APPENDIX / AVAILABLE FROM THE AUTHRORS

It is assumed that the study population is astratified population with atotal of J strata

(j=22,...,J). In each stratum, the occurrence of disease follows alog-linear risk model, that is,

for a subject in the jth stratum, 10g (risk) = & + X {gee, exposre, s20B » Where ; represents the log
background risk for the jth Stratum, X g eqosre s 1S @ VECtOr of data or codes regarding the

gene, the environmental exposure, the sex, and any possible cross-product terms between them,
for the subject under concern (x' isthe transpose of x ), and B is avector of parameters of
present interest (to be estimated).

Supposed that a sample of n (i=1,...,n) case-spouse pairs has been recruited. Let T, (T",)
represent the stratum to which the ith proband(his/her spouse) belongs. Let
G =A;A, (G, =A,A,) represent the genotype for the ith proband(his/her
spouse)(A,, A, Ay, and A, are‘dleles’). Let D, represent the event that the ith proband is a
case (i.e., he/she contracts the disease). Let E,;(S;) represent the environmental exposure(sex) of
theith proband, and E'; (S, ), the environmental exposure(sex) of his/her spouse. Further, we let
U, represent the set that contains as its two elements the genotype of the ith proband and the
genotype of theith spouse, that is, U, ={A;A,,A;A,}. Andwelet V, bethe set containing as
its elements the four allelesin theith case-spouse pair, that is, V, ={A;, A, A5, A,}.

Conditionedon U,,D,, E;,E,S,andS;, the probability that the ith proband has genotype
of A;A, and theith spouse has genotype of A, A, isdenoted as Q,. With elementary algebra,
this conditional probability is (the index i was suppressed for simplicity):

Q=Pr(G=AA, G=AA,|U,D,EE,SS)

Pr(G :AlAZ’G/: A3A4’D1E1 E,|S;S,|T = J)
Pr(G=AA, G'=AA,DEFE,SS T=j) )
+Pr(G=AA,,G'=AA,D,E,E,SS,T=j)

j=1

:iPr(T: j|D,E, E’,S,S')-{

The numerator can be expressed as the product of three terms:



Pr(G=AA, G'=AA,DEESS T=j)=Pr(DIG=AA, G =AA,EE,SS,T=j)
Pr(G=AA,,G'=AA, |EE,SS,T=])
.Pr(E,E,SS, T =j).

With the assumed disease model, thefirst term of the product is

Pr(DIG=AA,,G' =AA,,EE,SS,T=]))
=Pr(DIG=AA,,EST=)

= eXp[“j + XEAlAZ,E,S)B]'

The second term of the product can be shown to be (the parenthesis shows the assumption used
in each step of derivation; Al: mating is restricted to subjects in the same stratum; A2: mating is
independent to genotypes, for males and femalesin each and every stratum; A3: environmental
exposures are independent to genotypes, for males and females in each and every stratum; A4:
the genotype frequencies for males are equal to the corresponding frequencies for females, in

each and every stratum):
P(G=AA,,G'=AA, |EFE,SS,T=j)

=Pr(G=AA, G =AA,|EE,SS,T=T'=) (A1)
=Pr(G=AA,|EST=j) Pr(G'=AA,|E,S T =) (A2)
=Pr(G=AA,|ST=j)-P(G'=AA,|S, T =) (A3)
=PrG=AA, |T=])-PrG=AA,|T=)). (A4)

Therefore, we see that the numerator in Q is

Pr(G= AlAZ,G'= AA,D,E, E'SS,T= 0= exp[aj +XEA1A2,E,S)B]
'Pr(G=A1A2 |T= J) Pr(G=A3A4 IT: J)
-Pr(E, E'S,S,T= D).

Similarly, we can show that the second term of the denominator in Q is

Pr(G = A3A4,G/=A1A21Dl El E’,S,S’,T = J) = exp[aj +XEA3A4,E,S)B]
Pr(G=AA,|T=j)-Pr(G=AA,|T=))
-Pr(E,E,S,S,T = j).

