
Web Appendix I

Gibbs sampler

We derive all full conditional distributions required for the Gibbs sampling algorithm

below. Based on the likelihood (3.2) and the prior for bi in (3.10), we obtain the

distribution of Vij = (Y ′ij,W
′
ij)
′,

f(V |β,R1,B,Σ
∗
2) =

m∏
i=1

ni∏
j=1

f(Vij|β,Σi)

∝ exp

{
−1

2

m∑
i=1

ni∑
j=1

(Vij −Xijβ)′Σ−1
i (Yij −X1ijβ)

} (7.1)

which is a multivariate normal with mean Xijβ and covariance Σi. Hence, the fac-

tors f(Wmis|θ,Yobs,Ymis,Wobs), f(Ymis|θ,Yobs,Wobs) and f(Yobs|θ,Qobs,Wobs) from

(4.1) are multivariate normal, multivariate normal and truncated multivariate normal,

respectively. The full conditional distribution of β is given as

β|V ,Σ1, · · · ,Σm ∼ N

(( m∑
i=1

ni∑
j=1

X ′ijΣ
−1
i Xij

)−1( m∑
i=1

ni∑
j=1

X ′ijΣ
−1
i Vij

)
,

( m∑
i=1

ni∑
j=1

X ′ijΣ
−1
i Xij

)−1
)
.

(7.2)

The correlation matrix Ri,11 can be generated from

π(Ri,11|Y ,β1)

∝|Ri,11|−
(ni−T−1)+T+1

2 exp
{
− 1

2
tr
[ ni∑
j=1

(
Yij −X1ijβ1

)(
Yij −X1ijβ1

)′
R−1
i,11

]}
×

I{ri,jk : ri,jk = 1(j = k), |ri,jk| < 1 (j 6= k) and Ri,11 is positive definite},

(7.3)

where ri,tl (t, l = 1, · · · , T ) is the element of the tth row and lth column in Ri,11.

This is a constrained inverse Wishart with degrees of freedom ni − T − 1 and scale

matrix (1 + 1/ni)
∑ni

j=1

(
Yij−X1ijβ1

)(
Yij−X1ijβ1

)′
. How to sample Ri,11 from this

distribution was discussed in Section 4.2.2.
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The full conditional distribution of biδ is

biδ|Zi,Ci, δi,Σ
∗
22 ∼ N

((
ni∑
j=1

C ′ijδΣ
∗−1

i,22Cijδ + Σ̂−1
biδ

)−1( ni∑
j=1

CijδΣ
∗−1

i,22Zij + Σ̂−1
biδ
µ̂biδ

)
,

(
ni∑
j=1

C ′ijδΣ
∗−1

i,22Cijδ + Σ̂−1
biδ

)−1)
,

(7.4)

where µ̂biδ and Σ̂biδ were defined the same as in Section 3.2.2, Zij = Wij −X2ijβ2,

and biδ and Cijδ were defined in Section 3.2.1.

The full conditional distribution of each component δi,tl of δi is Bernoulli with prob-

ability

π(δi,tl = 1|bi, pi, δ(i,tl)) =
ai1

ai1 + ai0
, (7.5)

where δ(i,tl) denotes a vector consisting of all elements of δi except δi,tl,

ai0 = π(bi|δi,tl = 0, δ(i,tl))π(δi,tl = 0|pi)

and

ai1 = π(bi|δi,tl = 1, δ(i,tl))π(δi,tl = 1|pi)

Next, the full conditional distribution of pi is

π(pi|Zi,Ci, bi, δi,Σ
∗
22) = π(pi|δi) ∝

T∏
t=1

T∏
l=1

(p
|t−l|1/a0+1
i )δi,tl(1−p|t−l|

1/a0+1
i )1−δi,tlpri−1

i (1−pi)λi−1

(7.6)

which can be sampled using the Metropolis-Hastings algorithm. Finally, Σ∗i,22 is

sampled from

Σ∗i,22|Zi,Ci, bi, δi ∼ IW(νΣ,S
−1
Σ ) (7.7)

with

νΣ = ni − T − 1 and SΣ =

ni∑
j=1

(
Zij −Cijbi

)(
Zij −Cijbi

)′
.
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Web Appendix II

Proof of Proposition 1

Since Y ∼ TN(µ,Σ)IU1 , then by the property of a TMVN distribution, Z = P−1Y

is also distributed as a TMVND with mean P−1µ and variance I = P−1ΣP−1, i.e.

