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SI Text
Spring Model of Gram-Negative Cell Wall. The leftmost Inset of Fig.
1A from the main text, a schematic of the forces acting on each
vertex of our spring model of the peptidoglycan network, is
reproduced in Fig. S1. The vertex r (yellow sphere) connects to
vertices at rg1 and rg2 via glycan springs with relaxed length lg and
spring constant kg, and to vertex rp via a peptide spring wiith
relaxed length lp and spring constant kp. The total spring
extension force on r is

Fk�r� � �kg � �r � rg1� � l g�
r � rg1

�r � rg1�

�kg � �r � rg2� � l g�
r � rg2

�r � rg2�

�kp � �r � rp� � lp�
r � rp

�r � rp� . [1]

To model the tendency of glycans to form straight strands in the
absence of crosslinking, we also include the force due to the
glycan bending energy Ebend

Fbend � �Ebend �
1
2

���gg��g1g2 � ��2

� �pg��pg1 � � /2�2 � �pg��pg2 � � /2�2� . [2]

where � is the gradient with respect to changes in the vertex
position r, �ij is the angle between ri � r and rj � r, and �gg and
�pg are bending spring constants that penalize deviations from �
and �/2, respectively, with �gg � �pg.

To calculate the forces due to the osmotic pressure differential
� across the cytoplasmic membrane, we first divide each hexa-
gon of the spring network into six triangles defined by the edges
of the hexagon and its center of mass. We can then calculate the
volume V of the cylinder by summing over the volumes of the
prisms defined by the triangles on the surface and the center of
the cylinder. The force due to osmotic pressure on a vertex is
then F� � ��V.

Any spring attached to a dangling vertex is removed from the
network (k set to zero) since such springs are free to move and
hence do not contribute to bearing the osmotic stress. The
positions of unconnected vertices are self-consistently deter-
mined by the center of mass of their three neighbors for the
purpose of defining the cell surface. To prevent artifacts arising
from the open ends of the model cell, we do not allow peptide
or glycan defects in the four glycan hoops nearest to each end.

In an unstressed Gram-negative cell wall, the typical distance
between adjacent peptide crosslinks along a glycan strand is lg �
2 nm (two disaccharide units), while the end-to-end length of
peptides is lp � 1–1.3 nm (1). An estimate of the effective spring
constant of a peptide is kp 	 10�2 N/m (2). The correlation
length of an unbranched glycan strand is much longer (roughly
10 nm) than that of a peptide (	0.2 nm), such that the glycan
strands are much stiffer than the peptide crosslinks (1). To match
the anisotropic elastic properties and correlation lengths of the
peptidoglycan (4), we modeled the glycan springs with kg � 5kp
and lg � 2lp, (except as noted for the defects in Fig. 4B), and
bending force constants �gg � 10 pN nm, �pg � 0.

Tension Induced by Defects on Surrounding Peptidoglycan. In Fig.
1A, we observed that the tension induced by a single peptide or

a single glycan defect is isolated to a small neighborhood around
the defect. To quantify the range of the perturbation and test its
dependence on the size of the cell wall, we studied the response
of model cell walls with Nc � 150 hoops of Ng � 50, 100, and 150
glycan units per hoop at finite pressure (� � 0.01) to either a
single peptide or glycan defect at the center of the cell. In Fig.
S2, we plot the increase in extension in each spring relative to the
background extension far away from the defect, as a function of
the spring’s distance from the defect. Because the background
extension in springs far away from the defect does depend
slightly on Ng, we normalize to this extension for comparison.

In Fig. S2 A and B, the normalized peptide extension decays
to zero with the same pattern regardless of cell circumference
(
 Ng), and the range of the perturbation is similar for peptide
or glycan defects. The same holds true for the normalized glycan
extension in Fig. S2 C and D, excepting the glycans in the same
hoop as a glycan defect which have a slightly longer range of
perturbation.

The number of disaccharide units in a hoop with the circumfer-
ence of an E. coli cell is 	3,000, much larger than in our model cells.
However, since the short range of perturbation around each defect
is a general property of a 2D spring network independent of its
overall size, the observed robustness of cell shape to defects is
expected to persist for arbitrarily large model networks.

