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WEB APPENDIX A: TABLES AND FIGURES

Table 1. P-values for comparing the percentile value distributions of benign tumor cases and ovarian
cancer cases, nD̄ = 41, n1 = 24, n2 = 66. Tests comparing raw marker values between benign tumor

cases and ovarian cancer cases yielded p < 0.0001 for both the t-test and the Wilcoxon rank sum test.

Unconditional Conditional
Test F̂ empirical F̂ parametric F̂ empirical F̂ parametric

Asym1 Boot2 Asym Boot Asym Boot Asym Boot
t-test 0.0009 0.0006 0.0018 0.0013 0.0005 0.0003 0.0012 0.0009
WRS3 - < 0.0001s - < 0.0001s < 0.0001 < 0.0001s < 0.0001 < 0.0001s

1asymptotic variance
2nonparametric bootstrap variance or smoothed bootstrap variance indicated by superscripts

3Wilcoxon rank sum test

c© The Author 2006. Published by Oxford University Press. All rights reserved. For permissions, please e-mail: journals.permissions@oxfordjournals.org.
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Table 2. P-values for comparing the case percentile value distributions of CA-19-9 and CA-125, nD̄ =
51, nD = 90.

Test Statistic F̂ empirical CDF F̂ parametric
Asym1 Boot2 Asym Boot

Marginal
Mean Difference1 0.007 0.007 0.009 0.01
WRS3 - < 0.0001s - 0.0006s

WSR4 - < 0.0001s - 0.0001s

Sign5 - < 0.0001s - < 0.0001s

Covariate Adjusted
Mean Difference < 0.0001 < 0.0001 < 0.0001 < 0.0001
WRS - < 0.0001 - < 0.0001

WSR - < 0.0001 - < 0.0001
Sign - < 0.0001 - < 0.0001

1asymptotic variance
2nonparametric bootstrap variance, or smoothed bootstrap variance indicated by superscripts

3Wilcoxon rank sum test statistic
4Wilcoxon signed rank test statistic
5Sign test statistic
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Fig. 1. A. ROC curves (control distribution is empirically or parametrically estimated) (a) for benign tumor cases and
ovarian cancer cases in the ovarian cancer data, and (b) for CA-19-9 and CA-125 in the pancreatic cancer data.
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WEB APPENDIX B: PROOF OFTHEOREMS

0.1 Proof of Theorem 1

With z = 1, 2, letYD̄i, i = 1, ..., nD̄ andYzj , j = 1, ..., nz be the marker measurements in controls and the
zth type of cases. LetF andGz be the corresponding marker distribution functions. WhenF is estimated
empirically,

√
nD̄

(
∆̂ − ∆

)

=
√
nD̄





1
n1nD̄

nD̄∑

i=1

n1∑

j=1

I (YD̄i 6 Y1j) −
1

n2nD̄

nD̄∑

i=1

n2∑

j=1

I (YD̄i 6 Y2j) − P (YD̄ 6 Y1) + P (YD̄ 6 Y2)



× 100

=∗ √
nD̄

(
1
nD̄

nD̄∑

i=1

[1 − G1(YD̄i) − {1 −G2(YD̄i)}]− P (YD̄ 6 Y1) + P (YD̄ 6 Y2)

)
× 100

+
√
nD̄





1
n1

n1∑

j=1

F (Y1j) − P (YD̄ 6 Y1)



× 100−√

nD̄





1
n2

n2∑

j=1

F (Y2j) − P (YD̄ 6 Y2)



× 100 + op(1)

= − 1
√
nD̄

nD̄∑

i=1

{R1(YD̄i) −R2(YD̄i) −E(R1 −R2)}

+
1√
λ1n1

n1∑

j=1

{Q1j − E(Q1)} −
1√
λ2n2

n2∑

j=1

{Q2j −E(Q2)} + op(1),

where∗ can be proved with the U-statistic theory (van der Vaart, 1998).