Z ∼ TN(P−1µ, I)IU2 , where P is defined in the statement of Proposition 1 and

H is the P -transformed version of U1. H is a convex set because it is transformed

by non-singular matrix P from U1 which is also a convex set. This implies that

U2t, the tth ordinate of U2 (t = 1, · · · , T ), has one of the following three forms: 1)

z ≥ a; 2) z ≤ b; 3) a ≤ z ≤ b, where a and b are bounded constants. Hence

generating Y by Gibbs sampling from π(y
(k)
t |y

(k)
1 , · · · , y(k)

t−1, y
(k−1)
t+1 , · · · , y(k−1)

T ) with

mean and variance in (4.2) is equivalent to first generating Z by Gibbs sampling

from π(z
(k)
t |z

(k)
1 , · · · , z(k)

t−1, z
(k−1)
t+1 , · · · , z(k−1)

T ) with mean νt and variance 1, where νt is

the tth element of P−1µ and then transforming back to Y via PZ. 2

Proof of Proposition 2

Extending the idea in Liu (2007) and Liu and Daniels (2006), based on transformation

(4.4), we derive the Jacobian. The following identities are needed

∂(Yi1, · · · ,Yini)′

∂(ψi,21, · · · , ψi,T (T−1))
= 0,

∂(Yi1, · · · ,Yini)′

∂(bi,11, · · · , bi,TT )
= 0,

∂(ri,21, · · · , ri,T (T−1))
′

∂(bi,11, · · · , bi,TT )
= 0,

∂(Yi1, · · · ,Yini)′

∂(Y ∗i1, · · · ,Y ∗i(ni−1))
=
(
Ini−1

⊗
D−1

i

)
Pi1,

∂(Yi1, · · · ,Yini)′

∂(ψ−1
i,11, · · · , ψ−1

i,TT )
= Pi2,∣∣∣∣ ∂(ri,21, · · · , ri,T (T−1))
′

∂(ψi,21, · · · , ψi,T (T−1))

∣∣∣∣ =
T∏
j=1

(ψ−1
i,jj)

T−1 = |D−1
i |T−1,∣∣∣∣∂(bi,11, · · · , bi,TT )′

∂(b∗i,11, · · · , b∗i,TT )

∣∣∣∣ = |D−1
i |−T∣∣∣∣∂(ψ−1

i,11, · · · , ψ−1
i,TT )′

∂(ψ2
i,11, · · · , ψ2

i,TT )

∣∣∣∣ = (−1

2
)T

T∏
j=1

(ψ−2
i,jj)

3
2 ∝ |D−1

i |3
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where Pi1 and Pi2 are matrices, not depending on Di. Then the Jacobian is

J =

∣∣∣∣ ∂(Yi1,··· ,Yini ,Ri,Bi)
∂(Y ∗i1,··· ,Y ∗i(ni−1)

,Σi,B∗i )

∣∣∣∣
+

=

∣∣∣∣ ∂(Yi1,··· ,Yini ,ri,21,··· ,ri,T (T−1),bi,11,··· ,bi,TT )′

∂(Y ∗i1,··· ,Y ∗i(ni−1)
,ψ2
i,11,··· ,ψ2

i,TT ,ψi,21,··· ,ψi,T (T−1),b
∗
i,11,··· ,b∗i,TT )