Simulated Dynamics of Cell Cracking. In Fig. 3, we initialize a model
cell wall with small patch of peptide defects near midcell, and
then repeatedly remove the 10 peptides under the most tension
after the equilibration. The cell cracking shown in Fig. S3 does
not depend qualitatively on the number of peptides removed at
each step. For n � 10, the same pattern of defects results, simply
requiring more steps. For n � 10, additional peptides are
removed further to the left and right of the patch, which
accelerates the cracking process but does not alter the series of
shapes. Similar cracked shapes arise if all peptides that exceed a
critical tension are removed at each step.

In contrast to the single-layered cell wall of Gram-negative
bacteria, the cell wall of Gram positive bacteria such as Bacillus
subtilis is 10-20 layers thick. This increase in thickness permits a
higher turgor pressure in B. subtilis [	26 atmospheres (5)], 5- to
10-fold above that in E. coli. Nevertheless, the robustness of the
Gram-negative cell wall suggests that the rules governing pep-
tidoglycan synthesis may be qualitatively similar in Gram-
negative and Gram positive bacteria, i.e., that some degree of
breaking before making may be permitted in both cases. In the
B. subtilis cell wall, the layers of peptidoglycan are presumed to
be crosslinked by peptides (6, 7). We found that vancomycin-
treated B. subtilis cells did not bulge, but rather maintained a rod
shape until lysis occurred (data not shown, and see ref.6). In this
case, a patch of defects that forms in one layer is unlikely to
coincide with the location of defects in other layers, making the
cell more resistant to cell-shape changes.

Swelling Is Confined to the Bulge During Cell Cracking. As shown in
Fig. S4, we quantified the cross-sectional diameter of the cell, the
bulge width, and the cracking angle for 2 typical cells as functions
of time. To quantify the morphologies of the vancomycin-treated
cells, time-lapse images were imported into Matlab (Math-
works), where cell boundaries were extracted using the contour
function. For each cell, a midline was fitted and the cell widths
measured at 8 equidistant points along the length of the cell. The
angle of cell bending was measured as the angle between the 2
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segments of the midline that fitted a bent cell. The width of the
bulge was measured from the largest extent of the bulge to the
opposite cell boundary.

For both cells, the diameter remained approximately constant,
although there was a slight decrease when the bulge formed. This
slight decrease in cylindrical diameter is typical in bulging cells.
(While this decrease in diameter upon cracking agrees qualitatively
with the slight decrease in Fig. 1B, the larger magnitude may stem
in part from the reduction in the osmotic pressure caused by bulging
of the membrane.) As shown in Fig. S4B, the cracking angle
decreased from 180° to 	90° as the bulge grew, but the cells
retained their cylindrical shapes away from the bulge. The sudden
onset of bulging and a sharp drop in the cracking angle is in
agreement with our observation that a critical number of peptides
must be absent before noticeable cracking occurs in our model cell
walls (compare Fig. S3 C and D). The agreement between the
model predictions and experimental results regarding the cylindri-
cal shape of the cells outside of the bulge also further legitimizes the
horizontal model for the cell wall of Gram-negative bacteria.

Matching Experimental Glycan Strand-Length Distribution. To gen-
erate a model cell wall with a specified peptide defect concen-
tration and a glycan strand-length distribution that agrees with the
experimental distribution pn

expt in ref. 8, we first randomly removed
peptide crosslinks to reach the desired peptide defect concentra-
tion. We then performed Monte Carlo simulations to adjust the
glycan strand-length distribution to match experiment. In each
Monte Carlo step, 1 of each of 3 types of modifications to the
peptidoglycan network were attempted: (i) a defect was added by
removing an existing glycan spring, (ii) a defect was removed by
reinstating a glycan spring, or (iii) a defect was moved by removing
an existing spring and reinstating a spring at a different location.
After each attempted move, all dangling springs (at least 1 end with
connectivity one) were temporarily removed, and the glycan strand-
length distribution was calculated. Each attempted change was
accepted only if it reduced the Kullback–Leibler divergence

�KL�pn� � �
n

�pn � bn� log � pn � bn

pn
expt � bn

� , [3]

a common measure of the distance between two probability
distributions. The use of pseudocounts bn � 0.001 ensures that
�KL is finite for all distributions.

