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Derivation of Energy, Entropy, and Free Energy Functions.
The partition function at a fixed (x, y) is obtained by

Z(x,y)=v"" Y exp(-pH), [1]

confe{(x,y)}

where > is summation of conformations under the constraint of (x,y) , H is
conf e{(x,y)}

Hamiltonian, g = 1/kgT is the inverse of temperature 7, N is the total number of residues,
and v is the number of nonnative configurations each residue can take. The order

parameters of the native-likeness, x and y, are numbers of residues which take the
native-like configuration in domain | and domain Il, respectively. Z(x,y) can be

rewritten as

Z(x,y)=v" Y1 / [VNH 31 /Z(x,y)j
} b

conf e{(x,y) conf e{(x,y,

L [2]

- - VN—x—y 1 ,

(exp(BH)). conf%w)}
where <>M is the average taken by using Z(x, »).
The free energy at a fixed (x, y) is
F(x,y)=—kgTInZ(x, )
= kgTIn(exp(BH)) . —ThgIn|v¥ ™" >'1 [3]
oy confe{(x,y)}

=(H)_ +Tkg |n<exp[ﬂ(H -(H >x,y)]>x,y ~The In{VN_x_y(nlj(n”H



Here, Zl = lel with wy (x)={m, | Z}ym, =x A<k <n)} and

confel{(xy)} i (x) s (y)

iy (x) ={m, |Zﬁcvzn,+1mk =y (n+1<k<N)} (mx = 0,1), and thus Zl:[nlJ and
) (x)

21 = (HHJ , Where n; and n;, are numbers of residues in the N-terminal domain (domain
n (») y

I) and the C-terminal domain (domain Il), respectively, n, + n;, = N .
The free energy function can be decomposed into energy and three entropy terms as

F(x,y)=E(x,y) = T[S, (x,y) + S.(x;n) + S, (y;im,)]. [4]

E(x,y) isenergy at a fixed (x,y),

E(x,y)=(H), [5]

"y

S, (x,») is the energy dependent entropy at a fixed (x, y),

S (x, ) = kg IN(exp[ B(H ~ E(x, »))]), - [6]

From the inequality (™), >, we find S,(x,y) <0. —TS,(x, y) can be expanded

as

Py, [7
n

| x !

TS, () =

where (H")  is the nth order cumulant of / under the constraint of (x,y). =75, (x, y)

1

decreases as temperature increases and —7s,(x,y)~ ((H?. —(H)? ) at high
T X,y X,y

B

temperature.
Sc(x;m) and Sc(y;nn) express chain entropies of domain | and domain 11, respectively,
which arise from the total number of conformations that each domain can take under the



constraint of (x, y), where

S.(xin) = kg In{v”"[z j} . 8]

Notice that Sc(x; n;) and Sc(y; nii) do not depend on the form of Hamiltonian, so that the
effects of the domain-domain interactions on entropy are solely expressed in Sg(x, y).

We decompose the Hamiltonian into the intra-domain parts, H, and H,,, and the
inter-domain part V as H =H,+H, +V , where H, is a sum of terms belonging to
domain I, H, is a sum of terms belonging to domain Il, and 7 is a sum of terms of
interactions between a residue in domain | and a residue in domain I1.

VN—x—y Zl y
ksT In{exp(BH))  =kgTIn conf{(xy)} Zo (¥, )
X,y ZO (x, y) Z(X,y) [9]

= kT In(exp[B(H, +H”)]>ox,y +U(x,y),

with Z,(x,»)= v > exp{-B(H, + H,)}, where <--->Oxy is the average taken

confe{(x,y)}

by using Z,(x,y).
U(x,y) = F(x,y) = Fo(x,y) = kgT In{exp(BV)) . [10]

is difference in free energy between the connected two-domain protein and the separated
two non-interacting domains, where F(x,y)=—-kTInZ,(x,y) is the free energy
function of separated domains. U(x, y) can be described as

UGx, ) =(V),, +Thg In{expl BV - <V>x‘y)]>x’y ”
= [E(x,y) _Eo(xiy)]_T[Se(xvy) _Seo(xvy)]'



The Constrained Partition Function of Wako-Saito-Mufioz-Eaton (WSME)
Hamiltonian.

The partition function at the constraint (x, y) = (rn,m) is calculated from the generating
function:

O, 1) =D Z(x, )X p” [12]
X,y
as
1 o' o™
Z(n,m) = il 07 ou" O(4, u) o : [13]

O(4, 1) of the WSME Hamiltonian,

J
H==% 6,7 Tlm.
i<j

can be obtained by means of the transfer matrix method without introducing any further
approximation (1,2). O(4, w) is expressed as

O(A, 1) = Py 1 (4, e /*e, [14]
and Py_; (1,4, 1) is obtained by calculating the following the recurrence equations:

BA,u)=1,

FGA, ) =wy y (A p), 1#],

B QA p) =P LA 1)+ P 1 (24, 1),

PG A 1) = Wy vk (A i) By (G A ) + By (1 + 152, ),

[=12---N—-k-1, k=12---N-1,

[15]

with

L J X0 Y(d)
Wj,i(ﬂ“uu):exp[z Zar,sAr,s—i_zo_r/kB]ﬂ“ . H g [16]

r=i s=r+1 r=i



Here, a, = —¢.J/ksT, With &, being the energy gain by a native contact, o, is the entropic
cost for a residue to take the native configuration, and Sp = 2, o,, where we give the
expression for the generic case that &, and o, are dependent on residue types and
positions, respectively, and in this paper we discuss the case of ¢, = ¢and o, = 6. X(j,i)
and Y(j,i) are defined as

{1 for1<k<n,

J
X (i)=Y m (k) with 7,(k) = )
() = D m (k) with 1, (k) 0 otherwise

k=i

and

J
Y(j.i) = (k) with 7, (k) =

k=i

1 forn +1<k<N
0 otherwise
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