∣∣∣∣
+

∝|D−1
i |3

∣∣∣∣∣∣ (Ini−1

⊗
D−1

i )Pi1

Pi2

∣∣∣∣∣∣
+

|D−1
i |T−1|D−1

i |−T

=|D−1
i |2

∣∣∣∣∣∣
 Ini−1

⊗
D−1

i 0

0 I

 Pi1

Pi2

∣∣∣∣∣∣
+

=|D−1
i |2|D−1

i |ni−1 = |D−1
i |ni+1,

where T is the number of time points, ni is the number of subjects in group i, and

| |+ means the absolute value of the corresponding determinant. Using prior (4.5)

with ai = 1, the joint distribution of Yi, Ri and Bi given β is

p(Yi,Ri,Bi|β) ∝|Ri|−
ni+1

2 exp

{
−1

2

ni∑
j=1

(Yij −Xijβ)′R−1
i (Yij −Xijβ)

}
×

exp

{
−1

2

ni∑
j=1

(Zij −Cijbi)
′Σ∗

−1

i,22 (Zij −Cijbi)

}
,

(A.1)

where Yi = (Yi1, · · · ,Yini)′ and Zij, Cij, and bi were defined previously. Through

the one-to-one mapping T : (Yi,Ri,Bi)→ (Y ∗i ,Σi,B
∗
i ), we have

p(Y ∗i ,Ψi,B
∗
i |β) ∝ |Ri|−

ni+1

2 × J×

exp

{
−1

2

ni∑
j=1

Y ∗
′

ij Ψ−1
i Y

∗
ij

}
· exp

{
−1

2

ni∑
j=1

(
Zij −B∗i Y ∗ij

)′
Σ∗
−1

i,22

(
Zij −B∗i Y ∗ij

)}
.

(A.2)

So,

π(Ψi|Y ∗i ,Bi,β) ∝ p(Y ∗,Ψi,B
∗
i |β) ∝ |Ψi|−

νi+T+1

2 exp

{
−1

2
SiΨ

−1
i

}
,

where νi = ni − T , Si =
∑ni

j=1 Y
∗
ijY

∗′
ij , Y ∗i = (Y ∗i1, · · · ,Y ∗ini) and Y ∗ij = Di(Yij −

X1ijβ). 2
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Before we give the proof of Theorem 2, we introduce three important lemmas. The

first two lemmas come from Marshall and Olkin (1979) and the third one is from

Chen and Shao (1999).

Lemma 1. Assume that A1 and A2 are two positive definite p× p matrices, then

|A1 +A2| ≥ |A1| ≥ λpp(A1),

where λ1(A1) ≥ λ2(A1) ≥ · · · ≥ λp(A1) are the ordered eigenvalues of A1.

Lemma 2. For two positive matrices A1 and A2 with p by p dimensions, the following

inequality holds:

tr(A1A2) ≥
p∑

k=1

λp−k+1(A1)λk(A2),

where λ1 ≥ λ2 ≥ · · · ≥ λp are the ordered eigenvalues of the corresponding matrices.

Lemma 3. Let θ = (θ1, · · · ,θk), A be an n × k matrix. Assume that A is of full

rank and that there exists a positive vector a such that

a′A = 0.

Then there exists a constant c depending only on A such that

||θ|| ≤ c||v||

whenever

Aθ ≤ v,

where || · || denote the Euclidean norm.

Theorem for posterior propriety Based on model (3.2) and (3.3), the likelihood

function is

L(β,R1, b,Σ
∗
2|Q,W ) =

m∏
i=1

ni∏
j=1

∫
[Yij∈Yij ]

f(Yij|β,Ri,11)f(Wij|Yij,β, bi,Σ∗i,22)dYij,

where R1, b and Σ∗2 are defined the same as in (3.4), and Yij is a region of Yij

such that Yij = {Yij : ∩Tt=1

[
(Yij,t > 0)I{Qij,t = 1} + (Yij,t ≤ 0)I{Qij,t = 0}

]
|Qij}.
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Considering the hierarchical priors (3.10), (3.8) and (3.9) for π(bi, δi, pi|β,Σ∗i,22), the

