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Methods
Detailed Description of the Model. To partition RNAPs into the 5
classes of our model, we expressed the numbers of RNAPs in
each class in terms of measured microscopic quantities as
follows.

To express the numbers of RNAPs transcribing mRNA and
rRNA, Nm and Nr, we use a Michaelis–Menten model for the
activity of the corresponding promoters (1), an average pro-
moter of mRNA-encoding operons and an effective promoter
describing the rrn promoter pair P1-P2. These promoters are
characterized by 2 parameters, their maximal transcription rates
(Vm and Vr, respectively) and their Michaelis constant (Km and
Kr). The ratio of these 2 parameters (Am � Vm/Km and Ar �
Vr/Kr) provides a measure of the strength of the corresponding
promoter (2). The transcription rate (or frequency of initiation
of transcription) depends in addition on the concentration of
free RNAPs, cfree, and is given by fm � Vm cfree/(Km � cfree) for
each mRNA operon and likewise for rRNA. The numbers of
elongating RNAPs per operon are then given by Lm fm/cm and Lr
fr/cr, where Lm and Lr are the length of the operons and cm and
cr are the transcript elongation speeds. To obtain the numbers
of elongating RNAPs per cell, these numbers are multiplied by
the numbers of operons per cell (Nrrn for rRNA and Nop � GC
for mRNA, where Nop is the number of different active operons
on the genome and GC is the number of genome equivalents per
cell). The total numbers of RNAPs involved in transcription also
include promoter-bound RNAPs; the number of those is ex-
pressed as the product of the number of operons and the
promoter occupation, which in the Michaelis–Menten model is
given by fm/Vm. In summary, we obtain the following expressions
for the numbers of RNAPs transcribing mRNA and rRNA

Nm � GC Nop fm�1/Vm � Lm /cm�

� GC Nop

c free

c free � Km
�1 � LmVm /cm� [1a]

and

Nr � N rrn

c free

c free � K r
�1 � L rV r /c r� [2a]

In these expressions, the term describing promoter-bound
RNAPs is usually small compared with the term describing
elongating RNAPs: Even if an RNAP spends on average 50-fold
more time at the promoter than at a site within the operon, as
suggested by a recent estimate obtained from chromatin immu-
noprecipitation experiments (3), the promoter-bound RNAPs
account only for �2% (50/Lm with Lm � 3,000) of the RNAPs
involved in transcription.

A second estimate of the numbers of RNAPs transcribing
mRNA and rRNA is obtained from the measured rates of overall
mRNA and rRNA synthesis (rm and rr) and the elongation speeds
(cm and cr), which leads to

Nn � rm /cm [1b]

Nr � r r /c r [2b]

Nonspecific binding of RNAPs to DNA is modeled as a binding
equilibrium with dissociation constant Kns, so that the number of
nonspecifically bound RNAPs, Nns, is given by

Nns � n sites c free /�c free � Kns� , [3]

where nsites � g GC is the number of binding sites, approximated
by the product of genome size g and number of genome
equivalents per cell, GC.

The number of RNAPs free in the cytoplasm is given by the
concentration of free RNAPs via

Nfree � c free VC [4]

with the cell volume VC. Finally, the number of RNAP assembly
intermediates is

Ninterm � NRNAP�1 � 2	��� , [5]

where � is the growth rate and � is the maturation time of newly
synthesized RNAPs. The latter expression, which has also been
used in ref. 4, was derived by assuming that there is a delay of
time � after which a newly synthesized RNAP is fully assembled
and functional. This assumption means that only RNAPs that
had been there already a time � earlier are functional. In
exponential growth, these RNAPs are a fraction 2	�� of the total
RNAPs.

