SUPPLEMENTAL MATERIALS: SOME DETAILED CALCULATIONS

The following text is included for refereeing purpose only. It will not be part of the paper.

Proof of (Al). It can be shown by following the same steps as the proof of (A3) with

¢=0.

Proof of (A2). For convenience, drop the subscript ¢ and define

A = g(X);

Zy = AYP(q —€);
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Note that
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var(ey, —€) = (m—1)/m.
Now calculate some moments:
var(Zi|X) = A(m—1)/m;
var(V|IX) = A(1+¢)/m;
cov(Zy, VIX) = A(¢/m) ey
Note that Z; and V are jointly normally distributed. We thus have
cov(Zg, V)

E(ZyV,X) = ————(V-X)= (C/m)" ey

var(V) (14+¢)/m (V= X);
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var(Zy|V, X) = var(Z;) — cov?(Zy, V) /var(V) = A{ p——

We have thus shown that
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Note that S = (m—1)"" 37" | Z{ and 3, ¢}, = 1. Now putting the subscript i back in and

remembering that A = g(X;), we have shown that
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Proof of (A3). Because [W,,;(()|X;] ~ N{X;,9(X;)(1 4+ ()/m}, we have

E[Kn {Ws(¢) = 370}9( i)]

// {1+ O)g(x)/m}/? Kp(w — x0)g(x) e {{(1 n C)g(az‘)/m}lﬂ} fx(x)dwdz.

Now make the change of variables:

z = (w—x9)/h~ w=umxy+ zh,
so that

E[Kp {W3,i(¢) — 20} 9(X;)]
T —x9— 2h
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Make the further change of variables

(x)dzdz.

S = A e =t sh ({14 Ofm)

so that

E Ky {Whi(C) = zo} 9(Xi)]

! 1/2
// 9Y2[xo + zh + s{(1 + ¢)/m}\/?] K(2)g [wo + zh + s{(1+ ¢)/m}'"*]
x¢ (s/9" [0 + zh + s{(1 4+ ¢)/m}?]) fx [xo + zh + s{(1 + ¢)/m}"/?] dzds.

As h — 0, because f K(z)dz =1, the right hand side of the above equation converges to

1 1/2
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%6 (/9" + s{(L+ Q) /m}"2)) fx [0+ s{(1+)/m} /%] ds




Then note that
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x¢ (s/9"? [0 + 3{(1 + Q) /m¥3) fx w0 + s{(1 +¢)/m}"/*] ds
= g(xo) fx (7o) / P —————&{s/g"*(xo) }ds

= g(xo)fx(xo),
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as claimed.

Proof of (A4). The term in question is

w—2

o6) [ [ 5w = 31010801 o et |t G

" <[{g<x><fu +_5/m}1/2r - 1) .

Making the change of variables z = (w — x¢)/h and letting h — 0, we have

C(h,
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Then by making the change of variables, x = xq + s{(1 + ¢)/m}'/2, it is seen that (A4)

equals

S [ oo+ {01+ ) fmy s

]

Note that [ H(xg)ds = 0, so we can apply L'Hospital’s rule so that (A4) equals

[0 + s{(1+¢)/m}"/*]ds.
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Note that [ sHY (xo)ds = 0, so we can apply L'Hospital’s rule again so that (A4) equals
—;/SQH@) (x0)ds
2m(m — 1) s O

Proof of (A9).
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where the third equality follows because Wj(s,0) does not depend on s.

By standard calculations, we obtain

E(A) = E[E{A]Wi(1,0)}]
= B [n7 {do/vao, 0) KR {Wi(1,0) — a0} 3{Wi(1,0),0}]
= %{do/v(flﬁo,O)}Q/K2(Z)fw(330+hz,0)ﬂ(g;0+hz,0)dz

= %{do/v(ajo, 0)}* fw (20, 0)B(20,0) {1+ o(1)} .

Similarly, for E(As), all the terms are O(n~!) except when k; = ky and s; = so, and we then

have

= %Z {dy/v(z0, (k) } fw (o, Ck)B(wo, G) {1 +0(1)} .



It is an easy calculation to see that
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