joint posterior distribution is given as

π(β,R1, b, δ,p,Σ
∗
2|Q,W ) ∝ L(β,R1, b,Σ

∗
2|Q,W )π(β,R1, b, δ,p,Σ

∗
2),

where δ = (δ1, · · · , δm)′, p = (p1, · · · , pm)′ and π(β,R1, b, δ,p,Σ
∗
2) =

∏m
i=1 π(β)π(Ri,11)×

π(bi|δi,β,Σ∗i,22)π(δi|pi)π(pi)π(Σ∗i,22). Then the posterior distribution is integrable if

and only if

∆ =

∫
L(β,R1, b,Σ

∗
2|Q,W )π(β,R1, b, δ,p,Σ

∗
2)dβdR1dbdδdpdΣ

∗
2 <∞. (7.8)

The following theorem gives conditions for ∆ to be finite.

Theorem 2. Let hij,t = 1 if yij,t = 0 and hij,t = −1 if yij,t = 1, where yij,t is the t-th

element of Yij in (3.2). Write X∗1ij = (x∗
′

1ij, · · · ,x∗
′

1ij)
′ and x∗1ij = hij,tx1ij, where x′1ij

is the any row of X1ij. Let I[S] denote the indicator function such that I[S] = 1 if S

is true and 0 otherwise. Assume that the following conditions are satisfied for any i

(i = 1, · · · ,m)

(T1) ni > T + 1, where ni is the number of subjects in group (treatment)

i;

(T2)
∑ni

j=1X1ijX
′
1ij and

∑ni
j=1X2ijX

′
2ij are of full rank;

(T3) X∗1i is of full rank, where X∗1i = (X∗
′

1i1, · · · ,X∗
′

1ini
)′;

(T4) There exists a positive constant vector l such that l′X∗1i = 0.

Then the posterior distribution is proper, i.e., ∆ <∞ from (7.8).

Conditions (T1) − (T3) are easily verified for a given dataset. Condition (T4) can

be verified using a simple technique discussed in Roy and Hobert (2007). the proof

follows.

Proof of Theorem 2

We first focus on the conditional distribution ofW |Y and the prior for the association

matrix B between W and Y . Let η =
∫
f(W |Y ,β, b,Σ∗2)π(b|δ,β,Σ∗2)dβ2dΣ

∗
2 and
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Zij = Wij −Cijbi. Integrating out β2, we have

