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WEB APPENDIX A: TABLES AND FIGURES

Table 1. P-values for comparing the percentile value distributions of benign tumor cases and ovarian
cancer cases, np = 41,n; = 24,ne = 66. Tests comparing raw marker values between benign tumor
cases and ovarian cancer casesyielded p < 0.0001 for both the t-test and the \WWilcoxon rank sum test.

Unconditional Conditional
Test F empirical F parametric F empirical F parametric
Asym! Boot? Asym Boot Asym Boot Asym Boot
t-test  0.0009 0.0006 0.0018 0.0013 0.0005 0.0003 0.0012 0.0009
WRS? - < 0.0001% - < 0.0001* < 0.0001 < 0.0001* < 0.0001 < 0.0001°

Tasymptotic variance
2nonparametric bootstrap variance or smoothed bootstrap variance indicated by supérscript
3Wilcoxon rank sum test
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Table 2. P-values for comparing the case percentile value distributions of CA-19-9 and CA-125, np =

51, np = 90.

Test Statistic F empirical CDF F parametric

Asym! Boot? Asym Boot

Marginal

Mean Difference 0.007 0.007 0.009 0.01
WRS? - < 0.0001° - 0.0006°
WSR: - < 0.0001° - 0.0001°
Sigr® - < 0.0001° - < 0.0001°

Covariate Adjusted
Mean Difference < 0.0001 < 0.0001 < 0.0001 < 0.0001

WRS - < 0.0001 - < 0.0001
WSR - < 0.0001 - < 0.0001
Sign - < 0.0001 - < 0.0001

Tasymptotic variance

2nonparametric bootstrap variance, or smoothed bootstrap variance indicated by supérscript
3Wilcoxon rank sum test statistic

4Wilcoxon signed rank test statistic

5Sign test statistic
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Fig. 1. A. ROC curves (control distribution is empirically or parametrically estimated) (a) for benign tumor cases and
ovarian cancer cases in the ovarian cancer data, and (b) for CA-19-9 and CA-125 in the pancreatic cancer data.
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WEB APPENDIX B: PROOF OFTHEOREMS
0.1 Proof of Theorem 1

Withz =1, 2,letYp,;,i =1, ..,np andY;;, j = 1, ..., n. be the marker measurementsin controls and the
2" type of cases. LeF andG', be the corresponding marker distribution functions. Wieis estimated
empirically,

vip (A -2)
_ \/_{nnDZZI Yo, < Vij) - MDZZI Yp, < Yay) — P(¥p Y1>+P<YD<Y2>} % 100
<%ni [ — G1(Yp,) — {1 — Ca(Yp,)}] — P(Yp < Vi) + P(Yp < Y2)> x 100
{ iF (Y1) — \Yl)}XIOO—\/@{%iF(Y%)—P(YDgn)}X100+Op(1)
- _\/%— _Z {Ri(Yp,) — Ra(Y) — E(Ry — Ra))
MZ{QU E(Q1)} — \/AQ—HZ{QQJ E(Q2)} + 0p(1),

where* can be proved with the U-statistic theory (van der Vaart, 1998).
When F' is modeled parametrically, assume that (9 9) can be represented a\?lz SorD

op(1), wherey;, i = 1,..,np are independent identically distributed variables wiify;) = 0 and
var(y;) = %(6), we have

1 &
= nD{H—IZF (Y1) — ZF (Ya;) Eyng(Y)—i-Eyng(Y)} % 100

=* \/%{EylFé(Y) — EYIFQ(Y) — Ey2Fé(Y) + EY2F9(Y)} x 100

1 & R
+ Jnp {H—IZFQ(YU) - H—QZFH(}QJ-) — Ey, Fy(Y) +Ey2F9(Y)} x 100 + 0, (1)
| = Jj=1

np

1 OA;
— o X e S0~ Fl@0} - 3 0~ B ),

where* follows sinceF = {Fy (y) : 0 € ©} is a Donskerclass (van der Vaart and Wellner, 1996, Theorem
2.7.5 on page 159).
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0.2 Proof of Theorem 2
With z = 1,2 andk = 1,... K, let Yf];i’i =1,.,np andYZJ,] = 1,..,n,; be the marker mea-
surements for controls and thé” type of cases in thé'" covariate category. LeF’* andG* be the
corresponding marker distribution functions. WhEt is estimated empirically,

Vi (8-2)

