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Driving Light Source. The experimental data of Figs. 2–4 made use
of IR laser source consisting of a 3-stage optical parametric
amplifier (OPA) pumped by a high-energy Ti:Sapphire laser
with pulse energies of 21 mJ and a pulse duration of 23 fs with
a high-quality spatial profile of M2 � 1.2, and at a repetition rate
of 10 Hz. The OPA starts with a white light continuum seed,
generated in a sapphire plate and then additionally chirped in
time. In 3 subsequent amplification stages, the signal beam is
further amplified in BBO crystals while isolating the idler beam
in each of the subsequent steps. The tunability range of the OPA
is 1.1–2.8 �m. Conversion efficiencies of 43% (total) were
achieved for generating both signal and idler beams, with energy
of up to 5.5 mJ in the signal beam at a wavelength of 1.3 �m. An
output pulse duration of �35 fs (8 cycles at FWHM at 1.3 �m)
was measured by using second-harmonic frequency resolved
optical gating (SHG FROG).

Extreme High-Order Harmonic Source and X-ray Detection. The high
harmonic beam is generated by focusing an intense driving laser
pulse into a gas-filled hollow wave guide. The ratio of the waist
of the laser beam to the wave guide radius (a � 125 or 200 �m)
was �65%, ensuring guiding of the lowest loss EH11 mode. A
continuous gas flow, with backing pressures of up to 6,000 torr,
enters the wave guide through 2 laser-drilled holes. These holes
effectively divide the wave guide into 3 sections. The end sections
with relatively low gas throughput mitigate supersonic expansion
of the high-pressure gas, which otherwise would lead to lower
pressures in the interaction region. When steady state is estab-
lished, the static gas pressure along the midsection has a
negligible gradient, and pressure close to the backing pressure.
A flat field X-ray spectrometer and a X-ray CCD are used to
detect the generated harmonic beams. Depending on the photon
energy range studied, various metal filters (Al, Zr, Ag, or Ti) are
used to eliminate the fundamental laser light.

Scaling of Single Atom Yield at the Phase Matching Cutoff. The power
scaling for the single atom yield at the phase matching cutoff
h�PM is calculated by using the strong field approximation (SFA)
model, taking into account 8 classical trajectories (high-order
electron returns). This model reproduced the ��5.5 single-atom
effective nonlinear susceptibility scaling for a fixed photon
energy interval and at constant laser intensity, as reported in
refs. 1–3. Under the phase-matching conditions discussed, the
predicted photon energies and laser intensities at h�PM change
as shown in Fig. 2 A and Fig. S1B, and therefore, the scaling of
the single-atom yield has to be revised. Using these parameters,
the power law scaling of the HHG yield P(�L), in a bandwidth
�E, is calculated by using either the Fourier transform of the
single atom dipole acceleration a(�) or the dipole moment d(�):
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where x and y are presented in Table S1. Calculations were
performed for a bandwidth corresponding to a single harmonic,
or �E � 2Ef, where Ef is the fundamental laser photon energy,
and for a fixed fractional bandwidth of �E � E/100, where E is
the harmonic photon energy close to the phase matching cutoff.

The interchangeable prefactor �q
2sq2, with sq � (1 � �)dq, for

the macroscopic HHG intensity dIq in Eq. 3 emitted in a specific
harmonic at the phase-matching cutoff h�PM, containing all of
the wavelength scaling terms is given by: �q

2(�L)dq2 	
�q

�2(�L)aq2. Here, �q(�L) 	 �L
1.6–1.7 is the harmonic frequency

at the phase matching-cutoff h�PM. Because the scaling of the
critical ionization (�CR 	 �L

�2) is almost independent of the gas
species, the small variation of the power law scaling of �q(�L) is
a consequence of the dependence of the ionization rate on the
ionization potential of the gas (assuming ADK).

Phase-Matched HHG Using Loosely Focused Driving Laser Beam (No
Wave Guiding). The predicted scaling of the critical ionization
level and driving laser intensity is also applicable to HHG in a
near-plane-wave propagation achieved by using a loosely focused
laser beam. However, a larger laser energy is required in this case
compared to HHG in a wave guide, because the laser beam
cross-section increases. For a laser confocal parameter signifi-
cantly longer than the interaction region, any geometric contri-
bution to the phase mismatch can be neglected, giving:
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To achieve phase matching, the ionization level must be close to
the critical level �CR. Thus, in contrast with a wave guiding
geometry, where there is optimal phase-matching pressure, here,
density of the medium is decoupled from the phase-matching
process (this is also equivalent to a wave guide with a large inner
diameter). In both cases, the density-length product of the
nonlinear medium that optimizes the HHG emission near the
phase-matching cutoff is set by the absorption cross-section of
the generated X-rays: �Lmed � 6�q

�1 (from Eq. 3). Therefore, the
optimal pressure-length product and phase-matched HHG in-
tensity are the same as the predicted in Fig. 5 A–C.

