. If an attractor state z is a predecessor of y™, then z contains xﬁvi for some i € {1, ..., r}

Property 2 ensures that only the most informative predecessors are kept (see Lemma S2.6). The
procedure can also be modified so that property 3 is more general and applies to network states
(rather than attractor states). This version is not necessary here.

Given a partial state y™ that occurs in an attractor state z, € A, this idea of predecessors can
be extended to look at the regulation of y™ in the attractor A



Definition S2.9. Consider an attractor A = {zy, ..., Z,—1} and two partial states x"¥ and y™
xN is a k-predecessor of yM . in an attractor state z, € A if

1. x¥ and yM are both contained in the attractor state z,

2. There exists a sequence of partial states zg S zf o, zf’“ for which the following are true

(a) k = cp, where c is a positive integer.
(b) Py = N and z}° = xV
(c) P, = M and zkp’c =yM

(d) Fori =0, ..., k—1, zf" is a predecessor of zﬁ*ll
e) Fori=0, ..., k, z'" is contained in the attractor state zy € A
(]

(where b = a + 4 (mod p))

Essentially, in this definition, if x is contained z, € A, then it ensures that y™ is also contained
in z, € A, k = cp time steps later. Moreover, this process can be traced through the attractor
A at each time step (because of 2(e)).

Once we have found a k-predecessor x”, the following result implies that all larger partial states
z” (containing x" and contained in z,) are also k-predecessors of y™.

N

Lemma S2.10. Suppose, x is a k-predecessor of y in z, € A.

N P

If a partial state z contains x is a k-predecessor of yM in z,

€ A

and is contained in z,, then z

PROOF: see Section S2.4

Given a partial state y™ and attractor state z, € A = {zo, ..., z,—1}, the following procedure
identifies partial states x~ that are k-predecessors of yM in z, € A

Procedure S2.11. (Procedure 6 from main manuscript)

In this procedure, we take as an input a partial state y™ that occurs in an attractor state z, €
A= {Zo, ceey prl}-

Initially, let sets U = @, Wo = {y™} and W; = @ for all i > 1. Moreover, set t = 0. The
procedure then enters the following loop

Step 1 :

Execute Procedure S2.8 for every partial state zI € W,. For each newly identified predecessor
vai, of z*, xf-vi is added to W4

Step 2 :

(a) Let t =t + 1 (increment ¢ by 1)

(b) Let t/ = a —t (mod p)

Step 3 :
Remove all partial states from Wy that contain a different partial state in Wy



Step 4 :
Remove all partial states from W, that are not contained in the attractor state zy

Step 5 :
If t (mod p) =0, go to Step 6. Otherwise go back to Step 1.

Step 6 :

For every partial state xV € Wy,

(a) Check whether xV contains or equals any partial state u” € U.
(b) Check whether x is contained within any partial state u” € U.

If (a) is true then remove xV from W;.
If (a) is false then add x"V to U and discard any u” identified in (b).

Step 7 :
If W, is empty, end procedure. Otherwise, return to Step 1.

At the end of this procedure, U contains suitable k-predecessors of y™ in z, € A. Starting
from z,, Steps 1, 2 and 4 imply the procedure goes backwards around the attractor, identifying
predecessors within the relevant attractor state. Once we return to z, (¢ (mod p) = 0), we
store any newly identified k-predecessors of y™ in z, € A (in the set U). Steps 3, 4 and 6
ensure we only store / analyse the most informative and suitable k-predecessors, thus speeding
up the analysis. Because of Lemma S2.7, there is no advantage in considering partial states in
W, that contain other partial states in W;. Because of Lemma S2.10, we need only identify
k-predecessors that do not contain other k-predecessors.

The Theorem below shows that the set U contains suitable k-predecessors of y™ in A, at the
end of the procedure.