η1 =

∫
f(W |Y ,β2, b,Σ

∗
2)π(b|δ,β,Σ∗2)dβ2

=(2π)−
Pc
i=1 niT

2

∫ m∏
i=1

|Σ∗i,22|−
ni
2 exp

{
− 1

2

m∑
i

ni∑
j=1

(
Zij −X2ijβ2

)′
Σ∗
−1

i,22

(
Zij −X2ijβ2

)}
dβ2

=(2π)−
Pm
i=1 niT

2

∫ m∏
i=1

|Σ∗i,22|−
ni
2 exp

{
− 1

2

m∑
i

ni∑
j=1

Z ′ijΣ
∗
i,22
−1Zij

}

exp

{
− 1

2

m∑
i=1

ni∑
j=1

(
β′2X

′
2ijΣ

∗−1

i,22X2ijβ2 − 2β′2X
′
2ijΣ

∗−1

i,22Zij

)}
dβ2

=(2π)−
Pm
i=1 niT−p

2

m∏
i=1

|Σ∗i,22|−
ni
2

∣∣∣∣∣
m∑
i=1

ni∑
j=1

X ′2ijΣ
∗−1

22 X2ij

∣∣∣∣∣
− 1

2

exp

{
− 1

2

m∑
i=1

ni∑
j=1

Z ′ijΣ
∗−1

i,22Zij

}

exp

{
1

2

( m∑
i=1

ni∑
j=1

X ′2ijΣ
∗−1

i,22Zij

)′( c∑
i=1

ni∑
j=1

X ′2ijΣ
∗−1

i,22X2ij

)−1( m∑
i=1

ni∑
j=1

X ′2ijΣ
∗−1

i,22Zij

)}

=(2π)−
Pm
i=1 niT−p

2

m∏
i=1

|Σ∗i,22|−
ni
2

∣∣∣∣∣
m∑
i=1

ni∑
j=1

X ′2ijΣ
∗−1

22 X2ij

∣∣∣∣∣
− 1

2

exp

{
− 1

2

m∑
i=1

ni∑
j=1

(
Zij −X2ijβ̂2

)′
Σ∗
−1

i,22

(
Zij −X2ijβ̂2

)}

=(2π)−
Pm
i=1 niT−p

2

m∏
i=1

|Σ∗i,22|−
ni
2

∣∣∣∣∣
m∑
i=1

ni∑
j=1

X ′2ijΣ
∗−1

22 X2ij

∣∣∣∣∣
− 1

2

exp

{
− 1

2
tr
[ m∑
i=1

ni∑
j=1

(
Zij −X2ijβ̂2

)(
Zij −X2ijβ̂2

)′
Σ∗
−1

i,22

]}

=(2π)−
Pm
i=1 niT−p

2

∣∣∣∣∣
m∑
i=1

ni∑
j=1

X ′2ijΣ
∗−1

22 X2ij

∣∣∣∣∣
− 1

2 m∏
i=1

[
|Σ∗i,22|−

ni
2 exp

{
− 1

2
tr
[
SiΣ

∗−1

i,22

]}]
,

(7.9)

where β̂2 =
(∑m

i=1

∑ni
j=1X

′
2ijΣ

∗−1

22 X2ij

)−1(∑m
i=1

∑ni
j=1X

′
2ijΣ

∗−1

22 Zij

)
and Si =

∑ni
j=1

(
Zij−

X2ijβ̂2

)(
Zij −X2ijβ̂2

)′
. Note that here Si is the function of Σ∗i,22, β1 and Bi. By

Lemma 1, we obtain ∣∣∣∣∣
m∑
i=1

ni∑
j=1

X ′2ijΣ
∗−1

22 X2ij

∣∣∣∣∣
− 1

2

≤ λ
− p

2
p ≤ τ

− p
2

0 ,

where λp is the smallest eigenvalue of
∑m

i=1

∑ni
j=1X

′
2ijΣ

∗−1

22 X2ij and τ0 is some positive
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value such that λp ≥ τ0 > 0. By Lemma 2,

tr
(
SiΣ

∗−1

i,22

)
≥

T∑
k=1

λp−k+1(Si)λk(Σ
∗−1

i,22) ≥ λmin(Si)
T∑
k=1

λk(Σ
∗−1

i,22) ≥ τi

T∑
k=1

λk(Σ
∗−1

i,22),

where τi = min
Σ∗
−1
i,22 ,β1,Bi

λmin(Si). From (T1) and (T2), we have ni > T and Si is

positive definite with 0 < |Si| < ∞. Hence under (T1) and (T2), it is obvious to see

that 0 < λmin(Si) <∞ and 0 < τi <∞.

Then,

exp

{
− 1

2
tr
(
SiΣ

∗−1

i,22

)}
≤ exp

{
− 1

2
τi

T∑
k=1

λk(Σ
∗−1

i,22)

}
= exp

{
− 1

2
τitr
(
Σ∗
−1

i,22

)}
= exp

{
− 1

2
tr
(
τiIT×TΣ∗

−1

i,22

)}
= exp

{
− 1

2
tr
( ni∑
j=1

z∗ijz
∗′
ijΣ

∗−1

i,22

)}
= exp

{
− 1

2

ni∑
j=1

z∗
′

ijΣ
∗−1

i,22z
∗
ij

}
,

(7.10)

where z∗ij is an any constant vector satisfying
∑ni

j=1 z
∗
ijz
∗′
ij = τiIT×T .