These microscopic expressions for the RNAP numbers in the
5 different fractions are used in 3 steps. We first estimated Nm
and Nr by Eqs. 1b and 2b and partitioned the remaining RNAPs
by solving

NRNAP � Nm � N r � N free � Nns � N interm [6]

for the concentration of free RNAPs, cfree, using parameter sets
for different growth rates. All parameters needed to solve Eq. 6
are known with the exceptions of Kns and �, which were deter-
mined by fitting the ratio of cytoplasmic RNAP to total RNAP,
(Nfree � Ninterm)/Ntotal, to the minicell data (see below and
supporting information (SI) Fig. S1). When these parameters are
fixed, Eq. 6 leads to the predicted partitioning of RNAPs shown
in Fig. 2. Finally, we used Eqs. 1a and 2a together with the
predicted free-RNAP concentration and estimates of the max-
imal transcription rate to determine the promoter strengths Ar
and Am.

The resulting promoter strengths for mRNA were used to
study RNAP over- and underexpression as well as the stringent
response. To study RNAP over- and underexpression, we used
Eq. 1a to describe the transcription of mRNA with the deter-
mined Michaelis constant of the mRNA promoters. For the
transcription of rRNA, we fixed the number of RNAPs tran-
scribing rRNA to the value for wild-type cells with normal
RNAP level to mimic the effect of feedback control. We then
varied the total number of RNAPs per cell and determined the
partitioning of the remaining RNAPs into the other 4 classes as
well as the resulting transcription rate for mRNA. To study the
different scenarios for the stringent response, we used the
determined promoter strengths both for mRNA and rRNA, and
adjusted one or several of the model parameters according to
what has been measured during the stringent response.

Parameter Values. All parameter values used in the calculations
for balanced exponential growth are summarized in Table S1 and
Table S2. Most of these parameter values were taken from tables
3 and 4 of the review by Bremer and Dennis (5). Parameters not
given there were estimated in the following way: Numbers of
RNAPs transcribing mRNA and rRNA were determined by
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using Eq. 2. The cell volume was calculated from the cell mass
by using the cell mass and volume measurements of ref. 6. The
dissociation constant of nonspecific binding, Kns, and the mat-
uration time � of newly synthesized RNAPs were taken to be
independent of growth rate and determined by fitting the
fraction of RNAP that is cytoplasmic, (Nfree � Ninterm)/NRNAP,
to the values measured by using minicells at 1.23 and 2.5
doublings per hour (7, 8), as described below.

The average length of an rrn operon is 5,400 nt according to
EcoCyc (9); in our model we increased this length to 6,500 nt to
account for the remaining tRNA genes that are not in rrn
operons (‘‘appending’’ them to the rrn operons). The average
mRNA transcript has a molecular mass of 106 Da (10), which
corresponds to an average operon length Lm of �3,000 nt, an
estimate consistent with an average of 2.6 genes per operon (11)
and an average gene length of �1,000 nt (12). To determine the
Michaelis constants, Km and Kr, and the promoter strengths (Am
and Ar) of mRNA and rRNA promoters, we took the maximal
transcription rates of these operons to be 90 min	1 and 10 min	1,
respectively. These estimates are based on the highest transcrip-
tion rates measured in vivo, which are in the range of 70–85
min	1 for rRNA and 1.5–25 min	1 for mRNA (2, 13), and the
theoretically determined limits for the transcription rate (�90
min	1 for rRNA, at most 40 min	1 for mRNA; ref. 14). An
estimate for the Michaelis constant Kr of the rrn promoters
during the stringent response has been obtained by extrapolating
the predicted growth-rate dependence of the promoter strength
(Fig. 4A) to a growth rate of zero. This leads to Kr �10–20 �M.

