5 Supplemental material I: A simple example

Asan illustration of these definitions, we consider a simple system

(19)

Xt = Clthl + bthl + €1t
Zt = CXt_l + dZt_l + €9t

with the covariance of the error terms

S _ Sll 512
521 522
Then we can rewrite the above model in terms of the lag operator
an(L) CL12(L) X _ €1t (20)
CL21(L) a22(L) Zy €2t
Fourier transforming both sides of eq.(20) leadsto
A A X (A E.(\
a11(A)  a12(}) (A) _ (A) 21)
(121()\) a22(>\) Z()\) EZ(A)

wherea;;(\) = 1 — ae™™, ap(N\) = —be ™, ag (N) = —ce ™ agn(\) =1 — de™*

To drive the spectral decomposition of the time domain partial Granger causality, we

1 =555
P = 12 (22)
0 1

to both sides of eq. (21). The normalized equations are represented as

(DMMDMM)(MM)(WW) (23)
Dsi(A) Das(N) Z(\) 0

multiply the matrix

with

= a1 A 512522 a21<>\) =1- (a — 081252_21)6_Z>\

(A) (A) -

D) = aa() = 512522 azzw=—5125231—<b—d81255;)e"A (24)
(V) (A) =
(V) (A) =

= CLQl/\

= axn(A e~
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and the determinant of matrix D is

det(D) = D11(N\)Daz(N) — D1a(A) Doy ()
= 1—(a— ¢SSy )e ™ —de ™ + d(a — cS1255 )e 2™
—cS19555 e — ¢(b — dS12S5, e 2
= 1—(a+d)e ™ + (ad — bc)e 2

(25)

The elements of the transform function G are

_ Dyp(N)
= (D) |
B 1 —de ™
11— (a+d)e ™+ (ad — be)e2iA
_ Jo—iX
= %[(1 — (a +d)cos A + (ad — be)(cos® A — sin? \))
—((a+ d)sin A — 2(ad — be) sin A cos \)i]
~ 1+d(a+d) — (a+2d)cos A+ (cos® A — sin® X — d cos® X\ — d cos Asin® A)(ad — be)
B M
—(a+d(ad — bc)) sin A + 2(ad — be) sin A cos A
+1
M
~ Dyu(N)
@ " TGy
ce—zA

1 —(a+d)e ™+ (ad — bc)e=2A

(ce™™) 9 . 9
= [(1— (a+d)cos A+ (ad — be)(cos” A — sin” \)

—((a+ d)sin A — 2(ad — be) sin A cos A)i]

—c(a+d)+ ¢(1+ad — be)cos X\ —i(1 — ad + be)csin A
M

where M = (1 — (a + d) cos A + (ad — be)(cos? X — sin? X)) + ((a + d) sin A — 2(ad —
be) sin X cos ).
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The spectra of the series X (¢) is

Sex(N) = Gu(N)(Su — 51255 921)G11(A) + G12(A) S22 G5 (M)

S11 — 81255518
_ ®u ]\1422 22 021 [(1+d(a+d) — (a+2d) cos \

(cos? X\ — sin® A — dcos® A — d cos Asin® \)(ad — bc))?
+((a + d(ad — be)) sin A + 2(ad — be) sin A cos \)?|

+—=[(c(a+d) — c(1 4 ad — bc) cos \)* + ((1 — ad + be)csin A)?]

The partial Granger causality from Y to X at the frequency A is

n |S:L’*Ax* ()‘>|
!Qm(A)EmQ;@(A)!

— l xrx

n
G11(N)(S11 — S1255; 521) Gy (N)

fr-xiz(A) =

_ ( G12(A)522G15(A) )
= In(1+ = ;
G11(A)(S11 — 1299 S21)Gh1(N)

Our calculations above indicate that even for a simple model, the relationship between
the model coefficients and its partial Granger causality in the frequency domain is not
simpleat all, athough the relationship in the time domainisalmost trivial. The dependence

of the partial Granger causality in the frequency domain on its coefficients in the time

domain is highly nonlinear.
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