Substituting (7.10) into (7.9), we have:

η1 =

∫
f(W |Y ,β, b,Σ∗2)dβ2

≤ (2π)−
Pc
i=1 niT

2 τ
− p

2
0

m∏
i=1

[
|Σ∗i,22|−

ni
2 exp

{
− 1

2

ni∑
j=1

z∗
′

ijΣ
∗−1

i,22z
∗
ij

}]

= (2π)−
Pc
i=1 niT

2 τ
− p

2
0

m∏
i=1

[
|Σ∗i,22|−

(ni−T−1)+T+1

2 exp

{
− 1

2
tr
[( ni∑

j=1

z∗ijz
∗′
ij

)
Σ∗
−1

i,22

]}]
.

Then,

η =

∫
η1dΣ

∗
2 ≤

(2π)−
Pc
i=1 niT

2 λ
− p

2
p

∫ m∏
i=1

[
|Σ∗i,22|−

(ni−T−1)+T+1

2 exp

{
− 1

2
tr
[( ni∑

j=1

z∗ijz
∗′
ij

)
Σ∗
−1

i,22

]}]
dΣ∗2

≤M0

m∏
i=1

∣∣∣ ni∑
j=1

z∗ijz
∗′
ij

∣∣∣−ni−T−1

2
(here

ni − T − 1

2
≥ 0 (i = 1, · · · ,m) based on (T1)).

So η is bounded from above by some constant, say M1, i.e.

η ≤M1. (7.11)
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By (7.8) and (7.11),

∆ ≤M1

∫ [ ∫
[Y ∈YQ]

f(Y |β1,R11)dβ1dR1dY
]
π(b|δ)π(δ|p)π(p)dbdδdp

= M1

∫ ∫
[Y ∈YQ]

f(Y |β1,R1)dβ1dR1dY

∫
π(b|δ)π(δ|p)π(p)dbdδdp.

Let η∗ and η∗∗ denote
∫
π(b|δ)π(δ|p)π(p)dbdδdp and

∫ ∫
[Y ∈YQ]

f(Y |β1,R1)dβ1dR1dY ,

respectively. It is obvious that

η∗ =

∫
π(b|δ)π(δ|p)π(p)dbdδdp <∞.

Since π(b|δ), π(δ|p) and π(p) are proper, so is π(b, δ, p). Now we just need to show

that η∗∗ is integrable, i.e. η∗∗ <∞.

Let Y ∗ij = (Y ∗ij1, · · · , Y ∗ijT ) be independent random variables such that

Y ∗ij |Ri,11 ∼ N(0,Ri,11);

that is, given Ri,11, Y ∗ij is normally distributed with mean 0 and variance Ri,11. Let

S =
∏m

i=1

∏ni
j=1 Sij denote the set [Y ∈ YQ], and put

Sij = Sij1 × Sij2 × · · · × SijT ,

where Sijt = [Yijt ∈ YQijt ] (t = 1, · · · , T ). Then

η∗∗ =

∫ ∫
[Y ∈YQ]

f(Y |β1,R1)dβ1dR1dY

=

∫ [ m∏
i=1

ni∏
j=1

∫
Sij1

· · ·
∫
SijT

f(Y |β1,R1)dYi

]
dβ1dR1

=

∫
L(β1,R1|Y )dβ1dR1,

(7.12)

where L(β1,R1|Y ) is the likelihood function associated with (3.2). We can rewrite

it as

L(β1,R1|Y ) = E{I[Y ∗ij+X1ijβ1∈Sij ,1≤i≤m,1≤j≤ni]} = E{I[Y ∗ijt+x1ijtβ1∈Sijt,1≤t≤T,1≤i≤m,1≤j≤ni]}.