Determination of Kns and �. To determine the 2 unknown model
parameters, the dissociation constant Kns for nonspecific binding
to DNA, and the RNAP maturation time �, we used data from
minicell experiments (7, 8). In these experiments, the fraction of
cytoplasmic RNAPs (Ncyto/Ntotal) was measured at two different
growth rates: 14% at 1.23 doublings per hour (7) and 17% at 2.5
doublings per hour (8). According to our model, the cytoplasmic
RNAP consists of the free RNAP and assembly intermediates,
i.e., Ncyto � Nfree � Ninterm. We can thus fix the two parameters
by matching the fraction of cytoplasmic RNAP, i.e., (Nfree � N
interm)/Ntotal, predicted according to our model with chosen
values of Kns and �, to the above results of the minicell experi-
ments (Fig. S1). This procedure leads to a maturation time � of
3.4 min and a dissociation constant for nonspecific binding of
3,100 �M (Fig. S1 A). The maturation time � of 3.4 min is
consistent with the appearance of newly synthesized � subunit in
the nucleoid after �5 min (15), which should include maturation
and transition to the nucleoid as mentioned above. Values for the
dissociation constants for nonspecific binding measured in vitro
depend on ionic conditions and range between �1 �M under
low-salt conditions and �1,000 �M for high-salt concentration
supposed to approximate physiological conditions (16) [a higher
estimate for low salt has been obtained in another study (17)].
Our estimate for the in vivo value (3,100 �M) is thus consistent
with the in vitro results. It is also very similar to a recent in vivo
estimate (1,000 �M) of the dissociation constant for nonspecific
DNA binding of the Lac Repressor (18).

Additional Discussion
Growth-Rate Dependence of Macromolecular Crowding. In our
model, we have assumed that the dissociation constant for
nonspecific binding as well as the Michaelis constants of the
promoters are not growth-rate dependent. They could be
growth-rate dependent, however, if the degree of macromolec-
ular crowding, i.e., the macromolecular volume fraction, were
different for cells growing with different growth rates. Changes
in the macromolecular volume fraction can both increase or
decrease reaction rates and affinities, depending on whether the
reaction is transition-state- or diffusion-limited (19). Changes in

the concentration of macromolecules have been observed for E.
coli cells in media with increased osmolarity (20) and changed
crowding has recently been proposed to play an important role
in strains with reduced number of rrn operons (4). Direct
measurements of the macromolecular volume fraction for E.
coli, however, are quite limited for different growth media at
fixed osmolarity. Zimmerman and Trach have measured the
concentrations of macromolecules (RNA � protein) for E. coli
grown in rich medium during exponential and stationary phase
and found only a small difference between the two situations,
with 0.3–0.37 g/ml in exponential growth phase and 0.34–0.4 in
stationary phase (21). We expect the difference between expo-
nential growth with different growth rates to be smaller than the
difference between fast exponential growth and stationary
phase, so these results suggest that macromolecular crowding
should be similar at different growth rates. Furthermore very
similar diffusion coefficients have been measured for the diffu-
sion of GFP variants in the cytoplasm of cells growing in rich (22)
and minimal medium (18), which also suggests that there is no
big difference in crowding for different growth rates. (Unfortu-
nately, the two experiments use different GFP variants, but their
molecular weights are the same.)

On the other hand, the data for cell mass and volume of ref.
6 (see also Table S1) indicate an increase of the density
(mass/volume) over the range of growth rates studied here. It is
possible that this increase in density is an artifact of the volume
measurements. We therefore checked whether our results are
changed if a constant density is used. In that case, we obtain a
lower value for the maturation time � and therefore a smaller
fraction of immature RNAPs, but otherwise the results are very
similar to those for a growth-rate-dependent density. In partic-
ular, the growth-rate dependence of the free RNAP concentra-
tion (and thus the predicted transcription rates for constitutive
promoters) is almost indistinguishable from the data shown in
Fig. 3 (the absolute value of the free-RNAP concentration is,
however, slightly larger). We also obtained similar results when
we used the cell volume data given by ref. 23; see also the
footnote to Table S2. On the other hand, if we assume that the
increase in density at faster growth is real, we can estimate an
increase in the macromolecular volume fraction from �0.24 at
0.6 doublings per hour to �0.34 at 2.3 doublings per hour by
using the growth-rate-dependent density (mass/volume; Table
S1) and macromolecular mass fraction (5) together with the
measured macromolecular volume fraction at fast growth (21).
This implies that the free volume is decreased by �13% at 2.4
doublings per hour compared with 0.6 doubling per hour. In this
scenario, the change of macromolecular crowding would lead to
an additional increase of the effective concentration of free
RNAPs by �13% over the range of growth rates studied here,
or, equivalently, to a �13% decrease of the dissociation con-
stants for both nonspecific binding to DNA and for binding to
promoters. This estimate of the effect of increased crowding is
small compared with the 2.3-fold increase predicted from the
RNAP partitioning. We therefore expect our results to provide
a very good approximation even if there is a growth-rate
dependence of macromolecular crowding.