Theorem S2.12. At the end of Procedure S2.11

1. The set U is non-empty
2. If a partial state x"V is contained in U at the end of the procedure, then

(a) xV is a k-predecessor of yM in z, € A

(b) xV contains no other partial states in U

PROOF': see Section S2.4

S2.2 Regulation of subsystems

The definitions and procedures from Section S2.1 can be used to describe how subsystems
are regulated in attractors. However, since partial states within subsystems could be subject
to different time lags in different attractors (see Definition 3 (main text) and Section S3.1 in
Supporting Text 3), we need to consider the precise dynamics (the instances) of subsystems in
attractors. i.e.



Definition S2.13. (Definition 9 from main manuscript)

Consider a collection of subsystems S = {Si, ..., Sy} where every §; = {xgi, ey XZZ} €S

involves a node set N; and occurs in the attractor A = {zo, ...,z,—1}

The instance of S in A is the partial state sequence z}!, ...,zéw_l, where

1. M =Ny U ... UNf
2. Fork=0,...p—1 2z ={s, €z :n, € M}.
In order to describe how a subsystem S, is regulated, we want to see which collections of

subsystems S; = {Sy,, ..., Sz, } can set of a chain of interactions and trigger the occurrence of
Sy in an attractor. Using these instances, we can come up with the following definition

Definition S2.14. (Definition 10 from main manuscript)

Suppose we have

1. An attractor A = {zo, ....Zp—1}

2. A collection of subsystems S, = {Sq,, ..., Sz} where

(@) Sy s Sz

(b) x¥, ...,xf)vfl is the instance of S, in A

all occur in A

3. An individual subsystem S, where

(a) Sy occurs in A

(b) yi!, ...,yi,‘{l is the instance of Sy in A

Then S, triggers S, in A if the following holds for every i € {0, ..., p— 1}

- xV is a k;-predecessor of yM in z; € A (for some k;)

This definition can easily be adapted to consider whether a collection of subsystems S, = {S,,,
..y Sz, } triggers another collection of subsystem S, = {S,, ..., Sy, } in an attractor A.

Here, the occurrence of Sy in A can be explained by the occurrence of S,. If the subsystems Sy, ,
...y Sz, are established in the attractor A, xév , ...,x}],\ll would occur over and over again. This
can then (eventually) ensure the occurrence of yéw , ...,yé\{ 1, over and over again. In the model,
it is unlikely that subsystems establish themselves one at a time. However, knowing which
collections of subsystems trigger S, indicate which parts of the system are primarily responsible

for regulating S,

Obviously, S, may occur in multiple attractors and different collections of subsystems may be
responsible for triggering S, in different attractors. Therefore, in order to describe how S, is
regulated we want a more complete description



Definition S2.15. A set of subsystem collections S, ..., Sy regulates an (individual) subsystem
Sy if the following are true

1. Fori =1, ..., g, 3an attractor A for which S; triggers S, in A

2. If S, occurs in an attractor A, 3 i € {1, .., g} for which S; triggers S, in A

We call the set {S1, ..., Sg} a regulation set of Sy

The procedure in Section S2.2.2 shows one way of identifying such a regulation set, for a sub-
system S,. However, there may be some regulation sets that are more descriptive than others.
Therefore, we first run through some extra constraints on Sy, ..., Sy

S2.2.1 Extra constraints

Lemma S2.16. Consider two collections of subsystems S, and S, and suppose

(a) S, triggers an individual subsystem S, in an attractor A = {zo, ..., Z,—1}
(b) Sy O S,

(c) Every subsystem S € Sy occurs in A
Then, Sy triggers Sy in A
PROOF: see Section S2.4

For a regulation set {Si, ..., S¢} of Sy, there may be some redundancy.

Firstly, because of Lemma S2.16, if there exists So, Sp (a, b € {1, ..., 7}, a # b) for which

(a) Sy O Sq

b) If Sy triggers S, in A, then S, also triggers S, in A
y y

then the regulatory ability of S is just a result of the smaller set S,. Therefore, subsystem
collections such as S, (where (a) and (b) hold) are not counted as triggering S, in A (in Procedure
$2.19)

Secondly, properties 1 and 2 of Definition S2.15 could still hold after a subsystem collection S; (i
€ {1, ..., g}) is removed from the set {S1, ..., Sq}. However, even in this scenario, it may be that
each S; is still informative. The following constraint is one way of deciding which subsystem
collections to keep and which to remove (if any). This extra (optional) constraint was used in
the examples in this paper. A description of how to apply this constraint is given in Section
S2.2.2.