Evolution of the Driving Laser Field. The index of refraction and
dispersion of He are relatively low. For example, the phase
mismatch of neutral helium is equivalent to only a �500-�m-
thick fused silica window under the considered conditions at
h�PM � 1 keV: 12 atm pressure and medium length 
50 cm.
Linear and nonlinear evolution of the laser field could limit the
usable propagation length, however. In this context, we investi-
gated competing limiting factors such as self-focusing, group
velocity mismatch between the laser and the X-ray fields,
ionization-induced laser energy loss, etc.

Nonlinear Effects. At high gas pressures, nonlinear distortion of
the driving laser pulses might occur because of self-focusing or
temporal or spectral modulation. Fortunately, this is not the
case. The critical power for self-focusing in a wave guide is
slightly higher than in the case for a bulk medium, and in general
drops with increasing density of the medium: PCR � 1.86�L

2 /
(4�nLpñ2), where nL is the linear refractive index at �L (4).
Because the optimal phase-matching pressure scales quadrati-
cally with laser wavelength, PCR remains constant. On the other
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hand, the laser intensity required to generate a particular X-ray
photon energy at h�PM decreases for longer-wavelength driving
lasers. Therefore the laser power stays below the critical power
for catastrophic nonlinear distortion. In the parameter range of
interest, the dispersion term related to the nonlinear index of
refraction n2 is �2% of the linear refractive index term for He,
Ne, and Ar at �L � 0.8 �m (5). This fraction decreases for
mid-IR laser wavelengths. Hence, the Kerr nonlinear refractive
index does not significantly modify the phase-matching condi-
tions (Eq. 2).

Plasma Frequency. Ionization Losses. Quantitatively, the free-
electron density is ne � 1017 cm�3 for a fiber with a 250-�m
diameter and drops for larger wave guide diameter. This corre-
sponds to a plasma frequency cutoff wavelength more than �100
�m, well outside the region of interest for this work. Thus, even
though the longer-wavelength laser beams will be more-sensitive
to the plasma-created propagation distortions, the medium still
remains underdense.

The ionization-induced laser energy loss is approximately
equal to the energy acquired by the free electrons. An ionized
electron gains a potential energy of Ip and a quiver energy that
can be estimated both from experimental and theoretical above-
threshold ionization (ATI) photoelectron spectra (1, 6, 7). ATI
spectra exhibit a rapid decrease of photoelectron emission up to
electron energies of 2Up, followed by a plateau region extending
to �10 Up. Using this photoelectron distribution, we estimate
that the laser energy loss in He at �L � 3 �m for phase matching
in the 1-keV region is 0.03 mJ/cm, corresponding to a 3% loss of
the required laser energy per absorption length (e.g., Labs � 8.7
cm for a � 125 �m and laser energy of �8.8 mJ in an 80-fs pulse
duration). Use of a pressure gradient in combination with
tapered wave guides may be used to maintain a high peak
intensity and optimal phase-matching conditions over many-
centimeters distances, despite ionization losses (8). In the case of
HHG using a loosely focused driving laser beam, a slightly
converging beam can be used instead. Also, to some extent the
increase in ionization-induced laser energy loss at high photon
energies is mitigated because the strong-field ionization consid-
ered here lies well within the tunneling-ionization regime. In
other words, multiphoton ionization is suppressed, and most of
the photoelectrons concentrate in a spike-like distribution at
energies much less than 2Up. Moreover, the ratio of the yield of
photoelectrons with kinetic energy 
2Up compared with �2Up
will drop more rapidly than the predicted scaling �L

�4.4 (6) when
assuming constant laser intensity (under phase-matching con-
ditions IL decreases as shown in Fig. S1B).

Group Velocity Mismatch. The group velocity of the driving laser
is given by vgL � c(nL � �LdnL/d�)�1, where the index of
refraction nL at the laser wavelength is:
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Under phase-matching conditions nL 3 1. In contrast to phase
velocity matching, group velocity matching vgL � c cannot be
achieved because for a medium with normal dispersion, all of the
terms in dnL/d� have the same sign:

1
�gL

�
1
c

� �
�L

c
dnL

d� � �L
�

�
�L

c � � p�1 � ��
d	��L�

d� �
�L



p�Nare�L

�



u11
2 �L

4�2a2�.

Hence, the group velocity of the driving laser is always less than
the group velocity of the X-rays. Using wave guides with larger
radius (a) minimizes dnL/d� because it scales approximately as
a�2 at the phase-matching cutoff. This increases the group
velocity walk-off length (LGV) between the driving pulse and an
X-ray pulse (corresponding to a temporal walk-off of a laser
pulse duration FWHM, LGV � FWHM (1/vgL � 1/c)�1. However,
increasing the wave guide radius does not lead to a larger ratio
of LGV/Labs, as would be required to obtain the best HHG flux
(see Eq. 3), because both lengths scale effectively as 	 a2. Thus,
the quadratic growth region for HHG emission is effectively
limited to characteristic lengths comparable with LGV (decreas-
ing from �10 cm to �1 cm for driving laser wavelengths from 0.8
to 10 �m). The HHG signal still continues to increase for lengths

LGV, but more slowly than a quadratic dependence. These
walk-off effects can likely be ameliorated, however, by using
tapered wave guides (8) with pressure ramps combined with
shaping and/or lengthening the driving laser pulse. Specifically,
the objective is to keep the point, at which the pulse intensity
reaches that required to generate the target harmonic, moving
at c. For medium lengths 
LGV, temporal reshaping of the
envelope of the X-ray bursts will occur, together with the
generation of longer trains of X-ray pulses.

