Two-photon Lithography

We pose the question whether two-photon processes can be used to increase the contrast in an imaging process. This is
certainly true in a coherent two-photon process via a (virtual) intermdiate state. These processes depend on the square of the
field, and hence on the 4th power of the field, or the square of the intensity.

A two-step process can be implemented through the reaction of two species, here called X,Y to generate athird species, Z, in
aseria reaction where only the first step (from X to Z) isreversible.

The following equations model the problem.

m Rate Equations

Cear [Xx, Yy, z, ka, kb, k, A]

sol DSol ve[{

"[t]=y[tlk -x[t]Kka,

"[t] = -x"[t] -y[tlk - kby[t],

"[t] = +kby[t1}, {x[t], y[t], z[t]}, t

N< X 1

m Solutions

X[t_] x[t]l /. sol [[1, 1]11;

yIt_1 =yI[t1 /. sol [[1, 2]1;

z[t_] z[t] /. sol [[1, 3]11;

m |nitial conditions

Sinmplify[x[0]]
C[1)]

Sinplify[y[0]]
C[2]

Sinmplify[z[0]]
C[3]

Sinmplify[x[0] +y[0] +2z[0]]
C[1] +C[2] +C[3]



m Full form of solution

Sinmplify[Expand[x[t]]]

(e’% (2 k+ka+kb+v -4 ka (k+kb)+ (2k+ka+kb)2 )t <4 (1 + @V -4ka (kikb) (2 k+karkb)? t) k2 C[1] +

(ka - kb) ((1 + @V -4ka (kikb)+ (2 k+ka-kb)? t) Ka - (1 + @V-4ka (kekb)+ (2 kika-kb)? t) Kb -

(-1 HRaKRZERIT ) [ 4ka (k +kb) + (2k + ka +kb)? | C[1] +

- 2 _ 2
2 k (2 (1 re 4 ka (k+kb)+ (2 k+ka+kb) t) kb C[ } + (_1 re 4 ka (k+kb) + (2 k+ka+kb) t)

\J-4ka (k +kb) + (2k +ka +kb)? (C[1] +C[2J))))/(2 (4Kk2 + (ka-kb)2 + 4k kb))

Simplify[%

(e”lf (2k+ka+kb+V -4 ka (k+kb)+ (2 k+ka+kb)Z ) t <4 (1 + @/ -4ka (kikb) (2 k+karkb)2 t) k2 C[1] +

(ka - kb) ((1 + @V -4ka (kikb)+ (2 k+ka-kb)? t) Ka - (1 + @V-4ka (kekb)+ (2 kika-kb)? t) Kb -

(-1 HRaRZERT ) [ 4ka (k <kb) + (2k + ka +kb)? | C[1] +

- 2 _ 2
2 k (2 (1 re 4 ka (k+kb)+ (2 k+ka+kb) t) kb C[ } + (_1 re 4 ka (k+kb) + (2 k+ka+kb) t)

\J-4ka (k +kb) + (2k +ka +kb)2 (C[1] +C[2J))))/(2 (4k? + (ka-kb)2 + 4k kb))

m Set values for initial conditions

X[t_] = x[t] /. {C[1] »A C[2] -0, C[3] - 0};
yrt_1 = yl[t1 /. {C[11-»A C[2] -0, C[3] »0};
z[t_] =z[t] /. {C[1] »A C[2] >0, C[3] - 0};

X[t_1 =Sinmplify[x[t]];
yit_1 = Sinplify[y[t]l;
z[t_]1 =Sinmplify[z[t]];

X[t1]

(A{EJZ (2k+ka+kb+V-4ka (k+kb)+ (2 k+ka+kb)Z )t <4 (1 ‘e

-4ka (k+kb) + (2 k+ka+kb)2 t ) k2

(ka - kb) ((l + @V -4ka (kikb)+ (2k+katkb)? t) ka - (1 + eV -4ka (kikb)+ (2krkatkb)? t) kb -

(-1 KR EERT ) [ dka (k <kb) + (2k +ka +kb)? | +

- 2 _ 2
2 k (2 (1 re 4 ka (k+kb)+ (2 k+ka+kb) t) kb + (_1 re 4 ka (k+kb) + (2 k+ka+kb) t)

-4ka (k +kb) + (2k + ka + kb)?2 (2 (4k? + (ka -kb)2 + 4k kb))
J N/

yIt]

—4ka (k+kb)+ (2 k+ka+kb)2 t )

(A e 7 (2kikarkbV-4ka (k+kb) +(2k+ka+kb)? | t (_1 re

ka~/-4ka (k +kb) + (2k+ka+kb)2)/(4k2+ (ka-kb)2 + 4k kb)



Simplify[z[t]]

B (A eﬁ} (2 kekarkb+=dka (kvkb)+ (2kvkarkD)Z ) t oy

(4 (1+<e -4 ka (k+kb) + (2k+kaskb)Z t _ o 5 (2k+ka+kb«V-d4ka (k+kb)+(2k-ka+kb)? )t ) K2 .+

(1 + @V/4Ka (k+kb) = 2 k-karkb)Z t _ o o7 (2kekarkb+V=dKka (k-kb)+ (2 k+karkb)Z ) t ) ka2 +

Ka (_2 (1 L+ @V/4ka (kekb)+ (2k+ka+kb)? t _ 5 o7 (2kekarkbs+v/-4ka (k+kb)+ (2k-ka+kb)? ) t ) Kb +

(-1+e “aka (kikb) + (2 k+ka+kb) 2 Y \/_4 ka (k +kb) + (2k +ka+kb)2) .