Definition S2.17. Consider a regulation set {S1, ..., Sy} of a subsystem S,.

Sq (@ € {1, ..., g}) is key to {S1, ..., Sy} in an attractor A if

1. S, triggers S, in A
2. It is possible to find a collection of subsystems T for which

(a) T triggers S, in A
(b) T 2 Sy forany b#a (b€ {1, ..., g})

If Sq is not key to {Si, ..., S¢} in A, other collections of subsystems in the regulation set are
necessary to ensure S;’s occurrence in A. Therefore, in this case, S, is not counted as triggering
A. In the rare occurrence that no subsystem collection is key to {Si, ..., S} for a particular
attractor A (possibly because cyclic dependencies exist between collections of subsystems), this
extra constraint would be ignored.

If S, is not key to {Si, ..., Sy} in any attractor, it would be removed from the regulation set.

Definition S2.15 can be modified to take account of this extra constraint, as follows

Definition S2.18. A set of subsystem collections Sy, ..., Sy requlates an (individual) subsystem
Sy if the following are true

1. Fori =1, ..., g, 3 an attractor A for which both of the following are true

(a) S; triggers Sy in A
(b) S; is key to {Sy, ..., Sy} in A

2. If S, occurs in an attractor A, 3 i € {1, .., g} for which S; triggers S, in A

We call the set {Sy, ..., Sy} the regulation set of S,

S2.2.2 Procedure to identify regulation sets
Given a subsystem S, (involving a node set M,) and a set of attractors C,, where

(a) Sy occurs in every attractor A € C,,

(b) Sy does not occur in any attractor A ¢ C,

The following procedure (Procedure S2.19) demonstrates a method of identifying a regulation
set of S, (see Definition S2.15 above)

At the start of the procedure, we assume we know every subsystem S = {x{, ..., xév_ 1}, along
with the node set involved (N) and a list of attractors it occurs in. Each subsystem and node
set N is a by-product of the method of identifying subsystems (described in Supporting Text 1).
A list of attractors can be found by applying Procedure S1.9 (from Supporting Text 1) to each
node set N. This information is used in Step 2 of the procedure (below).



Procedure S2.19. (Procedure 7 from main manuscript)
Initially, let the set R = @ (empty set)
For every A; = {zo, ...,zp—1} € C, carry out the following steps.

Step 1 :
Let the set R; = @. Let the sets Uy, ..., Up_1 = @

Step 2 :

Identify every subsystem T, ...., T that occurs in A;. Moreover, let My, ..., M} be the node
sets involved in 77, ...., Ty, (resp)

Step 3 :

Identify the instance of Sy in A;. i.e. yé\/[y, ...,yé\/f’l.
(The procedure for this is obvious from Definition S2.13, given the node set M, and attractor
A;)

Step 4 :
For j =0, ..., p— 1, carry out Procedure S2.11 to identify k;-predecessors of y
The resulting kj-predecessors are added to the set U;

My
J

in z; € A;.
Step 5 :
p—1

For every possible combination of partial states Xév o, X;V_l satisfying

N. .
- xj" eU; (forj=0,..,p—1)

carry out the following

(a) Let N=NyU ..U Np—l
(b) Let S ={T,: M, " N # &}
(c) Add S to the set R;

Step 6 :
Remove all subsystem collections S from R,; that contain other subsystem collections S’ € R;.
(ie. SO Y)

Step 7 :
Add the subsystem collections in R; to the set R

At the end of this procedure, every subsystem collection S € R; triggers S, in the attractor A;.
R is then the regulation set of S,. This is proved with the following Theorem



Theorem S2.20. At the end of Procedure S2.19

1. Whenever A4; € C,,

(a) R; is non-empty
(b) Every subsystem collection S € R; triggers .S, in A;

2. R is a regulation set of Sy

PROOF: see Section S2.4

Given a regulation set R = {S;, ..., Sy} of Sy, we may want to apply the extra constraint in
Definitions S2.17 and S2.18. Thus only keeping those subsystem collections S, that are key to
R = {Si, ..., S4} in some attractor A;.