(7.13)
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It is easy to see that

[Y ∗ijt + x1ijtβ1 ∈ Sijt, 1 ≤ t ≤ T, 1 ≤ i ≤ m, 1 ≤ j ≤ ni]

=
⋂

1≤t≤T

(
[Y ∗ijt + x1ijtβ1 < 0, Yijt = 0, 1 ≤ i ≤ m, 1 ≤ j ≤ ni]∪

[Y ∗ijt + x1ijtβ1 ≥ 0, Yijt = 1, 1 ≤ i ≤ m, 1 ≤ j ≤ ni]
)

⊂[hijtx1ijtβ1 ≤ −hijtYijt, 1 ≤ t ≤ T, 1 ≤ i ≤ m, 1 ≤ j ≤ ni] = [X∗1β1 ≤ Y ∗],

(7.14)

where X∗1 = (X ′1,11, · · · ,X ′1,mnm)′, Y ∗ = (Y ∗11, · · · ,Y ∗mnm) and Y ∗ij = (Y ∗ij1, · · · , Y ∗ijT ).

Combining (7.12), (7.13), and (7.14), we have

η∗∗ =

∫
E{I[X∗1β1≤Y ∗]}dβ1dR1.

Therefore, by (T3), (T4) and Lemma 3

η∗∗ ≤
∫

E{I[||β1||≤c||Y ∗||]}dβ1dR1 ≤ c

∫
E
{

max
1≤i≤m,1≤j≤ni

||Y ∗ij ||
}p
dR1

≤ c

∫ m∑
i=1

ni∑
j=1

T∑
t=1

E|Y ∗ijt|pdR1 ≤ c

∫ T∑
t=1

E(1)dR1

<∞,

where R1 = (R′1,11, · · · ,R′m,11)′. 2

Proof of Theorem 1

By the candidate transformation T given in (4.4), and (A.1) and (A.2) in the proof

of Proposition 2, drawing Yi, Ri and Bi given β is equivalent to drawing Y ∗i , Ψi and

B∗i first, and then translating back to Yi, Ri and Bi through T. Ri = D−1
i ΨiD

−1
i

will be used as the candidate value. It is accepted in the Metropolis Hastings step

with probability αi. The αi can be derived as follows.

Let π1 denote the prior or full conditional distribution of R and π2 denote the corre-

sponding candidate prior or proposal density. Then

π1(Ri|Yi,β) ∝ π1(Ri)f(Yi|β,Ri)
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and

π2(Ri|Yi,β) ∝ π2(Ri)f(Yi|β,Ri),

where π1(Ri), π2(Ri) and f(Yi|β,Ri) are given by (3.7), (4.5) and (3.2), respectively.

The probability of acceptance at iteration k + 1 is

αi = min

{
1,
π1(Ri|Yi,β)π2(R

(k)
i |Yi,β)

π1(R
(k)
i |Yi,β)π2(Ri|Yi,β)

}
= min

{
1,
π1(Ri)π2(R

(k)
i )

π1(R
(k)
i )π2(Ri)

}

= min

{
1,
π2(R

(k)
i )

π2(Ri)

}
= min

{
1,
|R(k)

i |−
ai
2

|Ri|−
ai
2

}
= min

{
1, exp

(ai
2

(log |Ri| − log |R(k)
i |)

)}
,

where ai = 1. 2

Web Appendix III

We conducted several simulations to examine the efficiency of our algorithm to sample

from a truncated multivariate normal distribution. In the following, we assume that

Y has a truncated normal distribution with mean 0 and covariance Σ. For one of

the simulations, we assumed the truncation region was U1 = {y ∈ C4 : y1 > 0, y2 <

0, y3 < 0, y4 > 0} and Σ =


15 7 2 0

7 5 1.34 0.14

2 1.34 1 0.13

0 0.14 0.13 0.2

.