WhenF is modeled parametrically, assume that
√
n
(
θ̂ − θ

)
can be represented as1√

nD̄

∑nD̄

i=1 ψi +
op(1), whereψi, i = 1, ..., nD̄ are independent identically distributed variables withE(ψi) = 0 and
var(ψi) = Σ(θ), we have

√
nD̄

(
∆̂ − ∆

)

=
√
nD̄





1
n1

n1∑

j=1

Fθ̂(Y1j) −
1
n2

n2∑

j=1

Fθ̂(Y2j) − EY1Fθ(Y ) +EY2Fθ(Y )



 × 100

=∗ √
nD̄

{
EY1Fθ̂(Y ) − EY1Fθ(Y ) − EY2Fθ̂(Y ) +EY2Fθ(Y )

}
× 100

+
√
nD̄





1
n1

n1∑

j=1

Fθ(Y1j) −
1
n2

n2∑

j=1

Fθ(Y2j) − EY1Fθ(Y ) +EY2Fθ(Y )



 × 100 + op(1)

=
1
nD̄

nD̄∑

i=1

∂∆i

∂θ
ψi +

1√
λ1n1

n1∑

j=1

{Q1j − E(Q1)} −
1√
λ2n2

n2∑

j=1

{Q2j −E(Q2)} + op(1),

where∗ follows sinceF = {Fθ (y) : θ ∈ Θ} is a Donskerclass (van der Vaart and Wellner, 1996, Theorem
2.7.5 on page 159).
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0.2 Proof of Theorem 2

With z = 1, 2 andk = 1, ...,K, let Y k
D̄i
, i = 1, ..., nD̄k andY k

zj , j = 1, ..., nzk be the marker mea-
surements for controls and thezth type of cases in thekth covariate category. LetF k andGk

z be the
corresponding marker distribution functions. WhenF k is estimated empirically,

√
nD̄

(
∆̂ − ∆

)

=
√
nD̄





1
n1

K∑

k=1

nD̄k∑

i=1

n1k∑

j=1

1
nD̄k

I
(
Y k

D̄i 6 Y k
1j

)
− 1
n2

K∑

k=1

nD̄∑

i=1

n2k∑

j=1

1
nD̄k

I
(
Y k

D̄i 6 Y k
2j

)

−
K∑

k=1

p1kP
(
Y k

D̄ 6 Y k
1

)
+

K∑

k=1

p2kP
(
Y k

D̄ 6 Y k
2

)
}

× 100

=
√
nD̄

{
K∑

k=1

nD̄k∑

i=1

1
nD̄k

[
p1k

{
1 − Gk

1

(
Y k

D̄i

)}
− p2k

{
1 −Gk

2

(
Y k

D̄i

)}]
−

K∑

k=1

p1kP
(
Y k

D̄ 6 Y k
1

)

+
K∑

k=1

p2kP
(
Y k

D̄ 6 Y k
2

)
}

× 100 +
√
nD̄





1
n1

K∑

k=1

n1k∑

j=1

F k(Y k
1j) −

K∑

k=1

p1kP
(
Y k

D̄ 6 Y k
1

)


× 100

− √
nD̄





1
n2

K∑

k=1

n2∑

j=1

F k
(
Y k

2j

)
−

K∑

k=1

p2kP
(
Y k

D̄ 6 Y k
2

)


× 100 + op(1)

=
K∑

k=1

− 1
√
nD̄kpD̄k

nD̄k∑

i=1

{
p1kR

k
1

(
Y k

D̄

)
− p2kR

k
2

(
Y k

D̄

)
− p1kE

(
Rk

1

)
+ p2kE

(
Rk

2

)}

+
1√
λ1n1

n1∑

j=1

{Q1Xj − E (Q1X)} − 1√
λ2n2

n2∑

j=1

{Q2Xj − E (Q2X)} + op(1).