To do this we let R* = R and R/; = R, for each set in the above procedure. Then, we take
R’ and re-apply Procedure S2.19 to every collection of subsystems S, € R. As inputs to the
procedure take S, and the set of attractors C, N C, as inputs, instead of S, and C,. Here, C,
is the set of attractors for which every S € S, occurs.

For each S, € R’ and A; € C, N C,, this will give collections of subsystems T4, ..., T responsible
for triggering S, in A;. This information can then be used to see if S, is key to {Si, ..., S¢} in
A; (see Definition S2.17)

If S, is not key to {Si, ..., Sy} in A;, S, is removed from R’;. In the rare occurrence that
every subsystem collection in R'; is not key to {Si, ..., S¢} in A;, this extra constraint would be
ignored.

After doing this for every S, € R/, R’ can then be re-formed from all of the R/;’s (repeat Step
7).

Theorem S2.12 would still hold for the R/;’s and R’ at the end of these extra steps. This is
because none of the original R/;’s are emptied and no subsystem collections are added. Part 2
of the Theorem can be proved in the same way.



S2.3 Hierarchical links between subsystems

On a simple observational level, a subsystem S, may be hierarchically linked to another subsys-
tem Sy, because S, only occurs in an attractor in conjunction with the ‘higher order’ S,. Such
hierarchical links can be identified without any prior knowledge of the underlying model. These
links could potentially correspond to relationships between subsystem, that are worth studying
more detail

Definition S2.21. Consider two subsystems S; and Sy. S; is hierarchically linked to Sy if the
following are true

- S occurs in an attractor A = S, occurs in an attractor A

Furthermore, such a link can be viewed as direct if there it is impossible to find a subsystem S,
for which the following is true

1. S is hierarchically linked to S,
2. S, is hierarchically linked to S,

3. There exists attractors A; and As for which

(a) S, occurs in Ay and A,
(b) S, occurs in A; but not Ay

(c) S, occurs in neither A; nor As

This terminology can easily be extended to collections of subsystems.
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S2.4 Proofs for earlier results

Here, we provide proofs for results introduced in this Supporting Text.

Lemma. S2.6

Suppose, a partial state x is a predecessor of another partial state y™

P

If a partial state z” contains xV, then z” is a predecessor of y™

PROOF:
We need to show z! is a predecessor of y (i.e. Definition S2.5 is satisfied)
Suppose a network state z contains z”. Then z also contains xV (since z” contains x*).

N

Therefore, since x" is a predecessor of y™, Definition S2.5 implies f(z) contains y .

P

Therefore, z* is a predecessor of y™ (as required)

Lemma. S2.7

Consider two partial states y{wl, yé\b where yé\b contains y{\/h.

N

Then, if xV is a predecessor of yé\b, x*' is also a predecessor of y{wl

PROOF:

N

We need to show x** is a predecessor of yi\/[ ! (i.e. Definition S2.5 is satisfied)

Suppose a network state z contains x.

M: M:

Then, since x" is a predecessor of y,"?, Definition S2.5 implies f(z) contains y; ?. Therefore,
Mo

f(z) also contains y{wl (since y5? contains y{wl).

N

N

Therefore, x*' is a predecessor of y{wl (as required)

11



Lemma. S2.10

Suppose, xV is a k-predecessor of yM in z, € A.

If a partial state z” contains xV and is contained in z,, then z” is a k-predecessor of y™ in z,
€ A.

PROOF:

Since xV is a k-predecessor of yM in z, € A = {z, ..., zp_1}, Definition S2.9 implies that

1. x¥ and yM are both contained in the attractor state z,

2. There exists a sequence of partial states Z(I)D E zf Lo, zf’“ for which the following are true

(a) k= cp , where ¢ is a positive integer.
(b) Pp = N and Z(I)DO =xV
(c) P, = M and sz’“ =yM

(d) Fori =0, ..., k—1, zf)" is a predecessor of zﬁ?
(e) Fori =0, ..., k, zfi is contained in the attractor state z, € A

(where b = a + 14 (mod p))

N

We need to show that the same properties hold when x is replaced by z.