We ran two chains of 2,000 iterations using the LD-A and the R-A, respectively

to sample from the distribution of Y . Estimates of the lag-n autocorrelation are

presented in Table 1. The results show that the decay of autocorrelation of each

element of Y is much faster in the LD-A than in the R-A. Similar results were

obtained using other choices for Σ and U1.
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Table 1: Lag-n autocorrelation estimates of Y1, Y2, Y3 and Y4 drawn from the TMVN

distribution using the LD-A and the R-A

LD-A∗ R-A∗

Lag
Y1 Y2 Y3 Y4 Y1 Y2 Y3 Y4

1 0.10 0.07 -0.05 0.01 0.98 0.97 0.97 0.95

2 0.03 -0.04 0.02 -0.00 0.94 0.90 0.92 0.89

3 -0.01 0.01 -0.04 0.02 0.88 0.86 0.87 0.83

4 0.02 -0.03 0.00 -0.00 0.82 0.79 0.77 0.77

5 -0.00 -0.02 -0.02 0.03 0.77 0.76 0.75 0.73

6 -0.03 0.00 0.03 -0.00 0.72 0.70 0.70 0.69

7 0.04 -0.00 -0.00 0.02 0.69 0.68 0.67 0.67

10 -0.00 0.01 -0.02 -0.00 0.65 0.62 0.64 0.62

15 0.00 0.00 -0.00 0.01 0.50 0.47 0.47 0.45

20 0.01 -0.01 0.00 0.00 0.42 0.40 0.42 0.38

∗ LD-A: The algorithm in Section 5; R-A: The algorithm from Robert (1995)

Web Appendix IV

Here we provide details on computation of components of the DIC for the joint models.

Note that the kernel of the DIC can be written as

DIC = −4Eθ|Qobs,Wobs
(log f(Qobs,Wobs|θ)) + 2 log f(Qobs,Wobs|θ). (7.15)

Details on the computation of f(Qobs,Wobs|θ) and Eθ|Qobs,Wobs
(log f(Qobs,Wobs|θ))

are given below.

To compute f(Qobs,Wobs|θ), we need to evaluate the following integral,

f(Qobs,Wobs|θ) =

∫
AQobs

1
√

2π|Σobs|
1
2

exp

{
−1

2
(Vobs −Xobsβ)′Σ−1

obs(Vobs −Xobsβ)

}
dYobs,

(7.16)

where AQobs is the truncation region of Yobs, Vobs = (Yobs,Wobs), Σobs is the covariance

matrix of Vobs and Xobs is the matrix composed of the rows in the design matrix in

model (3.1). We can calculate this integral using Monte Carlo integration.
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Next, we address the computation of the first term. Assume that θ(g) is a sampled

value from the posterior distribution π(θ|Qobs,Wobs). Then Eθ|Qobs,Wobs
(log f(Qobs,Wobs|θ))

can be estimated as

Êθ|Qobs,Wobs
(log f(Qobs,Wobs|θ)) =

1

G

G∑
g=1

log f(Qobs,Wobs|θ(g)).

We can use importance sampling techniques to compute each term in the sum as

follows. We have

f(Qobs,Wobs|θ(g)) =

∫
AQobs

f(Yobs,Wobs|θ(g))dYobs

=

∫
AQobs

f(Yobs,Wobs|θ(g))

f(Yobs,Wobs|θ)
· f(Yobs,Wobs|θ)dYobs = E

[
f(Yobs,Wobs|θ(g))

f(Yobs,Wobs|θ)
· IAQobs

]
,

(7.17)

where AQobs is the truncation region of Yobs, and f(Yobs,Wobs|θ) is the joint likelihood

at θ = θ. The expectation in (7.17) can be estimated as

Ê

[
f(Yobs,Wobs|θ(g))

f(Yobs,Wobs|θ)
· IAQobs

]
=

1

K

K∑
k=1

f(Y
(k)
obs ,Wobs|θ(g))

f(Y
(k)
obs ,Wobs|θ)

· IAQobs
,

using the same Monte Carlo sample we used to compute the integral in (7.16).
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