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Analytic solutions for the LRC model

Analytical expression of Equations 1-4 can be derived quite conveniently by writing each system of ODEs
in matrix form as

x′ = K · x,

where x is the vector of cell species for which equations are defined in each of the four systems, x′ contains
the derivatives of these variables and K is the coefficient matrix. The solution can be written in analogy
to that of first order differential equations

x(t) = exp(K · t) · x(0),

where exp is the matrix exponential function. The analytical expression of Equations 1-4 only differ in
their version of x and K and these are given below.

One-population model solution

The expression for x and K during uptake is

x =


Au0

Au1

Au2

...
Aun

 and K =


−Φ 0 0 · · · 0
2σa −Φ 0 · · · 0
0 2σa −Φ · · · 0
...

...
. . . . . .

...
0 0 · · · 2σa (2σa − Φ)

 .

During chase, for cells loosing labelling after n divisions, they are

x =


Ac10

Ac11

Ac12

...
Ac1(n−1)

 and K =


−Φ 0 0 · · · 0
2σa −Φ 0 · · · 0
0 2σa −Φ · · · 0
...

...
. . . . . .

...
0 0 · · · 2σa −Φ

 ,

where Φ = σa + δa + γa in both cases above. The expression for x and K during chase, for cells loosing
labelling after n + 1 divisions, follows in a similar fashion.
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Two-population model solution

Uptake expressions:

x⊤ =
[
Du0 Du1 · · · Dun Au0 Au1 · · · Aun

]

K =



−Φd 0 0 · · · 0 0 0 0 · · · 0
2σd −Φd 0 · · · 0 0 0 0 · · · 0
0 2σd −Φd · · · 0 0 0 0 · · · 0
...

...
. . . . . .

...
...

...
...

. . .
...

0 0 · · · 2σd (2σd − Φd) 0 0 0 · · · 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
δd 0 0 · · · 0 −Φa 0 0 · · · 0
0 δd 0 · · · 0 2σa −Φa 0 · · · 0
0 0 δd · · · 0 0 2σa −Φa · · · 0
...

...
...

. . .
...

...
...

. . . . . .
...

0 0 0 · · · δd 0 0 · · · 2σa (2σa − Φa)



.

Chase expressions, for cells loosing labelling after n divisions:

x⊤ =
[
Dc10 Dc11 · · · Dc1(n−1) Ac10 Ac11 · · · Ac1(n−1)

]

K =



−Φd 0 0 · · · 0 0 0 0 · · · 0
2σd −Φd 0 · · · 0 0 0 0 · · · 0
0 2σd −Φd · · · 0 0 0 0 · · · 0
...

...
. . . . . .

...
...

...
...

. . .
...

0 0 · · · 2σd −Φd 0 0 0 · · · 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
δd 0 0 · · · 0 −Φa 0 0 · · · 0
0 δd 0 · · · 0 2σa −Φa 0 · · · 0
0 0 δd · · · 0 0 2σa −Φa · · · 0
...

...
...

. . .
...

...
...

. . . . . .
...

0 0 0 · · · δd 0 0 · · · 2σa −Φa



.

The expressions for cells loosing labelling after n+1 divisions follows in a similar fashion. Φd = σd+δd+γd

and Φa = σa + δa + γa in both cases above.