P

Property 1 is still satisfied since z* is contained in z,.

Ly Ly

We now show Property 2 holds for the sequence of partial states wgo, wil, ..., w.* where

-L(J:Pandwé“‘):zp

- L, = P; and wiLi =zl (fori=1, .., k)

P

(i.e. the same partial states as above except that z," = xN

is replaced by z")

Obviously, properties 2(a), (b) and (c) still hold. Also 2(d) and 2(e) still hold for ¢ > 1 (since

wlLl7 ey w,f’“ are equal to zfl, s zf’“ (resp)). Therefore, it just remains to show 2(d) and 2(e)

still hold for 7 = 0.

Case: 2(d) and i = 0.

P

We need to show z* is a predecessor of WlL1 = zfl (i.e. Definition S2.5 is satisfied)

If a network state z contains z”, then z also contains xV (since z” contains xV). Therefore,

since xV is a predecessor of z1* (by the old property 2(d)), Definition S2.5 implies f(z) contains
zl' = wll. Therefore, z” is a predecessor of wi' (as required)

Case: 2(e) and i = 0.

P P

Since z* is contained in z,, wgo =z
(where b = a +0 (mod p) = a).

is contained in the attractor state z, € A

12



Theorem. S2.12

At the end of Procedure S2.11

1. The set U is non-empty
2. If a partial state xV is contained in U at the end of the procedure, then
(a) x" is a k-predecessor of y in z, € A
(b) x” contains no other partial states in U
PROOF:
Part 1 : U is non-empty
We show that W, is non-empty at the end of the procedure, for all m € {0, ..., p}.
Then, when ¢t = p (¢ (mod p) = 0), partial states in W; will be added to U in Step 6 (since
U is empty at the start of the procedure and the step ¢ = p is the first time Step 6 is visited).
Since U is never emptied when Step 6 is visited in the future, U will then be non-empty at the

end of the procedure.

Below, we prove W, is non-empty at the end of the procedure, for all m € {0,...,p}. We do
this by induction on m.

casem = 0 :

Wy is non-empty at the start of the procedure. Then, for the rest of the procedure, partial
states are only removed from W, for ¢ > 1. Therefore, Wy is non-empty at the end of the
procedure

casem > 0:m < p
In each loop of the procedure ¢ increases by 1 (in step 2).

Since U is empty at the start of the procedure and Step 6 is not visited until time ¢t = p, partial
states are not removed from W, in Step 6 when (m < p). Therefore, partial states are only
removed from W, (m < p) in steps 3 or 4 (when ¢ = m).

Therefore, if W, is non-empty at the end of step 4 (when ¢ > m), W, non-empty at the end
of the procedure.

Suppose, Wy, ..., W,,,_1 are non-empty at the end of Step 4, when ¢ = m — 1. Then, because
of Steps 2 and 4, every z©’ € W,,,_; satisfies

A: z" is contained in the attractor state zy (where t' = a —m + 1 (mod p))

Now, for the attractor A = {zo, ..., z,—1}, f(z;) = z; foralli =0, ..., p— 1 and
j=1i+1 (mod p) (by the definition of an attractor in these models). Therefore,

B: f(z,) = zy (where m’ = a —m (mod p))

13



C: f(z,,) contains z" (by A and B)

D: z,, is a predecessor of z'’ (by C and Definition S2.5)

After returning to Step 1 in the next loop of the procedure, Procedure S2.8 is applied to every

partial state z© € W,,,_;. This identifies partial states Xi\f L ..., xNs where

1. Each va " is a predecessor of some z© € W,,,_;

2. If an attractor state z is a predecessor of z", then z contains vai for some i € {1, ..., s}

levl, ..., xNs are then added to W,

Therefore (because of D and 2 above), the attractor state z,, (m’ = a —m (mod p)) contains
vai for some i € {1, ..., s}. Letting XZNi be the smallest such partial state (i.e. Xf-vi does not

contain any other x;-vj; je{l,....,s},5 #1)

N, . . .
E: x;" is contained in z,,

) . . N
F: va ¢ does not contain a different X; e W,

Moving onto Step 2, ¢t =m and t' =m' = a —m (mod p)

Moving onto Step 3, va * is not removed from W,, (because of F)

Moving onto Step 4, x Vi

;' is not removed from W, (because of E)

Therefore, W, is not empty at the end of Step 4 and the end of the Procedure.