Growth-Rate Dependence of the Ribosomal RNA Promoter P2. As
mentioned, the question of whether P2 is a constitutive promoter
is controversial in the literature. We therefore include a brief
review of the experimental evidence for and against constitutive
expression from P2 along with some comments. The claim that
P2 is constitutive is mainly based on the following observations:
(i) At slow growth, transcription from P2 has the same growth-
rate dependence as transcription from other constitutive pro-
moters (2). (ii) For any given growth rate, transcription from P2
is the same in strains with and without ppGpp and/or Fis, 2
regulators of the P1 promoter (13). Although these experiments
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do clearly rule out strong regulation of P2, they are consistent
with weak regulation of P2, in particular, because both the
covariation of P2 with other constitutive promoters at low
growth rates and the unchanged transcription activity of P2 in
strains lacking Fis and/or ppGpp are only approximate (see Fig.
S3 A and B and figures 1 and 2 of ref. 13). Furthermore, the data
for the growth-rate dependence of transcription from constitu-
tive promoters (2) is only consistent with a constitutive P2 if the
other promoters become saturated with RNAPs at high growth
rates and not if the growth-rate-dependent free RNAP concen-
tration follows the relation predicted by our model as shown in
Fig. 3.

Murray et al. (24, 25), on the other hand, have presented data
in support of the claim that P2 is regulated in a growth-rate-
dependent way. (i) In vitro, ppGpp decreased the transcription
rate from P2 about 2-fold. Furthermore, ppGpp destabilized the
open complex of promoter-bound RNAP (24, 25). However, it
is not obvious that these in vitro experiments are representative
of the in vivo situation. (ii) �-Galactosidase activity exhibits a
pronounced growth-rate dependence when LacZ is expressed
from a P2 promoter (24) (see also Fig. S3 C). This result is hard
to interpret because enzyme activity under different growth
conditions does not directly reflect the transcription rate, but
may be also changed by a number of indirect effects such as the
availability of ribosomes (which may affect the rate of translation
initiation) and increased dilution of the protein due to faster
growth. One, however, can compare the LacZ expression of
different promoters under the same growth conditions as done
in ref. 13. A comparison of the wild-type P2 promoter with a P2
mutants (figure 3 C and G of ref. 24; see also Fig. S3 C and D)

shows that the activities of these promoters does not change in
parallel over the studied range of growth rates, their ratio
(mutant:wild type) decreases from 2.5 to 1.3 (Fig. S3 C). Because
both promoters appear to be unsaturated with RNAPs, this
means that at least one of them is regulated in some growth-
rate-dependent way. (Other promoter mutants studied in ref. 17
are possibly saturated with RNAP and do not yield conclusive
results.) Because in vitro transcription from the wild-type P2
promoter is affected by ppGpp (24, 25), this result is likely to
indicate a growth-rate-dependent regulation of P2.