This proves Theorem 2(a). Now, consider whenF is estimated parametrically and suppose the parameter

θ can be represented as
√
nD̄

(
θ̂ − θ

)
= 1√

nD̄

∑nD̄

i=1 ψi + op(1),whereψi, i = 1, ..., nD̄ are independent

identically distributed variables withE(ψi) = 0 and var(ψi) = Σ(θ). Let Xzj , j = 1, ..., nz be the
covariate measurements for thezth type of cases, we have

√
nD̄

(
∆̂ − ∆

)

=
√
nD̄





1
n1

n1∑

j=1

Fθ̂(Y1j|X1j) −
1
n2

n2∑

j=1

Fθ̂(Y2j|X2j) − EY1,X1Fθ(Y |X) + EY2,X2Fθ(Y |X)



 × 100

=
√
nD̄

{
EY1,X1Fθ̂(Y |X) −EY1,X1Fθ(Y |X) − EY2,X2Fθ̂(Y |X) + EY2,X2Fθ(Y |X)

}
× 100

+
√
nD̄





1
n1

n1∑

j=1

Fθ(Y1j|X1j) −
1
n2

n2∑

j=1

Fθ(Y2j|X2j) − EY1,X1Fθ(Y |X) + EY2,X2Fθ(Y |X)



 × 100 + op(1)

=
1

√
nD̄

nD̄∑

i=1

∂∆i

∂θ
ψi +

1√
λ1n1

n1∑

j=1

{Q1Xj − E(Q1X)} − 1√
λ2n2

n2∑

j=1

{Q2Xj −E(Q2X)} + op(1),
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where{EYz,Xz , z = 1, 2} is integrated over the joint distribution of the markerY and the covariateX in
thezth type of cases.

0.3 Proof of Theorem 3

The first result, 3(a) has been proved (Delongand others, 1988). For the second result, withz = 1, 2, let
YzDj, j = 1, ..., nD be markerz measurements in cases. LetFθz be the distribution function for markerz

in controls andθ = (θ1, θ2). Suppose
√
nD̄

(
θ̂ − θ

)
can be represented as1√

nD̄

∑nD̄

i=1 ψi + op(1),where

ψi, i = 1, ..., nD̄ are independent identically distributed variables withE(ψi) = 0 and var(ψi) = Σ(θ),
we have

√
nD̄

(
∆̂ − ∆

)

=
√
nD̄


 1
nD

nD∑

j=1

{
Fθ̂(Y1Dj ) − Fθ̂(Y2Dj )

}
−EY1DFθ1(Y ) + EY2DFθ2(Y )


× 100

=
√
nD̄

{
EY1DFθ̂1

(Y ) − EY1DFθ1(Y ) − EY2DFθ̂2
(Y ) +EY2DFθ2(Y )

}
× 100

+
√
nD̄


 1
nD

nD∑

j=1

{
Fθ1(Y1Dj ) − Fθ2(Y2Dj )

}
− EY1DFθ1(Y ) +EY2DFθ2(Y )


× 100 + op(1)

=
1

√
nD̄

nD̄∑

i=1

∂∆i

∂θ
ψi +

1√
λnD

nD∑

j=1

{Q1j − Q2j −E(Q1 − Q2)} + op(1)

and result 3(b) follows.

0.4 Proof of Theorem 4

With z = 1, 2, let Y k
zD̄i

, i = 1, ..., nD̄k andY k
zDj , j = 1, ..., nDk be the measurements of markerz

in controls and cases respectively in thekth covariate category. LetF k
z andGk

z be the corresponding
distribution functions. WhenF k is estimated empirically,

√
nD̄

(
∆̂ − ∆

)
=

√
nD̄


 1
nD

K∑

k=1

nD̄k∑

i=1

nDk∑

j=1

1
nD̄k

{
I
(
Y k

1D̄i 6 Y k
1Dj

)
− I

(
Y k

2D̄i 6 Y k
2Dj

)}

−
K∑

k=1

pDkP
(
Y k

D̄ 6 Y k
1D

)
+

K∑

k=1

pDkP
(
Y k

2D̄ 6 Y k
2D

)
]
× 100
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=
√
nD̄

(
K∑

k=1

nD̄k∑

i=1

pDk

nD̄k

[
1 −Gk

1

(
Y k

1D̄i

)
−
{
1 −Gk

2

(
Y k

2D̄i

)}]
−

K∑

k=1

pDkP
(
Y k

1D̄ 6 Y k
1D

)

+
K∑

k=1

pDkP
(
Y k

2D̄ 6 Y k
2D

)
)

× 100 +
√
nD̄


 1
nD

K∑

k=1

nDk∑

j=1

{
F k

1

(
Y k

1Dj
) − F k

2 (Y k
2Dj

)}

−
K∑

k=1

pDk

{
P
(
Y k

1D̄ 6 Y k
1D

)
− P

(
Y k

2D̄ 6 Y k
2D

)}
]
× 100 + op(1)

=
K∑

k=1

− 1
√
nD̄k

nD̄k∑

i=1

pDk√
pD̄k

{
Rk

1(Y
k
1D̄i) − Rk

2(Y
k
2D̄i) − E(Rk

1 − Rk
2)
}

+
1√
λnD

nD∑

j=1

{Q1Xj − Q2Xj − E(Q1X −Q2X)} + op(1).

