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T1 / ms 

Hydroxyl Protons Amide NH 
  H2O molecules  

per EuL 
19 ppm 16 ppm 14 ppm 

Eu-OH2 Bulk H2O 
-1 ppm -2 ppm 

0.18 39 39 39 ― 102 ― 39 

6.93 40 40 39 ― 165 ― ― 

14.35 40 40 39 ― 232 ― ― 

21.80 Broad Broad Broad ― 274 ― ― 

29.25 Broad Broad Broad ― 334 ― ― 

44.18 Broad Broad Broad ― 444 ― ― 

59.12 ― ― ― ― 573 ― ― 

74.05 ― ― ― ― 678 ― ― 
 

Table 1.  The experimentally determined T1 values of the exchanging protons in the 

EuCNPHC3+ complex.  Peaks that had exchange broadened to an extent that T1 could not 

be reliably measured are denoted “broad” and dashed entries indicate that the peak could 

not be seen or sufficiently resolved to measure T1. 
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Equations used for fitting the 6 exchanging pool system EuCNPHC3+ 

 
The six pools of protons are designated by A, B, C, D, E, and F.  Each of them is 
characterized by equilibrium Z magnetization designated by M0

i where i is one of 
the designations.  M0

i is directly proportional to the number of protons in pool i.  
Also, each pool is characterized by: 
 
Mx

i , My
i , and Mz

i , the X, Y, and Z magnetizations at any time 
 
ωi , the Larmor frequency of pool i, in rad s-1 
 
T1i , the spin-lattice relaxation time, in seconds 
 
T2i , the transverse relaxation time, in seconds. 
 
Two other parameters that appear in the equations are the NMR spectrometer 
settings: 
 
ω , the irradiation frequency of the spectrometer 
 
ω1 , the strength of the irradiation, in rad s-1 [equal to 2πB1 , where B1 is in Hz] . 
 
Protons of pool A can exchange with pools B, C, D, E, and F but protons of pools 
B, C, D, E, and F do not exchange with other. 
 
In the differential equations given below, the exchange rates for protons leaving 
pools B, C, D, E, and F and entering pool A are 
 
Cba = 1/ τb           
 (1) 
 
Cca = 1/ τc           
 (2) 
 
Cda = 1/ τd           
 (3) 
 
Cea = 1/ τe           
 (4) 
 
Cfa = 1/ τf           
 (5) 



 
in which τi is the average lifetime of a proton in pool i.  The principle of detailed 
balance gives us the exchange rates for protons to leave pool A and enter each 
of the other pools: 
 
Cab = (M0

b / M0
a) Cba         

 (6) 
 
Cac = (M0

c / M0
a) Cca         

 (7) 
 
Cad = (M0

d / M0
a) Cda         

 (8) 
 
Cae = (M0

e / M0
a) Cea         

 (9) 
 
Caf = (M0

f / M0
a) Cfa         

 (10) 
 
and then, the rate for protons to leave pool A is 
 
Ca = Cab  + Cac + Cad + Cae + Caf  
 
 
In order to simplify the equations, some of the parameters are lumped into new 
parameters: 
 
k1a = 1/ T1a + Ca         
 (11) 
 
k2a = 1/ T2a + Ca         
 (12) 
 
k1b = 1/ T1b + Cba         
 (13) 
 
k2b = 1/ T2b + Cba         
 (14) 
 
k1c = 1/ T1c + Cca         
 (15) 
 
k2c = 1/ T2c + Cca         
 (16) 
 



k1d = 1/ T1d + Cda         
 (17) 
 
k2d = 1/ T2d + Cda         
 (18) 
 
k1e = 1/ T1e + Cea         
 (19) 
 
k2e = 1/ T2e + Cea         
 (20) 
 
k1f = 1/ T1f + Cfa         
 (21) 
 
k2f = 1/ T2f + Cfa         
 (22) 
 
 
The time dependencies of the various magnetizations while irradiated by the RF 
pulse 
are given by the solution of the following set of 18 coupled differential equations: 
 
dMx

a/dt = -k2a Mx
a + Cba Mx

b + Cca Mx
c + Cda Mx

d + Cea Mx
e  

               + Cfa Mx
f + (ω - ωa) My

a       
 (23) 
 
dMx

b/dt = Cab Mx
a - k2b Mx

b + (ω - ωb) My
b      

 (24) 
 
dMx

c/dt = Cac Mx
a - k2c Mx

c  + (ω - ωc) My
c      

 (25) 
 
dMx

d/dt = Cad Mx
a - k2d Mx

d + (ω - ωd) My
d      

 (26) 
 
dMx

e/dt = Cae Mx
a - k2e Mx

e + (ω - ωe) My
e      

 (27) 
 
dMx

f /dt = Caf Mx
a - k2f Mx

f + (ω - ωf) My
f      

 (28) 
 
 
dMy

a/dt = (ωa - ω) Mx
a - k2a My

a + Cba My
b + Cca My

c + Cda My
d + Cea My

e  



               + Cfa My
f - ω1 Mz

a        
 (29) 
 
dMy

b/dt = (ωb - ω) Mx
b + Cab My

a - k2b My
b - ω1 Mz

b    
 (30) 
 
dMy

c/dt = (ωc - ω) Mx
c + Cac My

a - k2c My
c - ω1 Mz

c    
 (31) 
 
dMy

d/dt = (ωd - ω) Mx
d + Cad My

a - k2d My
d - ω1 Mz

d    
 (32) 
 
dMy

e/dt = (ωe - ω) Mx
e + Cae My

a - k2e My
e - ω1 Mz

e    
 (33) 
 
dMy

f /dt = (ωf - ω) Mx
f  + Caf My

a  - k2f My
f  - ω1 Mz

f    
 (34) 
 
 
dMz

a/dt = ω1 My
a - k1a Mz

a + Cba Mz
b + Cca Mz

c + Cda Mz
d + Cea Mz

e  
               + Cfa Mz

f + M0
a / T1a       

 (35) 
 
dMz

b/dt = ω1 My
b + Cab Mz

a - k1b Mz
b + M0

b / T1b     
 (36) 
 
dMz

c/dt = ω1 My
c + Cac Mz

a - k1c Mz
c + M0

c / T1c     
 (37) 
 
dMz

d/dt = ω1 My
d + Cad Mz

a - k1d Mz
d + M0

d / T1d     
 (38) 
 
dMz

e/dt = ω1 My
e + Cae Mz

a - k1e Mz
e + M0

e / T1e     
 (39) 
 
dMz

f /dt = ω1 My
f  + Caf Mz

a  - k1f Mz
f + M0

f / T1f      
 (40) 
 