Growth-Rate Dependent Promoter Strength for the Average mRNA
Promoter. To determine the strength of the average mRNA
promoter Am in the same way as that of the rrn promoters,
information about the number Nop of operons or promoters is
needed, but even without this information we can directly
compute the effective promoter strength of the entire pool of
mRNA promoters, AmRNA � Am Nop. We found AmRNA � 200
(�M s)	1 with little dependence on growth rate (Fig. S6 B). This
result has several possible interpretations: If the number of
operons being transcribed at different growth rates remains
rather constant, then the mRNA operons should not be strongly
regulated. Alternatively, if more operons are transcribed at low
growth rates (e.g., transporters and enzymes in biosynthetic
pathways), then the decreases in the number of active operons
at fast growth should be compensated by up-regulation of their
transcription. At a growth rate of 1.5 doublings per hour, the
number of different mRNA transcripts per cell is �600 (10),
yielding an estimated strength Am of �0.3 (�M s)	1, which is
much weaker than that of the rrn promoter.
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Fig. S1. Fit to cytoplasmic RNAP fraction from minicell data. The fraction of cytoplasmic RNAPs, i.e., free RNAPs and assembly intermediates, was determined
for different choices of the two unknown parameters of our model, the dissociation constant Kns for nonspecific RNAP-DNA binding and the RNAP maturation
time �. (A) Shown are parameter combinations that match the cytoplasmic RNAP fraction at growth rate of 1.23 doublings per hour [14% (7), black circles] and
2.5 doublings per hour [17% (8), triangles]. The intersection of the 2 curves determines the parameters Kns and �. (B) Predicted growth-rate dependence of the
fraction of cytoplasmic RNAPs (line and open circles), together with the experimental data from refs. 7 and 8 (filled circles).
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Fig. S2. Effect of the parameters � and Kns on the predicted free-RNAP concentration. (A) Increasing or decreasing the RNAP maturation time � by 50% compared
with the predicted value of 3.4 s has a very small effect on the predicted free-RNAP concentration cfree. (B) Increasing or decreasing the dissociation constant Kns

for nonspecific RNAP-DNA binding approximately rescales the free-RNAP concentration in a linear fashion.

Klumpp and Hwa www.pnas.org/cgi/content/short/0804953105 5 of 12

http://www.pnas.org/cgi/content/short/0804953105


Fig. S3. Growth-rate-dependent partitioning of RNAPs. Fractions of the total number of RNAP in the different classes as functions of growth rates.
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Fig. S4. Measurements of growth-rate-dependent promoter activities. (A) Promoter activities for promoters believed to be constitutive as reported in ref. 2.
These promoters are the ribosomal protein promoter Pspc, the plasmid promoters Pbla and PRNAI, the promoter PL from phage � and the rrn promoter P2. (B) The
same data normalized to the value at the lowest growth rate. (C) �-Galactosidase activity obtained with LacZ expressed from the wild-type (	112 to � 7) rrn
P2 promoter (filled symbols) and a P2 mutant (insertion of C at 	15) from ref. 24. (D) The same data normalized to the value at the lowest growth rate.
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Fig. S5. Growth-rate dependence of transcription rates in wild-type and ppGpp-less cells. Filled symbols show transcription rates for the wild-type and open
symbols those for a relaxed strain (�relA �spoT) as measured by Liang et al. (2). (A) Transcription rates for the rrn promoter P2, taken from figures 3b and 3f
of ref. 2. (B) Transcription rates for the constitutive promoters Pspc, PRNAI, PL, and Pbla, taken from figures 2a and 2b of ref. 2.
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Fig. S6. Growth-rate dependence of promoter strengths. (A) Promoter strength Ar of the rrn P1-P2 promoter pair as obtained from the transcription rates given
in ref. 5 (dashed line) and ref. 13 (solid line). (B) Effective promoter strength AmRNA of the total pool of mRNA promoters.
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Fig. S7. Dependence of changes during the stringent response on the growth rate before starvation. (A) The free RNAP concentration during the stringent
response relative to the concentration before starvation. (B) The relative transcription rate of rRNA. Note that in the case of reduced mRNA elongation (red),
the reduction of rRNA synthesis is a consequence of the reduced free-RNAP concentration, whereas, in the other cases, the increase of the free RNAP
concentration is a consequence of the reduction of rRNA transcription. The last scenario (violet) combines both effects, but shows that the reduction of rRNA
synthesis dominates.
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Table S1. Growth-rate-dependent parameters