This proves Theorem 4(a). Now consider whenF is estimated parametrically. LetXD̄i, i = 1, ..., nD̄

andXDj , j = 1, ..., nD be the covariate measurements for controls and cases. LetFθz (.|X) be the dis-

tribution function of markerz in controls conditional onX. Suppose
√
n
(
θ̂ − θ

)
can be represented

as 1√
nD̄

∑nD̄

i=1 ψi + op(1), whereψi, i = 1, ..., nD̄ are independent identically distributed variables with

E(ψi) = 0 and var(ψi) = Σ(θ), we have

√
nD̄

(
∆̂ − ∆

)

=
√
nD̄


 1
nD

nD∑

j=1

{
Fθ̂1

(Y1Dj |XDj) − Fθ̂2
(Y2Dj |XDj)

}
−EY1D,XDFθ1(Y |X) + EY2D,XDFθ2(Y |X)


× 100

=
√
nD̄

{
EY1D,XDFθ̂1

(Y1D|XD) − EY1D,XDF1,θ(Y1D|XD) −EY2D ,XDFθ̂2
(Y2D|XD)

+ EY2D,XDFθ2(Y2D|XD)} × 100 +
√
nD̄


 1
nD

nD∑

j=1

{
Fθ1(Y1Dj |XDj) − Fθ2(Y2Dj |XDj)

}

− EY1D,XDFθ1(Y |X) +EY2D,XDFθ2(Y |X)] × 100 + op(1)

=
1

√
nD̄

nD̄∑

i=1

∂∆i

∂θ
ψi +

1√
λnD

nD∑

j=1

{Q1Xj − Q2Xj − E(Q1X − Q2X)} + op(1).

0.4.1 Theorem 4 (Extension Version)

Consider the setting when the two markers are adjusted for different covariatesX1 andX2. For z =
1, 2, letQzXz (Q̂zXz ) be the (estimated) covariate-specific percentile value for thezth marker, let∆ =
E(Q1X1)−E(Q2X2) and∆̂ = Q̂1X1 − Q̂2X2 . WhenX1 andX2 are discrete with stratak1 = 1, . . . ,K1

andk2 = 1, . . . ,K2 respectively, letnDk1k2 andnD̄k1k2
be the number of controls and cases in the

intersection of thekth
1 stratum for covariate 1 and thekth

2 stratum for covariate 2. Suppose asnD̄ →
∞, nD/nD̄ → λ ∈ (0, 1), nD̄k1k2

/nD̄ → pD̄k1k2
∈ (0, 1), nDk1k2/nD → pDk1k2 ∈ (0, 1), then
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√
nD̄

(
∆̂ − ∆

)
converges to a mean 0 normal random variable with varianceσ2, where

(a) σ2 =
∑

k1

∑

k2

var
{
Rk1

1 (Y k1
1D̄

) − Rk2
2 (Y k2

2D̄
)
}

pD̄k1k2
/p2

Dk1k2

+
var(Q1X1 − Q2X2)

λ
,

if for each marker, the covariate-specific reference distributionF (Y |X) is estimated empirically within
each covariate category specific for the marker, whereRkz

z

(
Y k

zD̄

)
= P (Y kz

zD < Y kz

zD̄
) is the percentile

value for a control using his covariate-specific case distribution as the reference for thezth marker in the
kth

z covariate category, and

(b) σ2 =
(
∂∆
∂θ

)T

Σ(θ)
(
∂∆
∂θ

)
+

var(Q1X1 − Q2X2)
λ

, (0.1)

if F (Y |X) is modeled parametrically for markerz with parameter estimateθz, θ = (θ1, θ2) andΣ(θ) is

the asymptotic variance of
√
nD̄

(
θ̂ − θ

)
. We assume that∆ is differentiable with respect toθ and that

F = {Fθ (y|x) : θ ∈ Θ} is a Donsker class.
Proof follows similar steps to above.