Therefore, W, is non-empty for all m € {0, ...,p} (as required)

Part 2a:

Given any xV € U, we need to show that xV is a k-predecessor of y™ in z, € A. To do this,
we show that the properties of Definition S2.9 is satisfied.

Each loop in the procedure corresponds to a single time step. Following the loop backwards
from the time x” is put in U, we get a sequence of partial states zéjo, - zfi, - sz (from Wy,
ey Wi, ..., Wy respectively), where

a) k = cp for some positive integer ¢ (where c is the number of times Step 6 has been visite
k f itive int h is th ber of ti Step 6 has b isited
when xV was added to U)

(b) Py = N and z}0 = xV
(c) P, = M and sz’“ =yM

. - P,
(d) Fori =0, ..., k—1, zfz is a predecessor of z; 7’

(because of Step 1 of the procedure)

14



Therefore, to show Property 2 of Definition S2.9 is satisfied, it just remains to show

(e) Fori=0, ...,k z'"is contained in the attractor state z, € A (where b = a+ i (mod p))

)

A partial state zf “ only remains in Wy,_; after Step 4, if it is contained in the attractor state
zy (where t' = a — (k —4) (mod p)). Therefore, since k (mod p) = 0, (e) is satisfied by letting
b=t =a+1i (mod p).

Property 1 of Definition S2.9 is satisfied, because

- (b) and (e) imply that x" is contained in z,
(=0 = b=ua (modp)=a)

- (a), (c) and (e) imply that y™ is contained in z,
(i =kand k (modp)=0 == b=a (modp)=a)

Part 2b:

N

We use proof by contradiction to show 2b is satisfied. Suppose xV contains a partial state u”

in U. Then, xV could never of ended up in U because

By Step 3: xV and u’ can’t both occur in some W;
(and so couldn’t be put in U at the same time)

By Step 6: xV could not be put in U, if u” was already in U

L

By Step 6: xV would be removed from U, when u” was added.

Lemma. S2.16

Consider two collections of subsystems S, and Sy, and suppose

(a) S, triggers an individual subsystem S, in an attractor A = {z, ..., Z,—1}
(b) Sb D Sa

(c) Every subsystem S € Sy occurs in A

Then, S triggers S, in A

PROOF:
Let,
A. M, M, 3 3 —
i Xy s ...X, 4 be the instance of S, in A = {zo, ..., Zp—1}
yéwb, ...,yﬁ’l be the instance of Sy in A = {zg, ..., zp—1}
c: M M, : .
i zg ', ...z, " be the instance of S, in A = {zo, ..., Zp—1}
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Then, it must be the case that

D: M, O M, (from property 1 of Definition S2.13 and the fact that S, D S,)

E: Fori=0, .. p—1, My contains Xi\/[a (from D and property 2 of Definition S2.13)

2

F: Fori=0,....,p—1, yZMb is contained in the attractor state z; (from property 2 of Definition
S2.13)

Additionally, since S, triggers S, in an attractor A, Definition S2.14 implies

G: Foreveryie {0,..,p—1}, xMa

(2

My

is a k;-predecessor of z; ¥ in z; € A (for some ;)

Therefore, because of E, F, G and Lemma S2.10

My
7

H: Foreveryi € {0, ...,p— 1}, My is a k;-predecessor of z; Y inz; € A

(2

From (a) and (c), we know that every S, occurs in A and every S € Sy occurs in A.