Parameter Symbol

Growth rate �, doublings/h

Notes and references0.6 1.0 1.5 2.0 2.5

Total number of RNAP molecules per cell Ntotal 1,500 2,800 5,000 8,000 11,400 5*
DNA per cell (genome equivalents) GC 1.6 1.8 2.3 3.0 3.8 5
rrn operons per cell Nrrn 12.4 15.1 20.0 26.9 35.9 5
Mass per cell, OD460 units/109 cells MC 0.85 1.49 2.5 3.7 5.0 5
Cell volume, �m3 VC 0.34 0.55 0.84 1.11 1.32 Calculated from MC and the

volumes measured in ref. 6†

mRNA elongation speed, nt/s cm 39 45 50 52 55 5
rRNA elongation speed, nt/s cr 85 85 85 85 85 5
mRNA synthesis rate per cell, 105 nt/min rm 4.3 9.2 13.7 18.7 23.4 5
rRNA synthesis rate per cell, 105 nt/min rr 3.0 9.9 29.0 66.4 132.5 5
Number of RNAPs transcribing mRNA per cell Nm 184 341 457 599 709 Calculated as rm/cm

Number of RNAPs transcribing rRNA per cell Nr 59 194 569 1,302 2,598 Calculated as rr/cr

*The numbers of total RNAPs per cell at different growth rates as given in ref. 5 and as used here are based on measurements from ref. 26, which are in good
agreement with corresponding measurements from several other labs (27–30). A recent study, however, has reported considerably higher numbers of RNAPs
per cell (31). All of these studies are based on measurements of the mass fraction of total protein that is RNAP, usually called 	P, from which the number of RNAPs
per cell is obtained by multiplication with mass per cell. [More precisely, these experiments determine the amounts of the � and �
 subunits of RNAP, as the
	 subunit is known to be present in excess (27, 29, 30)]. Comparison of the measured 	P values shows that all studies including ref. 31 agree on the growth-rate
dependence of this value and that the discrepancy between ref. 31 and the older studies is due to a unusually large amount of total protein per cell in ref. 31,
�3-fold larger than in the older studies.

†In ref. 6, the cell mass and volume was measured for growth rates of 1.3 doublings per hour and 2.14 doublings per hour, from these measurements, the mass
per volume appears to increase slightly with growth rate, taken into account here by inter- and extrapolation. Larger values (�1.5-fold) for the cell volume are
given in ref. 23. We have also used these larger values in our calculation, and obtained very similar results (data not shown). In particular, we obtained almost
the same prediction for the concentration of free RNAPs (which, in the larger volume, however, corresponds to a larger number of free RNAPs) and for the
nonspecific dissociation constant, but a smaller maturation time (1.9 min), and thus a smaller number of immature RNAPs per cell.
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Table S2. Growth-rate-independent parameters

Parameter Symbol Value Notes and references

Length of mRNA operon, nt Lm 3,000 see SI Methods
Length of rRNA operon, nt Lr 6,500 Includes all tRNA genes; see SI Methods
Number of nonspecific binding sites per genome g 4.6 � 106 From EcoCyc (9)
Dissociation constant for nonspecific binding, �M Kns 3,100 From fit of model to minicell data; see SI Methods
RNAP maturation time, min � 3.4 From fit of model to minicell data; see SI Methods

Klumpp and Hwa www.pnas.org/cgi/content/short/0804953105 12 of 12

http://www.pnas.org/cgi/data/0804953105/DCSupplemental/Supplemental_PDF#nameddest=STXT
http://www.pnas.org/cgi/data/0804953105/DCSupplemental/Supplemental_PDF#nameddest=STXT
http://www.pnas.org/cgi/data/0804953105/DCSupplemental/Supplemental_PDF#nameddest=STXT
http://www.pnas.org/cgi/data/0804953105/DCSupplemental/Supplemental_PDF#nameddest=STXT
http://www.pnas.org/cgi/content/short/0804953105