K mpr nig K np nag

SN £ 9) ) SETIF LIS 3) 9) SECY(F RS EY

n
k=11i=1 j=1 2 h=1i=1j—1 Dk

K K
= puP (YE<YF) +> puP (Y] < YQ’“)} x 100
k=1 k=1

K npg
=vn {ZZ [p1e {1 = GT (YD)} — pan {1 - G5 (Y5,) }] ZplkP YY)
k=1 i=1
K 1 K nik
+Zp2kP(YL’§§Y2k)}><100+w/_nD — Y > PR —Zplkp(yggyf) x 100
k=1 oz 1j=1 k=1
K nao K
ZZF’“ Y5) = parP (Y < YF) 3 x 100 + 0,(1)
2 k=1j=1 k=1
K 1 NPk
RY (Y, R} (Y, E (RY) + parE (RS
kZZI _nkaDk ;{plk ( ) P2k ( ) P1ik ( 1) P2k ( 2)}
1
; 1).
=+ m;{QlX] (QIX) \/)\—TLZ{QQXJ (QQX)}+OP( )

This proves Theorem 2(a). Now, considerwhlén'ls estimated parametrically and suppose the parameter
¢ can be represented 3& (9 9) \/_ oD b + 0p(1),wherey;, i = 1, ..., np are independent

identically distributed variables witl(¢;) = 0 and vafy;) = X(6). Let X.;,5 = 1,..., n. be the
covariate measurements for the type of cases, we have
N, (A — A)
1 &
=Vnp{ — Y F(Yi;1X1,) — ZF (Y25 X25) — Ev, x, Fo(Y[X) + By, x, Fp(Y]X) p x 100
ny =1

= np { By, x, Fy(Y|X) - Eyl,XlFe(Y|X) — By, x, Fy(Y[X) + By, x, Fo(Y]X)} x 100
ni 1 n2
+Ap 8 — Y Fa(Yij|X1,) — — > Fo(Ya;X25) — By, x, Fa(Y|X) + By, x, Fo(Y]X) p x 100 + 0,(1)
ni = n2 =
1 &

N, 1 &
= \/T_D; = + \/—Z{le E(Qix)} — m;{QQXj — E(Q2x)} + 0p(1),
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where{Ey, x.,z = 1,2} is integrated over the joint distribution of the markérand the covariaté&X in
the 2*" type of cases.

0.3 Proof of Theorem 3

The first result, 3(a) has been proved (Delargl others, 1988). For the second result, with= 1, 2, let
Y.pj,j =1, ..,np be marker measurements in cases. Ligf, be the distribution function for marker

in controls and) = (6., 62). Suppose,/np (é — 9) can be represented a\% oD b + 0p(1),where

¥, i = 1,..,np are independent identically distributed variables wily);) = 0 and vafy;) = 3(0),
we have

T (A—A)
= /np —Z{F Yip,) — Fy(Yap,)} — By, p Fo, (Y) + By, Fp, (Y) | x 100

=VND {EY1DF§1 (Y) - EYlDF91 (Y) EY2DF (Y) + EYzDF92 (Y)} x 100

+\/”D EZ{Fel(ile]‘)_Fez(nD]‘)}_EY1DF91(Y)+EY2DF92(Y) X100+0P(1)

1 ZOA,;
_\/T_D; = + \/—Z{ng Q25 — E(Q1 — Q2)} + 0,(1)

and result 3(b) follows.

0.4 Proof of Theorem 4

With z = 1,2, let szDwi = 1,.,np andYDJ,j = 1,..,npr be the measurements of marker

in controls and cases respectively in th& covariate category. Let’* and G* be the corresponding
distribution functions. Wheit* is estimated empirically,

\/_(A A) i%% {(11:)1 YID) I(szDz Y2ij)}

1=1

_ZpDkP(Y <Yip) +ZpDkP (V5 <Ydp)| = 100

k=1
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<2K:7§pmc 1_Gk( ) {1_Gk ZpDkP YlD)

k=1 i=1
K npg
- S vy <)) 00 g | L3S (ot () - )}
k 15=1
K
= > por {P (Vs < V) = P (Vs <VHD)H| X 100 +0,(1)
k=1

Npr

K
1 DDk k k vk k k
= — R — R5(YS-)— E(RY — R
S =D T (R~ RO~ PR~ R)

+ \/%—D ; {Qix; — Qaxj — E(Qix — Qax)} + 0p(1).

This proves Theorem 4(a). Now consider whenis estimated parametrically. Letp,,i = 1,...,np
andXp;,j = 1,..,np be the covariate measurements for controls and casesi.¢t| X) be the dis-

tribution function of marker: in controls conditional onX. Suppose,/n (é — 9) can be represented
as¢+_b SoiP b + op(1), wherey;, i = 1,..,np are independent identically distributed variables with
E(v¢;) = 0 and va(y;) = 3(0), we have

viip (8-

1
=V | > {Fgl (Yip,|Xp;) — Fy,(Yap, |XDj)} = Ey,pxpFo, (Y[X) + By, x, Fo, (Y| X) | x 100
j=1

=np {EYw,XDFgl (Yip|Xp) = Evip,xp F1,0(Y1D|XD) — Evyp, xp Fy, (Y2p|XD)

1
+ Ev,p,xpFo,(Yap|Xp)} x 100 + /np Z {Fo,(Yip,|Xpj) — Fo,(Yan,|Xpj)}
] 1
- EYID XDF91 (Y|X) + EY2D XDF92 (Y|X)] x 100 + Op(l)

— \/L_ XD: 04, i+ \/_ Z {Qix; — Qaxj — E(Qix — Qax)} + 0p(1).