The Monte Carlo samplings continued until �KL � 0.001. A
comparison of the distribution pn produced by one such simu-
lation (with no initial peptide defects) with pn

expt is shown in Fig.
3C and the equilibrated cell wall is shown in the topmost image
of Fig. 3B. The agreement in the glycan strand-length distribu-
tions pn and pn

expt is similarly good for the other initial peptide-
defect concentrations in Fig. 3B. In ref. 9, similar glycan strand-
length distributions were generated by assuming a set of physical
rules governing the interactions between adjacent pores and the
consequent formation of glycan defects. In Fig. S5, we show that
the cracked cell shapes in Fig. 1 and Fig. S3 are not affected by
the addition of the same glycan defects in the topmost image of
Fig. 3B, with the distribution shown in Fig. 3C. We have ignored
any glycan defects that would fall within the patch of peptide

defects so that the surface of the cell can be sensibly defined (see
Materials and Methods).

Effect of Turgor Pressure on Cell-Wall Dimensions. In Fig. S6, we plot
the dimensions of a model cell wall without defects as a function
of the turgor pressure. For the range of pressures shown, the
spring network stretches as the turgor pressure increases and
both the length and radius increase linearly, with the length
increasing at a faster rate. For our chosen values of kp and lp, the
rate of increase of length is 26% per atmosphere of turgor
pressure, comparable to the estimates in ref. 3. However, the
cell-wall dimensions are sensitive to the presence and distribu-
tion of defects, as noted in the main text (see Fig. 3).

Normal Modes of Cell Shape. To study the normal modes of a
defect-free model peptidoglycan network, we write the potential
energy of the spring network as a sum of Hooke’s Law terms (10):

V � �
n,m�

1
2

knm ��rn � rm� � lnm�2, [4]

where the sum is over pairs of vertices n,m� connected by springs
and knm � {kp,kg}, lnm � {lp,lg}. The normal modes are obtained
by diagonalizing the 3NcNg � 3NcNg spring matrix K̃ whose
elements are

K̃nm �
	Fn

	rm
, [5]

where Fn � 	 V/	 rn � (F�)n and (F�)n is the force exerted by
osmotic pressure at rn. The eigenvalues K̃q of K̃ represent
effective spring constants for the normal modes, which may be
thought of as resonant cell shapes.

The extended normal modes with the smallest nonzero eigen-
values for a cell wall with Ng � 28 and Nc � 36 are shown in Fig.
S7 (zero-eigenvalue modes are translations and rotations of the
entire cylinder). The lowest eigenvalue mode, which requires the
least energy to excite, is the doubly degenerate bend mode shown
in Fig. S7A. The next lowest mode shown in Fig. S7B is a twist of
the cylinder. Higher modes combine increased curvature (as shown
in Fig. S7C), twist, and asymmetric stretching and compression. A
Principal Components Analysis of the shapes that result from single
defects yields principal component eigenvectors which are qualita-
tively the same as the normal modes in Fig. S7.