Thus, we have (with theindex i denoting the i th case-spouse pair)



eXpXia,a, £.5)B]
exp[XEAl‘AZI ES )B] + exp[XEA&AAI E.S )B]

Q =3 PH(T = j|D.E.E.S.S)-
-1

- XP[Xia,n, 6.5)B)
t t )
exp[X(AliAZiin ,S)B] + eXp[X(AsiA4i Ei 'S)B]

And the conditional likelihood function for the case-spouse data (1:1 case-counterfactual-control

analysis) is

Ll‘lzlei'

Let F (Fi') represent the allele that the ith proband(spouse) inherited from his/her father,

and M, (Mi'), the allele that the ith proband(spouse) inherited from his’her mother. Conditioned
onV, D, E, E,, S, adS,, theprobability that the ith proband has genotype of A;A,, and
the ith spouse has genotype of A, A, isdenoted as R, . With elementary algebra, this
conditional probability is (the index i was suppressed):

R=Pr(G=AA, G =AA,|V,D,EE,SS)

= ipr(T = j|D,E,E’SS)
j=1

‘ Pr(G=A,A, G =AA,D,EE,SS,T= )
ZZZZPr(F:Ah’M :Ak'F,ZAUM,:AUID,E,E’,S,S’,T= J)
h

k#h t#k uzt

tzh uzk
uzh

J
=Y Pr(T=j|D,EE,SS)

j=1
. Pr(G=AA,,G'=AA,DEESS,T=])
>SS S P(DF=A,M=A,,F=A,M =A,EE,SS,T=])|
h k#h tzk uzt

t#h uzk
uzh

Pr(F=A,,M=A_F=A,M=A,|EFE,SS,T=j)
-Pr(E,E,S,S, T=j)




The numerator of R is the same as that of Q and has been previously shown to be (with
assumptions A1~A4)

Pr(G=AA,,G’'=AA,D,EE,SS,T=|)=exple; + Xja,e5b]
Pr(G=AA,|T=])-Pr(G=AA,|T=))
-Pr(E,E,S,S,T = j).

With the A5 assumption that there is no imprinting effect for the gene under study, the first term

of the product in the denominator of R is
Pr(DlF:Ah’M :Ak7F,:At1M,:Au1E1E,!SlS,;T: J)
=Pr(DF=A,,M=A,,EST=))

=expla; + XEAhAk,E,S)B]'
With the A1~A4 assumptions, the second term of the product in the denominator of R is

Pr(F=A,,M=A, F=A, M =A, |EE,SS,T=]j)
=Pr(F=A,M=A,[T=])-P(F=A,M=A,|T=j)

Therefore,

RziHU=HDEES$
j=1

. exp[XEAlAZ,E,S)B] Pr(G=AA,|T=]) Pr(G=AA,|T=])
ZZZZeXp[XEAhAk,E,S)B] -Pr(F= A M =A, |T=1]) Pr(F= ALM=A, |IT=1j)

h k#h tzk u#t
t=h uzk
uzh

=imﬁ=”aaas$
j=1

eXp[Xian,eBl - [P(F=A;,M=A,T=[)+Pr(F=A, M=AT = j)]
~[Pr(F=A3,M =A4|T= j)+ Pr(F=A4,M =A3|T= j)]
DO explXan eoBl PIF=A, M =A|T=])P(F=A,M=A,|T=]j)

h kzh tzk uzt
t#h uzk
uzh

With the A6 assumption that each and every stratum is in Hardy-Weinberg equilibrium, we have
Pr(F=xM=y|T=))=Pr(F=x|T=j)-Pr(M=y|T =),
for arbitrary alleles x and y and arbitrary stratum j . Thus we see that (with the index i

denoting the i th case-spouse pair):



2 4 exp[x;
R =Zpr(Ti = j|Di7Ei7Ei,7S S)- PXGo,.2.P)

11 t
= 2 ZZeXp[X(AmAki E ,S)B]
h k#h
t
eXp[X(AquixE ,S)ﬁ]
-3 4 . '
Z eXP[X(a 4, £ 5Bl
h=1 k=h+1

And the conditional likelihood function for the case-spouse data (1:5 case-counterfactual-

controls analysis) is

I-rszf!Ri-