Therefore, in order to show S, triggers Sy in A we just need to show the last property of
Definition S2.14 holds. This is true because of B, C and H (above)

O
Theorem. S2.20

At the end of Procedure S2.19

1. Whenever A4; € Cy,

(a) R; is non-empty
(b) Every subsystem collection S € R; triggers S, in A;

2. R = {Sy, ..., Sy} is a regulation set of S,

PROOF:
Part 1a

When A; = {zg, ...,z,—1} is being analysed, R; could only be empty at the end of the loop (and
hence the end of the procedure) if either

A: Step 2
There is no subsystem 7' that occurs in A;

B: Step 4
Uj; is empty for some j € {0,...,p — 1}

C: Step 5
There is no subsystem T, (involving a node set M,) that occurs in A; and satisfies M, N
N # @ (for a set N given in Step 5)
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D: Step 6
All subsystem collections are removed from R; in Step 6

Now, by Theorem S1.20 in Supporting Text 1 (Section S1.3), given an attractor A and node n;,
there exists a subsystem S = {x2’, xI, ..., xf]V_ 1} for which

(a) n, € N
(b) S occurs in A

Therefore, A and C cannot be true.

B cannot be true, because Procedure S2.11 always finds k-predecessors for U; (by Theorem
S2.12)

D cannot be true, otherwise they would be collections of subsystems S,, S; € R; such that S,
C Sp C Sy (which is impossible).

Therefore, each R; is non-empty
Part 1b

We need to show that any collection of subsystems S, = {T%,, ..., Ty f} € R, triggers S, in
A; = {2, ....z,—1} (i.e. Definition S2.14 is satisfied)

First note that subsystem collections T, ..., Ty, Sy all occur in A;; since only subsystems that
occur in A; are considered in the corresponding loop of the procedure.

Then, letting My, ..., My, M, be the node sets involved in Ty, ..., T, S, (resp) we get

(a) z5", ...,zé\{’ﬁl is the instance of S, in A; (where M, = M; U ... U My, see Definition S2.13)

(b) yéWy, ...,yé\/ﬁyl is the instance of S, in A; (from Step 3 of procedure)

Therefore, to show that Definition S2.14 is satisfied (i.e. S, triggers S, in A;), we need to show
that

My

My
J .

(c) Forj=0,...,p—1, =z i

is a kj-predecessor of y. ¥ in z; € A; (for some k;)

Now following from Step 4 and 5 in the procedure, there exists a set of partial states Xév o,

X;Vj’f such that for j =0, ..., p—1

N;
E: X;

GU]‘

N;

. M,
F: x;7isa k; predecessor of y "

;U inzj € A; (for some k;j). This follows from E and Step 4.

Moreover, because of F, (a), (b), Definition S2.13 and Definition S2.14

N; My

G: X, Y and zﬁwl’ are all contained in the same attractor state z; € A;
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Now, from Theorem S1.20 in Supporting Text 1 (Section S1.3), given a node n; € N, it is possible
to find a subsystem 7}, that occurs in A; and involves a node set M, satisfying n; € M,.

Therefore, for every node n; € N, a subsystem T3, would be added to S, in Step 5, thus implying
that

H: M,=MU..UM2ON
Moreover, from Step ba,

I. NON; (forj=0,..,p—1)
Therefore, G, H and I imply

J: Forj=0,..,p—1, zéwf contains xj-vj

Therefore, because of Lemma S2.10, F, G and J imply

Y

- Forj=0,..,p—1, z;\/[” is a kj-predecessor of y]M in z; € A; (for some k;)

This is the condition required to show S, triggers S, in A;
Part 2

To show R = {Si, ..., Sy} is a regulation set of S,, we need to show that the 2 properties of
Definition S2.15 hold.

First, property 1.

For any j € 1, ..., g, S; € R; for some i (otherwise S; would never have been added to R in
Step 7 of the procedure). Therefore, S; triggers S, in A; (by part 1b of this Theorem)

Now, property 2.

Suppose Sy occurs in an attractor A;. Then, since R; in non-empty (by part la of this Theorem),
there exists a collection of subsystems S; € R; that triggers S, in A; (by part 1b of this Theorem).

Therefore, since R is just a combination of the R;’s (see Step 7 of procedure), there exists a
collection of subsystems S; € R that triggers Sy in A;
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