0.41 Theorem 4 (Extension Version)

Consider the setting when the two markers are adjusted for different covatigtemnd X,. For z =
1,2, let@Q.x. (QZ x.) be the (estimated) covariate-specific percentile value forzthemarker, letA =
E(Q1x,) — E(Q2x,) andA = lel - Q2X2. WhenX; and X, are discrete with stratey, = 1, ..., K;
andky = 1,..., Ky respectively, letupy,x, andnp, ,, be the number of controls and cases in the
intersection of thek!" stratum for covariate 1 and thig stratum for covariate 2. Suppose ag —
oo,np/np — A € (0,1), npy, /"D — Ppkyk, € (0,1), nDryky /"D — PDRik, € (0,1), then
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np (A — A) converges to a mean 0 normal random variable with variartGavhere

k k k k
@ o Z Z var{Rll(Ylé) - R22(Y25)} N var(Qix, — Qax,)
" k PDkvks/PDikes ) ’

if for each marker, the covariate-specific reference distribufigh’| X) is estimated empirically within
each covariate category specific for the marker, whete (Yz’jj) = P(Yff, < YZ%) is the percentile
value for a control using his covariate-specific case distribution as the reference fo"thearker in the
k" covariate category, and

B o= (%—?)Tz(m (%—?) + Var(@lx}_ Q2xa), (0.1)

if F(Y|X) is modeled parametrically for markerwith parameter estimat,, ¢ = (6, 62) andX(0) is
the asymptotic variance qf/np (é — 9). We assume thah is differentiable with respect té and that

F ={Fy (y|z) : 0 € O} is a Donsker class.
Proof follows similar steps to above.

0.5 Proof of Proposition 1

LetYp,;,i =1,..,np, andY; be the marker measurementin controls and4tietype of cases; = 1,2.
Let@.(Q.) be the corresponding (estimated) case percentile value. We have

Q1L Q= P{F(V}) <t} =P{F(Y2) <t} Vte(0,1)
= P{Yi < F (1)} = P{Ya < F7H(1)}
SV LY,
:>Q1|YDng2|YDiai: 1,...,7’LD and Ql :QQ-

0.6 Proof of Proposition 2

Let Yy andY)p be the marker measurements for controls and cases respectiygly F,Yp ~ G. Let
( be the estimated case percentile value. Wheis the empirical CDF, forn € (0,1, ..., np),

P(npQ/100 = m) = P {nDF(YD) = m} =P {XD: I(Yp < Yp) = m}

— o [ Fre - P ot

(np —m
= (nl)ﬁi[;;)'w‘/o wm(l — w)"b*de{Ffl(w)}’

which is a function of ROC. Therefore, when RQE) = ROG,(¢) V¢, i.e. whenQ; < Q., Q1 andQs
have the same distribution.
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0.7 Proof of Proposition 3

With z = 1,2, letQ.;,i = 1, .., np be the estimated case percentile values forttfemarker. Because
of the exchangeability among cases, the correlation betv(@ﬂ, Qm) and (Qlj, QQj) are the same

for each pair ofi, j. In another W0rdS(Q11, Q21) N (anD, Q%D) are correlated samples from a

bivariate distribution with exchangeable correlation. Undgy : Q, 4 Qo2, Ql andQ2 have the same
distributionwhen#’ is estimated empirically (Proposition 2). Consequebt]y= Qlj—QQj,j =1,...n
are correlated (exchangeably) samples from a symmetric univariate distribidti@ue to the complete
exchangeability among tho$& s, if H is continuousZ; = P(U; > 0) is Bernoulli random variable with
P(Z; =1) =0.5,thusE(S) = Z?gl Zj is equaltol /2. In addition,Z; is independentof (|U;|), where
r(|U;]) is the rank of|U;| in the sample, thusE(T) = Y"'2) E{Z;r(|U;])} = Y72 E{r(|U;])} =
(np +1)/4.

0.8 Proof of Proposition 4

It is equivalent to prove that the Mann-Whitney test statistic (MW) of the two groups of estimated per-
centile values has mean 0.5 whéhis estimated empirically. We have

MW:LQZDZD I(Qli<@2j)+w
np
EMW) = LQDZDZD {P (Qu < Q2j) + %P (Qu = Q2j)}
—P(Q1i<Q2j)+M-

As proved in Proposition 2, when RQQ) = ROG,(t) Vt, i.e. whenR; = QQ, Ql andQ2 have the same
distribution whenZ’ is estimated empirically. Therefor&(M W) = 0.5.
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