1
kb ((l re -4ka (k+kb) + (2 k+ka+kb)2 t _2e7 (2k+ka+kb+V-4 ka (k+kb)+ (2 k+ka+kb)?2 )t ) kb +

1 el AR R ) L[ dka (k+kb) + (2k +ka+kb)? | +

2k (2 1 + @V -4ka (kikb)+ (2k+karkd)Z t _ o e% (2 k+ka+kb+v—4ka (k+kb) + (2k+ka+kb)Z ) t ) Kb +

(14 FRe kiR ) | aka (k+kb) + 2k +ka kD)2 | )] /
(2 (k +kb) (4k?+ (ka-kb)2 +4kkb))

m Numerical Example

subs = {ka-»4, kb->2, k-0.1}
XX[t_]1 = x[t] /. subs
yy[t_1 = y[t] /. subs
zz[t_] = z[t] /. subs

{ka—-4, kb -2, k-0.1}

0. 103306 Ae™* 2!
(0.04 (1+e*?') +2 (2.2 (-1+e*?") +2 (1+e*?')) +0.2 (2.2 (-1 +e*?") +4 (L+e*?")))

1.81818 Ae™*2! (-1 +e*2!)

-0.0983865 Ae 2! (16.04 (1+e*?' —2e*2') +4 (2.2 (-1+e*?') 4 (1+e>2' —2e"2')) +
2(2.2(-1+€®?') +2 (1+e®2' -2e*%1)) +0.2 (2.2 (-1+&*?") +4 (1+e®?' -2e*2")))

XX [t ]

0.103306 Ae *?!
(0.04 (1+e*?') +2 (2.2 (-1+e*?') +2 (1+e*?')) +0.2 (2.2 (-1+e*?') +4 (1+e?")))

A=1
1

xX[10] +yy[10] +zz[10]

0. 952381



Plot [xx[t]+yy[t]+zz[t], {t, O, 10}, PlotRange » {-1, 1}]
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- Graphi cs -
XX [5]
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Plot [{xx[t], yy[t]l, zz[t]1}, {t, O, 5}, PlotStyle - {{Thi ckness[0.01], Hue[O0. 0]},
{Thi ckness[0.01], Hue[0.3]}, {Thickness[0.01], Hue[0.6]1}}]
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m Stepwise Contrast

We define the contrast at each step:

ganma = 0.8

= Limiting case of no decay

ClearAl [xx, vy, zz, ka, kb]



subs = {k - 0}
XX[t_1 = X[t] /. subs

yy[t_1 = y[tl /. subs
zz[t_] = z[t] /. subs
{k -0}
1 -1 (ka+kb+V-4kakb+ (ka+kb)2 )t V-4 kakb+ (ka+kb)Z t
2 (ka —kb) e [(1+e ) ka -

(1 vl thakorbako® 0y k(1 el thelbbako? 1) ([ 4kakb+ (ka+kb)? )

. 1kb 2 (e,,} (ka+kbsv -4 ka kb (karkb)Z ) t (-1 4 @V -4kakb:(karkb)2 ') ka \/—4kakb . (ka+kb)2)
(ka - kb)
1 _L (kaskbs-AKakb (ka-kb)Z v akakb: (kakb)Z L (ka+kbsv/ -4 Ka kb (karkb)2. 2
_ @’Z(kakb 4 kakb+(ka+kb)2 )t ((l+<e 4 ka kb+ (ka+kb) t_zevz(kakb 4ka (ka ) )t)ka +
2 (ka-kb)? (

ka (_2 <1+GW(I<a+kb>zt —2@% (ka+kb+\/m>t) Kb + (—1+emt)

\/_4 kakb + (ka +kb)2 ) + kb ((1 oV 4kakb:(kakb)Z t _ 5 o} (ka+kb+\/74kakb+(ka+kb>27>t) Kb +

(-1 4 o/ 4kakb: (karkb)Z Y \/_4 kakb + (ka + kb)?2 )))

ttz = Full Simplify[zz[t] /. Sqrt [(ka-kb)”2] - ka-kb]

e”i‘ (ka+V/ (ka-kb)Z +kb) t (_1 + eJ(ka—kmz t ) (ka + kb)

2+ (ka-kb)2

1_ % e 7 (karV(ka-kb)Z +kb) t (1 + eV (kakb)Z t ) _

ttz[[2, 2]]

e 7 (ka=V (ka-kb)Z +kb) t

ttx = Full Simplify[xx[t] /. Sqgrt [(ka-kb)”*2] - ka -kb]

> ka Kb (kal— Kb (e’%(ka* (ka—kb)? +kb) t (ka+<e (ka-kb)? t (ka - kb) - (—1+<e'(k"’1’kb>2 t) (ka - kb)? —kb))

tty = Full Simplify[yy[t] /. Sqgrt [(ka-kb)”*2] - ka -kb]

-l+e

V (ka - kb)?

-3 (ka+V(ka-kb)Z +kb) t ( V(ka-kb)Z t ) Ka

(]

tty

-5 (ka+\(ka-kb)Z +kb) t ( V(ka-kb)Z t ) ka

-l+e

V (ka - kb)?

(]

tty = Sinplify[Power Expand[tty]]

(e—kat _ efkbt ) ka
-ka + kb

These equations are identical to those derived in the text.