Ponderomotive Effects. As the analysis shows, phase-matched
HHG emission using mid-IR driving lasers scales well into the
multi-keV regime while still requiring nonrelativistic laser in-
tensities of 1014 to 1015 W/cm2 (Fig. S1B). In contrast, when using
a 0.8-�m driving laser, intensities 
1016 W/cm2 are required for
non-phase-matched harmonic emission in the keV region of the
spectrum. At laser intensities of IL � 5  1016 W/cm2, the
magnetic component BL of the laser electromagnetic field can no
longer be neglected, and the associated ponderomotive Lorentz
force F � e(EL � vexBL) induces a drift of the returning electron
wave packet along the direction of laser propagation, away from
the parent ion. Therefore, even if the phase mismatch is partially
compensated, the decrease in recombination probability repre-
sents a fundamental limit for efficient single-atom HHG (9).

Using mid-IR driving wavelengths, however, the same cycle-
averaged kinetic energy of the recolliding electron, Up, corre-
sponding to the same energy harmonics, is achieved by using a
lower peak electric field that drops as EL 	 �L

�1. Hence, the
magnetic field is proportionally smaller. For the laser parameters
required for phase matching up to �L � 10 �m (shown in Fig.
S1B), the relativistic field strength parameter � � eEL�L/
(2�mec2), measuring the ratio between the amplitude of the
speed of the quivering classical electron in E field, and the speed
of light (10, 11), is �15% (Fig. S3A). Thus, the electron remains
nonrelativistic. However, the magnetic field component of the
ponderomotive force cannot be neglected because the excursion
time for the recolliding electron is also increasing with longer
wavelengths. The drift of the center of mass of the returning
electron wave packet, d � c�2/(2�L) 	 �L

3 EL
2 , in the direction of

laser propagation, starts to exceed the transverse wave packet
spread (see Fig. S3B), �z � 23/4(eEL�)1/2/(�Lme

3/4Ip
1/4) (9–11), for

laser wavelengths longer than �5.9 �m in He, and �7 �m in Ne
[points (1) and (2) in Fig. S3C]. Above these laser wavelengths,
corresponding to full phase-matching cutoffs of �3 keV [point
(1) and (2) in Fig. 2 A], the recombination probability, and thus
single-atom HHG efficiency, will decrease more rapidly than the
drop associated with the 3D spread of the electron wave packet.
External light fields can mitigate this effect (10–12). The prac-
tical upper limit for mid-IR phase-matched HHG emission can
be more precisely determined through further single-atom cal-
culations that take into account magnetic dipole and electric
quadrupole interactions.
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Fig. S1. (A) Critical ionization level above which full phase matching is not possible, which scales approximately as �CR 	 �L
�2. (B) Predicted laser intensity required

to reach the critical ionization level at the peak of the laser pulse on axis (solid line), and when modal averaging (13, 14) is taken into account (dashed line).
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Fig. S2. Absorption-limited intensity of the phase-matched HHG in a bandwidth corresponding to a single harmonic at the phase-matching cutoffs for laser
wavelengths between 0.8 and 10.0 �m. The curves are normalized to the phase-matched HHG emission at �L � 0.8 �m. For high photon energies, group velocity
mismatch and magnetic field effects would be expected to reduce the HHG flux below these predictions (see Scaling of Phase Matching to keV Photon Energies
and SI Text for details).
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Fig. S3. (A) Ratio, �, of the velocity amplitude of the quivering electron in the laser field and the speed of light versus �L, showing that relativistic effects do
not play a significant role under the conditions considered here. (B) Schematic of the drift of the electron wave packet due to the magnetic component of the
laser field, along the propagation direction away from the nucleus (0, 0). (C) Squared ratio, �, of the drift of the wave packet and its spread versus �L, showing
that magnetic field effects may decrease the HHG flux only for �L approaching 6 �m in He and 7 �m in Ne.
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Table S1. Power dependence of the single-atom yield with laser wavelength at the phase-matching cutoffs h�PM

Gas x* x y† y

�E � 2Ef
‡ �E � E/100§ �E � 2Ef �E � E/100

Helium �9.00 �6.43 �14.05 �11.45
Neon �8.62 �6.44 �13.44 �11.26
Argon �8.38 �6.45 �12.57 �11.17

*Power dependence of the dipole acceleration Pa 	 � L
x.

†Power dependence of the dipole moment Pd 	 � L
y.

‡Ef —fundamental laser photon energy.
§E—harmonic photon energy close to the phase-matching cutoff.

Popmintchev et al. www.pnas.org/cgi/content/short/0903748106 7 of 7

http://www.pnas.org/cgi/content/short/0903748106

