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Web Appendix A. Derivation of the distribution of U,

Equation (4) of the paper expresses the score statistic as U, = 3 (Y — AO) VIS v (Y — 1Y) .
To derive its distribution, we first apply Taylor expansion on 7i" and get that under the null hypoth-
esis,

i’ =06(X7) ~ u’+DXH - 1),

where D = diag {96 (n;) /On;} and n; = X[~. By the score function U, = XT DV~ (Y — u9)
and that E(OU,, /0v) = —XTDV~'DX under Hy,

F—7) ~ (XTDV'DX)'XTDV-1 Yy — ).
Therefore

V=i~ V= {4 DX (XTDV ' DX) T X DV (v - ) }
= {1- DX (X"DV'DX) T XDV (Y = ).
Multiplying both sides by matrix V!, we have V"1 (Y — 1) =~ Q (Y — u°) with Q = V! —
VDX (XTDV‘IDX)_l XTDV~1, the projection matrix under H,. Therefore,
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where Y = V3 (Y — ,uo) and is the standardized Y under H,, i.e., its ith element is equal to
(Y; — 1) /\/V0. Matrix C' = V2QQ 1 5,Q1QV2 /2.
Let A = diag (\;) with \; > --- > )\, the ordered eigenvalues of matrix C, and let E be an
n X n matrix consisting of vector e;, the corresponding orthonormal eigenvectors of )\;,. We then
have
Uy ~YTCY = YTEAETY = ZTAZ,

where Z = diag{Z,;} with Z; = eTY . Provided that each e, is not dominated by a few elements,
Z; will be approximately independently standard normal random variables. Therefore under H,
the distribution of U, is approximately the same as that of > | )\ixii, the weighted chi-squared

distribution.

Web Appendix B. Variance of Y in Section 3

cov (Yi, Y; | X, H) = Ej feov (Yi,Y; | 5, X, H) | X, H} + covy {: (8) s (8) | X, HY.

The first is zero by conditional independence. Here we tentatively rewrite j; as p; () to denote

that y; is a function of 3. By the Taylor expansion of y; () around Eg3 = 0,

covi (i iy | X H) = eovs {11 (0)+ 4 (0)7 A, 1, (0) + i 07 3| X. H
1 (0)" var (3) 1) (0)
= {g () g ()} " x 7H] RyHj,

as 1, (9) = i (8) /08 = {g' (1)}~ H.