Misdirected Glycan Synthesis. In Fig. 4D, a lemon-shaped cell was
produced by randomly replacing glycan springs by an effective
spring representing a glycan–peptide–glycan segment with prob-
ability 0.1�0.5|1 �2z/L|, where z is the longitudinal distance
between the glycan and the middle of a cell of length L. Fig. S8
shows a schematic motivating this replacement. When glycan
synthesis, initially occurring along the circumferential direction,
becomes misdirected along the longitudinal direction and is then
put under stress, peptide springs are incorporated into the hoops.
The resulting glycan–peptide–glycan springs in series then be-
have as an effective spring with a lower spring constant than a
glycan spring, making it easier for the cell to swell. This effective
spring has a relaxed length lp � 2lg and a spring constant
kpkg/(2kp � kg), appropriate for springs in series.
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Fig. S1. Spring model for the peptidoglycan cell wall of Gram-negative bacteria. Glycans (green) and peptides (red) are modeled as springs with relaxed lengths
lp,lg and spring constants kp, kg, �gg, and �pg. Each vertex links 2 glycan springs and 1 peptide spring. Each hexagon of the spring network is decomposed into
triangles (blue) using its center of mass (gray spheres), with the force due to osmotic pressure F� on each vertex arising from the 6 adjacent prisms (see Eq. 2).
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Fig. S2. Single peptidoglycan defects only stretch remaining springs in a small neighborhood, which is independent of overall network size. (A and B) The
normalized peptide extension relative to the background peptide extension as a function of distance from a peptide (A) or a glycan (B) defect positioned at
midcell. The distance over which the defect-induced extension decays is very similar for networks with Ng � 150 (red), 100 (green), or 50 (blue) glycans per hoop,
(C and D) The same as A and B except showing the normalized glycan extension.
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Fig. S3. ‘‘Cracking’’ of a cell initiated by 2 neighboring peptide defects near midcell. (A–J) At each stage, the 10 peptides under the most tension (blue ovals)
are removed. As the number of defects increases from n � 13 in A to n � 43 in D, a gap opens at the middle of the cell but the overall cell wall remains nearly
cylindrical. As the number of defects increases further, the cell begins to crack and the 2 halves of the cell angle away from the center of the defect patch.
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Fig. S4. Bulges cause only a local perturbation to cell shape. (A) The shape of a vancomycin-treated imp4213 E. coli cell with a typical bulge in the cell wall can be
characterized by the cross-sectional diameter of the cell 2�(x), the bulge width �, and the cracking angle �. (B) The diameters (squares) of 2 typical cells (cell A from Fig.
2A in red, cell B from Fig. 2E in blue) remained approximately constant over time as the bulges grew, although there was a slight decrease in diameter when the bulges
formed (at t � 10 min for cell A, t � 23 min for cell B), even as the bulge widths (circles) increased to twice the cell diameter. Error bars on the diameter were determined
from 8 measurements taken roughly evenly along the cell length. The time t � 0 is arbitrary. (C) The cracking angle (triangles) decreased monotonically with the growth
of thebulge. (D) Phasecontrastof imagesdirectlybeforeandafter lysisofan imp4213E. coli cell crackedaroundamidcellbulge.Thebulgedisappearsafter lysis, leaving
a cylindrical husk.
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Fig. S5. Cracked cell with a realistic glycan strand-length distribution. The cracked shape of the model cell wall in Fig. 1C is essentially unaffected by the addition
of the glycan defects from the topmost image of Fig. 3B, chosen such that the glycan strand-length distribution matches the experimental distribution in ref.
4.
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Fig. S6. Cell-wall dimensions depend linearly on turgor pressure. The length L(�) (shown in blue) and radius R(�) (red) are normalized to their values when
the turgor pressure � � 0. The cell wall and the arrow indicates the pressure used in the rest of this work, which corresponds to 1 atm for our chosen values of
kp and lp.
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Fig. S7. Normal modes of a cylindrical peptidoglycan cell wall. Normal modes of the peptidoglycan network with the smallest eigenvalues (i.e., most easily
excited modes). In each case, a line of peptides that are normally parallel are highlighted in purple. (A) Doubly degenerate bend mode. (B) Twist mode that wraps
the lines of peptides around the cylinder. (C) Doubly degenerate higher-order bend mode.
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Fig. S8. Effect of misdirected glycan synthesis on cell-wall architecture. (A) Assume glycan synthesis initially follows the circumferential direction, but becomes
misdirected between C and D and the glycan strand rotates to the longitudinal direction. The glycan strands are shown in their relaxed, linear state to emphasize
the misdirection. The flexible peptide at the end of the glycan strand allows the longitudinal glycan to be crosslinked with the adjacent circumferential glycan
strand. (B) When put under stress, the combined glycan strands will extend along the circumferential direction, thereby incorporating a peptide cross-link into
the hoop. The glycan–peptide–glycan springs in the blue oval then act as an effective spring with a relaxed length lp � 2lg and a spring constant of kpkg/(2kp

� kg), appropriate for springs in series.
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