0.5 Proof of Proposition 1

Let YD̄i, i = 1, ..., nD̄, andYz be the marker measurement in controls and thezth type of cases,z = 1, 2.
LetQz(Q̂z) be the corresponding (estimated) case percentile value. We have

Q1
d= Q2 ⇒ P{F (Y1) 6 t} = P{F (Y2) 6 t} ∀t ∈ (0, 1)

⇒ P{Y1 6 F−1(t)} = P{Y2 6 F−1(t)}

⇒ Y1
d= Y2

⇒ Q̂1|YD̄i
d= Q̂2|YD̄i, i = 1, ..., nD̄ and Q̂1

d= Q̂2.

0.6 Proof of Proposition 2

Let YD̄ andYD be the marker measurements for controls and cases respectively,YD̄ ∼ F, YD ∼ G. Let
Q̂ be the estimated case percentile value. WhenF̂ is the empirical CDF, form ∈ (0, 1, ..., nD̄),

P (nD̄Q̂/100 = m) = P
{
nD̄F̂ (YD) = m

}
= P

{
nD̄∑

i=1

I(YD̄ 6 YD) = m

}

=
nD̄!

(nD̄ −m)!m!

∫ ∞

−∞
Fm(y){1 − F (y)}nD̄−mdG(y)

=
nD̄!

(nD̄ −m)!m!

∫ 1

0

wm(1 − w)nD̄−mdG{F−1(w)},

which is a function of ROC. Therefore, when ROC1(t) = ROC2(t) ∀t, i.e. whenQ1
d= Q2, Q̂1 andQ̂2

have the same distribution.
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0.7 Proof of Proposition 3

With z = 1, 2, let Q̂zi, i = 1, ..., nD be the estimated case percentile values for thezth marker. Because

of the exchangeability among cases, the correlation between
(
Q̂1i, Q̂2i

)
and

(
Q̂1j, Q̂2j

)
are the same

for each pair ofi, j. In another words,
(
Q̂11, Q̂21

)
, . . . ,

(
Q̂1nD , Q̂2nD

)
are correlated samples from a

bivariate distribution with exchangeable correlation. UnderH0 : Q1
d= Q2, Q̂1 andQ̂2 have the same

distributionwhenF is estimated empirically (Proposition 2). ConsequentlyUj = Q̂1j−Q̂2j, j = 1, ..., nD

are correlated (exchangeably) samples from a symmetric univariate distributionH. Due to the complete
exchangeability among thoseU ′

js, if H is continuous,Zj = P (Uj > 0) is Bernoulli random variable with
P (Zj = 1) = 0.5, thusE(S) =

∑nD

j=1 Zj is equal to1/2. In addition,Zj is independentofr(|Uj|), where

r(|Uj|) is the rank of|Uj| in the sample, thus,E(T ) =
∑nD

j=1E {Zjr(|Uj|)} =
∑nD

j=1
1
2E{r(|Uj|)} =

(nD + 1)/4.

0.8 Proof of Proposition 4

It is equivalent to prove that the Mann-Whitney test statistic (MW) of the two groups of estimated per-
centile values has mean 0.5 whenF is estimated empirically. We have

MW =
1
n2

D

nD∑

i=1

nD∑

j=1



I
(
Q̂1i < Q̂2j

)
+
I
(
Q̂1i = Q̂2j

)

2





E(MW ) =
1
n2

D

nD∑

i=1

nD∑

j=1

{
P
(
Q̂1i < Q̂2j

)
+

1
2
P
(
Q̂1i = Q̂2j

)}

= P
(
Q̂1i < Q̂2j

)
+
P
(
Q̂1i = Q̂2j

)

2
.

As proved in Proposition 2, when ROC1(t) = ROC2(t) ∀t, i.e. whenQ1
d= Q2, Q̂1 andQ̂2 have the same

distribution whenF̂ is estimated empirically. Therefore,E(MW ) = 0.5.
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